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Abstract

This paper is divided into two parts. The first part is devoted to the study of a class
of Approximate Message Passing (AMP) algorithms which are widely used in the fields of
statistical physics, machine learning, or communication theory. The AMP algorithms studied
in this part are those where the measurement matrix has independent elements, up to the
symmetry constraint when this matrix is symmetric, with a variance profile that can be sparse.
The AMP problem is solved by adapting the approach of Bayati, Lelarge, and Montanari
(2015) to this matrix model.
The Lotka-Volterra (LV) model is the standard model for studying the dynamical behavior of
large dimensional ecological food chains. The second part of this paper is focused on the study
of the statistical distribution of the globally stable equilibrium vector of a LV system in the
situation where the random symmetric interaction matrix among the living species is sparse,
and in the regime of large dimensions. This equilibirium vector is the solution of a Linear
Complementarity Problem, which distribution is shown to be characterized through the AMP
approach developed in the first part. In the large dimensional regime, this distribution is close
to a mixture of a large number of truncated Gaussians.

Keywords: Approximate Message Passing, Equilibria of ecological systems, Lotka-Volterra
Ordinary Differential Equations, Sparse random matrices.

1 Introduction

An ecosystem can be seen as a multi-dimensional dynamical system that represents the time
evolution of the abundances of the interacting species. The behavior of such systems is governed
by the intrinsic population dynamics and by the strengths of the interactions among these species.
Given a system model, it is of interest to evaluate the distribution of the species at the equilibrium
when this equilibrium exists and is unique. The present paper is motivated by this general problem.

An archetypal model for an ecological dynamical system is provided by the so called Lotka-
Volterra (LV) multi-dimensional Ordinary Differential Equation (ODE). The dynamics of a LV
ODE with n species take the form

9uptq “ uptq d pr ` pΣ´ Inquptqq , t ě 0,

where the vector function u : R` Ñ Rn` represents the abundances of the n coexisting species
after a proper normalization, d is the element-wise product, r is the so-called vector of intrinsic
growth rates of the species, and Σ is a nˆ n matrix which pi, jqth element reflects the interaction
effect of Species j on the growth of Species i [Tak96].
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Denoting as } ¨ } the spectral norm, it known that under a condition such as }pΣ`ΣJq{2} ă 1,
the ODE solution is well-defined, and this ODE has an unique globally stable equilibrium u‹ “
“

u‹,i
‰n

i“1
in the classical sense of the Lyapounov theory [Tak96, LJM09]. It is of interest to study

the distribution of the elements of this vector, which quantifies the relative abundances of the
species at the equilibrium. It is useful to note here that u‹ frequently lies at the boundary of
the first quadrant of Rn, and therefore, it is of particular interest to evaluate the proportion of
surviving species at these equilibria.

Usually, the interaction matrix Σ is difficult to measure or to evaluate, and all the more so as
the ecosystem’s dimension n gets large. To circumvent this difficulty, a whole line of research in
theoretical ecology considers that the matrix Σ is a random matrix, and focuses on the dynamics of
the LV system in the regime where nÑ8 [AT15, ABC`22]. The idea is to predict some essential
aspects of the dynamical behavior of the ecosystem on the basis of a few “phenomenological”
statistical features of the interaction matrix, rather than on its fine structure. The application of
large random matrix tools to the dynamical behavior study of ecological systems dates back to the
work of May [May72]. Among the most widely studied statistical models for the interaction matrix
from the standpoint of the large random matrix theory are the Gaussian Orthogonal Ensemble
(GOE) model, the Gaussian model with i.i.d. elements (sometimes called the Ginibre model), or
the so-called elliptical model, which can be seen as an “interpolation” these two with possibly a
non-zero mean [AT12].

Given a statistical model for Σ, and assuming the existence of u‹ which is now a random
vector, the problem amounts in our context to evaluating the asymptotic behavior of the random
probability measure

µu‹ “
1

n

ÿ

iPrns

δu‹,i

as n Ñ 8. In the literature, this has been mostly done with tools issued from the physics.
In [Bun17], Bunin obtained the asymptotic distribution of the equilibrium for the elliptical model
by using the so-called dynamical cavity method. A similar result was obtained by Galla in [Gal18]
with the help of generating functionals techniques. Older results in the same vein can be found
in, e.g., [OD92, Tok04]. Heuristic evaluations of the asymptotic behavior of µu‹ were proposed in
[CEN22, CNM22], most generally in the elliptical non-centered case.

In this paper, we consider a symmetric model for Σ, which can be used to represent the
competitive and the mutualistic interactions [BBC18, ABC`22]. In this framework, we assume
that the coefficients of Σ are not necessarily Gaussian, are independent up to the symmetry
constraint, and are subjected to a variance profile that can be sparse. The two main features of
our model are thus the inhomogeneity of the interaction strengths between the species, and their
sparsity. Regarding this last assumption, it is indeed commonly observed that a species interacts
with a very small proportion of the other species coexisting within the ecosystem [BSHM17].

Our approach is mathematically rigorous, contrary to the references we just mentioned. To
obtain our results, we generalize the technique of our recent preprint [AHMN23] devoted to the
GOE case. The idea goes as follows: The vector u‹ can be identified as the solution of a Linear
Complementarity Problem (LCP), a class of problems studied in the field of linear programming
(see [Tak96, CPS09]). In [AHMN23], it is shown that in the GOE case, the asymptotic behavior of
µx‹ , where u‹ is now the LCP solution, can be evaluated with the help of an Approximate Message
Passing (AMP) technique. Such techniques have recently aroused an intense and growing research
effort in the fields of statistical physics, communication theory, or statistical Machine Learning
[FVRS22]. In a word, given a function h : RˆRˆNÑ R and a random symmetric nˆn so-called
measurement matrix W , a standard AMP algorithm is an iterative algorithm of the form

x̂t`1 “Whpx̂t, η, tq ` a “correction” term,

where η “ rηis
n
i“1 P Rn is a parameter vector, and where hpx̂t, η, tq “

“

hpx̂ti, ηi, tq
‰n

i“1
. By properly

designing the correction term, one is able to control the joint distribution of the pt ` 1q–uple
pη, x̂1, . . . , x̂tq for each t ě 0 and for nÑ 8, as will developed more precisely below. We shall be
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able to make use of such a result to evaluate the large–n distribution of our equilibrium vector,
and show that this distribution is close to a mixture of Gaussians.

Thus, from the standpoint of theoretical ecology, the present paper is a generalization of
[AHMN23] to the case where Σ is non-necessarily Gaussian and is subjected to a variance profile
that can be sparse. To that end, a version of the AMP algorithm well-suited to these kind of
matrices is developed below, and might have its own interest due to its potential applications in
other fields than in ecology.

Let us provide a quick review of the AMP literature in order to better position our contribution
in this respect. Many of the original ideas lying behing the AMP algorithms come from the fields
of statistical physics and communication theory. The first rigorous AMP results in a framework
close to this paper were developed by Bolthausen [Bol14] and Bayati and Montanari [BM11] both
for GOE matrices and for rectangular matrices with i.i.d. Gaussian elements. Since then, the
AMP approach has been generalized in many directions. Let us cite the Generalized AMP of
[Ran11], the contributions [JM13], [BR22] and [GKKZ22, PKK23] where block variance profiles
are considered, [Fan22] devoted to rotationally invariant matrices, or the graph-based approach
of [GB21]. Universality results in terms of the distribution of the elements of W were proposed
in the recent papers [CL21], [DLS22], and [WZF22]. The closest to our paper among these is
[WZF22], which considers among others the case where W is a centered symmetric matrix with
independent elements satisfying EW 2

ij À 1{n and limn maxi |p
ř

j EW 2
ijq´1| “ 0, and shows that W

can be replaced with a GOE matrix as regards the AMP problem. This constraint on the variance
profile is alleviated in our context, leading to a more involved expression of the asymptotic joint
distribution of the algorithm iterates.

In [BLM15], Bayati, Lelarge, and Montanari were among the first to establish a universal
AMP result. Starting with polynomial activation functions and using a combinatorial approach,
these authors propose a moment computation of the elements of the vector iterates, where these
elements are expressed as sums of monomials in the matrix entries which are indexed by labelled
trees. As regards the AMP part, the present paper is essentially an adaptation of the approach of
[BLM15] to the case of a sparse variance profile.

Section 2 is devoted to our general AMP results for symmetric and non-symmetric measurement
matrices, independently of the ecological application. Our LV problem is then stated in Section 3,
along with the result on the large–n distribution of the equilibrium. The proofs for Sections 2
and 3 are provided in Sections 4 and 5 respectively.

2 Sparse AMP with a variance profile: problem statement
and results

We start with our assumptions. Let pnq be a sequence of integers in the set t2, 3, . . .u that converges

to infinity. For each n, let tX
pnq
ij u1ďiăjďn be a set of real random variables such that:

Assumption 1. The following facts hold true.

� The npn´ 1q{2 random variables X
pnq
ij for 1 ď i ă j ď n are independent.

� EXpnqi,j “ 0 and EpXpnqij q
2 “ 1.

� For each integer k ą 2, there exists a constant Cmompkq ą 0 such that

sup
n

max
1ďiăjďn

´

E
ˇ

ˇ

ˇ
X
pnq
ij

ˇ

ˇ

ˇ

k¯1{k

ď Cmompkq.

Let us write X
pnq
ji “ X

pnq
ij for 1 ď i ă j ď n, and X

pnq
ii “ 0 for i P rns, and let us consider the

nˆ n random symmetric matrix Xpnq “
“

X
pnq
ij

‰n

i,j“1
.
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For each n, let ts
pnq
ij u1ďiăjďn be a set of deterministic non-negative numbers. Write s

pnq
ji “ s

pnq
ij

for 1 ď i ă j ď n, and s
pnq
ii “ 0 for i P rns, and consider the n ˆ n symmetric matrix with

non-negative elements Spnq “
“

s
pnq
ij

‰n

i,j“1
. Define the random symmetric matrix W pnq as

W pnq “

”

W
pnq
ij

ın

i,j“1
“
`

Spnq
˘d1{2

dXpnq, (1)

where d is the Hadamard product, and where Ad1{2 is the element-wise square root of the matrix
A.

Letting pKnq be a sequence of positive integers indexed by n such that Kn ď n, the variance
profile matrix Spnq of W pnq complies with the following assumption:

Assumption 2. The following facts hold true.

� Kn Ñ8.

� There exists a constant Ccard ą 0 such that

@n, @i P rns,
ˇ

ˇ

ˇ

!

j P rns : s
pnq
ij ą 0

)
ˇ

ˇ

ˇ
ď CcardKn,

where | ¨ | is the cardinality of a set.

� There exists a constant CS ą 0 such that s
pnq
ij ď CSK

´1
n for all n and all i, j P rns.

Beyond these constraints, we do not put any structural assumption on the variance profile
matrix Spnq. In this paper, we shall be mostly interested in the situations where Kn{n Ñn 0,
making the matrices W pnq sparse.

For each n, let xpnq,0 “
”

x
pnq,0
1 , . . . , x

pnq,0
n

ıJ

P Rn be a deterministic vector that will represent

the initial value of our AMP sequence, and let ηpnq “
”

η
pnq
1 , . . . , η

pnq
n

ıJ

P Rn be a deterministic

parameter vector. These vectors obey the following assumptions:

Assumption 3. There exists a compact set Qx Ă R such that x
pnq,0
i P Qx for all n and all i P rns.

Assumption 4. There exists a compact set Qη Ă R such that η
pnq
i P Qη for all n and all i P rns.

Consider a measurable function h : RˆQη ˆ NÑ R, called activation function, that satisfies
one of the two following assumptions:

Assumption 5 (Lipschitz activation function in the AMP parameter). For each t P N, there
exists a constant C ą 0 and a continuous non-decreasing function κ : R` Ñ R` with κp0q “ 0,
such that:

@x, x1 P R, |hpx, η, tq ´ hpx1, η, tq| ď C|x´ x1|,

and
@η, η1 P Qη, |hpx, η, tq ´ hpx, η1, tq| ď κp|η ´ η1|qp1` |x|q.

Assumption 6 (AC activation function with polynomial growth in the AMP parameter). The
following properties hold true:

� For each η P Qη and each t P N, the function hp¨, η, tq is absolutely continuous with a locally
integrable derivative.

� For each t P N, there exists two constants m,C ą 0 and a continuous non-decreasing function
κ : R` Ñ R` with κp0q “ 0, such that:

|hpx, η, tq| ď Cp1` |x|mq,

and
@η, η1 P Qη, |hpx, η, tq ´ hpx, η1, tq| ď κp|η ´ η1|qp1` |x|mq.
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At the heart of the AMP algorithm that we shall study is a Gaussian Rn–valued sequence of
random vectors that we denote for each n as pZpnq,tqtPN˚ , where N˚ “ Nzt0u. The probability dis-

tribution of this sequence is defined recursively in t as follows. Let Zpnq,t “
”

Z
pnq,t
1 , . . . , Z

pnq,t
n

ıJ

.

Writing Z
pnq
i “ pZ

pnq,1
i , Z

pnq,2
i , . . .q, the sequences tZ

pnq
i uni“1 are centered, Gaussian, and inde-

pendent. Denote as R
pnq,t
i the covariance matrix of the vector ~Z

pnq,t
i “ rZ

pnq,1
i , . . . , Z

pnq,t
i sJ.

These matrices are constructed recursively in the parameter t as follows. Defining the variances

tΞ
pnq,0
i uni“1 as Ξ

pnq,0
i “ hpx

pnq,0
i , η

pnq
i , 0q2, we set

R
pnq,1
i “

ÿ

lPrns

s
pnq
il Ξ

pnq,0
l .

Given the matrices tR
pnq,t
i uni“1, the covariance matrices

Ξ
pnq,t
i “ E

»

—

—

—

—

–

hpx
pnq,0
i , η

pnq
i , 0q

hpZ
pnq,1
i , η

pnq
i , 1q

...

hpZ
pnq,t
i , η

pnq
i , tq

fi

ffi

ffi

ffi

ffi

fl

”

hpx
pnq,0
i , η

pnq
i , 0q hpZ

pnq,1
i , η

pnq
i , 1q ¨ ¨ ¨ hpZ

pnq,t
i , η

pnq
i , tq

ı

, (2)

are well-defined for all i P rns, whether Assumption 5 or Assumption 6 is used. With this at hand,
we set

R
pnq,t`1
i “

ÿ

lPrns

s
pnq
il Ξ

pnq,t
l . (3)

It is clear that R
pnq,t
i is the principal matrix of R

pnq,t`1
i consisting in its first t rows and columns.

The distribution of the sequence pZpnq,tqt is determined by the initial value xpnq,0, the param-
eter vector ηpnq, the variance profile matrix Spnq, and the activation function h. We shall say from
now on that this distribution is determined by the pSpnq, h, ηpnq, xpnq,0q-state evolution equations,

which provide the covariance matrices R
pnq,t
i . The spectral norms }R

pnq,t
i } are bounded as specified

by the following lemma:

Lemma 1. Let Assumptions 2–4, and either Assumption 5 or Assumption 6 hold true. Then for
each integer t ą 0, it holds that

sup
n

max
iPrns

}R
pnq,t
i } ă 8. (4)

Sketch of proof. By recurrence on t. For t “ 1, the result is a consequence of Assumption 2
and the easily shown continuity of hp¨, ¨, 0q on the compact Qx ˆ Qη. Assume the result is true
for t. Then, using Assumption 4 and either Assumption 5 or Assumption 6 again, standard

Gaussian derivations show that supn maxi EhpZpnq,ti , ηi, tq
2 ă 8. From this, we obtain by using

the Cauchy-Schwarz inequality that supn maxi }Ξ
pnq,t
i } ă 8. By Assumption 2, we then obtain

that supn maxi }R
pnq,t`1
i } ă 8.

Our next assumption will be used to ensure that the variances of the random variables Z
pnq,t
i

are bounded away from zero:

Assumption 7. There exists a constant cS ą 0 such that

inf
n

min
iPrns

ÿ

jPrns

s
pnq
ij ě cS .

Recalling Assumption 2, let

αS “
cS

2CS ´ cS{Ccard
.
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There is a sequence of positive constants pchp0q, chp1q, . . .q such that for each set Spnq Ă rns with
|Spnq| “ tαSKnu, it holds that

1

Kn

ÿ

lPSpnq
hpx

pnq,0
l , η

pnq
l , 0q2 ě chp0q,

and for each t ě 1,
1

Kn

ÿ

lPSpnq
Ehpξ, ηpnql , tq2 ě chptq,

where ξ „ N p0, 1q.

Non-degeneracy conditions similar to this assumption are usually not constraining and are
invoked in the vast majority of the contributions dealing with AMP algorithms, see, e.g., [JM13,
FVRS22]. If needed, it is certainly possible to lighten this assumption by properly perturbing the
matrix Spnq or the function h in the course of the proof of Theorems 2 and 4 below. A perturbation
argument of this sort was considered in, e.g., [BMN19].

In all this paper, we follow the following notational convention. Given a function f : Rk Ñ R
and a k–uple of Rn–valued vectors pa` “ ra`is

n
i“1q`Prks, we denote as fpa1, . . . , akq the Rn–valued

vector rfpa1
i , . . . , a

k
i qs

n
i“1. Similarly, if f is a RkˆNÑ R function, fpa1, . . . , ak, tq is the Rn–valued

vector rfpa1
i , . . . , a

k
i , tqs

n
i“1.

With either Assumption 5 or Assumption 6 at hand, we denote as Bhpx, η, tq a measurable
function that coincides almost everywhere on R with the partial derivative Bhp¨, η, tq at x. Note
that under Assumption 5, the existence of this function follows from Rademacher’s theorem, and
it is furthermore obvious that EBhpZpnq,t, ηpnq, tq exists for each t P N˚. Under Assumption 6,
Stein’s lemma says that pEξ2

qEBhpξ, η, tq “ Eξhpξ, η, tq for each Gaussian centered random variable
ξ, see, e.g., [FSW18, Th. 2.1]. From this identity, we can deduce that under Assumption 6,

EBhpZpnq,t, ηpnq, tq also exists for each t P N˚.
We are now ready to state the results of this section. The AMP algorithm built around the

matrix W pnq and the activation function h that we shall study here takes the following form:

Starting with the vector xpnq,0, the vector xpnq,t`1 “ rx
pnq,t`1
i sni“1 P Rn delivered by this algorithm

at Iteration t` 1 is given as

xpnq,t`1 “W pnqhpxpnq,t, ηpnq, tq ´ diag
´

SpnqEBhpZpnq,t, ηpnq, tq
¯

hpxpnq,t´1, ηpnq, t´ 1q, (5)

with the term diagp¨ ¨ ¨ qhp¨ ¨ ¨ q being equal to zero for t “ 0. Variants for this algorithm could be
considered by replacing the diagonal matrix

diagpSpnqEBhpZpnq,t, ηpnq, tqq

above with diagpSpnqBhpxpnq,t, ηpnq, tqq, or with diagppW pnqqd2Bhpxpnq,t, ηpnq, tqq where Ad2 is the
square of the matrix A in the Hadamard product, as is done in the literature in similar contexts.
Algorithm (5) (or its variants) generalizes the algorithms studied in, e.g., [JM13] or [BLM15].

Given an integer k ą 0, a function ϕ : Rk Ñ R is said pseudo-Lipschitz of degree 2 (notation:
ϕ P PL2pRkq) if there exists a constant L ą 0 such that

@u, v P Rk, |ϕpuq ´ ϕpvq| ď L}u´ v}p1` }u} ` }v}q,

where }u} is the Euclidean norm of the vector u. Our first result is devoted to the case where
hp¨, η, tq is Lipschitz:

Theorem 2. Let Assumptions 1–5 and 7 hold true. Let CW ą 0 be an arbitrary constant. Fix

an arbitrary integer tmax ą 0. For each positive integer n, let pβ
pnq
1 , . . . , β

pnq
n q a n–uple of real
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numbers such that supn maxiPrns |β
pnq
i | ă 8. Let ϕ : Rtmax`1 Ñ R be a function in PL2pRtmax`1q.

Then, for each ε ą 0, it holds that

P

»

–

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

β
pnq
i ϕpη

pnq
i , x

pnq,1
i , . . . , x

pnq,tmax

i q ´ β
pnq
i Eϕpηpnqi , Z

pnq,1
i , . . . , Z

pnq,tmax

i q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

fi

fl

X

”

}W pnq} ď CW

ı

fi

fl ÝÝÝÑ
nÑ8

0. (6)

Before interpreting this theorem, we need to bound the operator norm }W pnq}. With the help
of the results of Bandeira and van Handel in [BvH16], this can be done in the framework of the
following assumption:

Assumption 8. There exists a constant C ą 0 such that the moment bounds from Assumption 1
satisfy

Cmompkq ď Ckρ{2,

for some ρ ě 0.

As is well known, the cases ρ “ 1 and ρ “ 2 correspond to the sub-Gaussian and the sub-
exponential distributions respectively.

Proposition 3. Let Assumptions 1, 2 and 8 hold true, and assume furthermore that Kn Á

plog nqρ_1. Then, there exists a constant C ą 0 such that lim supn }W
pnq} ď C with probability

one.

Thus, the heavier the tail of the probability distributions of the X
pnq
ij , the faster we need to

make Kn converge to infinity in order to ensure that }W pnq} is bounded. This proposition is
proven in Appendix A.

We now comment Theorem 2.
It is useful to interpret the result of this theorem in terms of the empirical distribution of

the particles tpη
pnq
i , x

pnq,1
i , . . . , x

pnq,tmax

i quni“1 as an element of a Wasserstein space of probability
measures. For an integer k ą 0, denote as PpRkq the space of probability measures on Rk,
and by P2pRkq the Wasserstein space of probability measures on Rk with finite second moment,
equipped with the Wasserstein distance d2 [Vil09]. Given a sequence of probability measures
pνnq in P2pRkq and a probability measure ν P P2pRkq, it is well-known that the three following
assertions are equivalent [Vil09, FVRS22]:

i) d2pνn, νq Ñ 0.

ii) For each continuous function ϕ : Rk Ñ R such that |ϕpx1, . . . , xkq| ď Cp1 ` x2
1 ` ¨ ¨ ¨ ` x2

kq

for some C ą 0, it holds that
ż

ϕdνn ÝÝÝÑ
nÑ8

ż

ϕdν. (7)

iii) The convergence (7) holds true for each function ϕ P PL2pRkq.

Furthermore, if the sequence pνnq is random, then, the convergence d2pνn, νq
P
Ñ 0 is equivalent to

the convergence
ş

ϕdνn
P
Ñ

ş

ϕdν for each continuous function ϕ : Rk Ñ R either with quadratic
growth as in ii), or belonging to the class PL2pRkq.

We are interested here in the asymptotic behavior of the P2pRtmax`1q–valued random proba-

bility measure µη
pnq,xpnq,1,...,xpnq,tmax

, defined as

µη
pnq,xpnq,1,...,xpnq,tmax

“
1

n

n
ÿ

i“1

δ
pη
pnq
i ,x

pnq,1
i ,...,x

pnq,tmax
i q

.
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In general, this random measure does not converge to any fixed probability measure, because
we did not put any assumption on the variance profile of the elements of W pnq beyond Assump-
tion 2. However, let us define the deterministic measure µpnq,tmax P PpRtmax`1q as follows: Letting
θpnq be a discrete random variable uniformly distributed on the set rns and independent of the

sequence pZpnq,tqt, we put µpnq,tmax “ L ppη
pnq

θpnq
, ~Z
pnq,tmax

θpnq
qq. In particular, µpnq,tmaxpR ˆ ¨q is a

mixture of n multivariate Gaussians. By Assumption 4 and Lemma 1, one can readily show
that the sequence pµpnq,tmaxqně2 is pre-compact in the space P2pRtmax`1q. Moreover, taking

pβ
pnq
1 , . . . , β

pnq
n q “ p1, . . . , 1q in the statement of Theorem 2 and assuming that W pnq is constructed

in such a way that lim supn }W
pnq} ă 8 with probability one (see Proposition 3), Theorem 2

shows that

@ϕ P PL2pRtmax`1q,

ż

ϕdµη
pnq,xpnq,1,...,xpnq,tmax

´

ż

ϕdµpnq,tmax P
ÝÝÝÑ
nÑ8

0, (8)

which is equivalent to d2pµ
ηpnq,xpnq,1,...,xpnq,tmax

,µpnq,tmaxq
P
Ñ 0, and also equivalent to replacing the

statement “@ϕ P PL2pRtmax`1q” above with “@ϕ : Rtmax`1 Ñ R continuous with |ϕpu1, . . . , utmax`1q| ď

Cp1` u2
1 ` ¨ ¨ ¨u

2
tmax`1q” [FVRS22].

Let us now describe a case where the convergence (8) boils down to the convergence of the

empirical measure µη
pnq,xpnq,1,...,xpnq,tmax

to a fixed probability measure. Consider the situation

where Kn “ n and where the variances satisfy s
pnq
ij “ 1{n for all i, j P rns (without more details,

we neglect here the constraint s
pnq
ii “ 0 that will be used in the proof of Theorem 2). In this

case, it is easy to check that the Gaussian vectors t~Z
pnq,t
i uiPrns are i.i.d., and furthermore, writing

~Z
pnq,t
i

L
“ ~Zpnq,t “ rZpnq,1, . . . , Zpnq,tsJ with the covariance matrix Rpnq,t, it holds that

Rpnq,t`1 “

1

n

n
ÿ

i“1

E

»

—

—

—

—

–

hpx
pnq,0
i , η

pnq
i , 0q

hpZpnq,1, η
pnq
i , 1q

...

hpZpnq,t, η
pnq
i , tq

fi

ffi

ffi

ffi

ffi

fl

”

hpxpnq,0, η
pnq
i , 0q hpZpnq,1, η

pnq
i , 1q ¨ ¨ ¨ hpZpnq,t, η

pnq
i , tq

ı

.

Assume now that the probability measure νpnq “ n´1
ř

i δpxpnq,0i ,η
pnq
i q

converges narrowly to a

deterministic probability measure ν8 as n Ñ 8, as it is frequently done in the literature, often
under a randomness assumption on pxpnq,0, ηpnqq coupled with an independence assumption from
W pnq. Then, given a couple of real random variables px, ηq with the distribution ν8, we can readily
replace Rpnq,t`1 with the matrix R8,t`1 that does not depend on n and that is written as

R8,t`1 “ Epx,ηqEZ8,t

»

—

—

—

–

hpx, η, 0q
hpZ8,1, η, 1q

...
hpZ8,t, η, tq

fi

ffi

ffi

ffi

fl

“

hpx, η, 0q hpZ8,1, η, 1q ¨ ¨ ¨ hpZ8,t, η, tq
‰

,

with Z8,t „ N p0, R8,tq being independent of px, ηq. One consequence of this replacement is that
the measure µpnq,tmax in (8) can be replaced with the distribution µ8,tmax “ L ppη, Z8,tmaxqq P

P2pRtmax`1q, and the convergence (8) amounts to

µη
pnq,xpnq,1,...,xpnq,tmax P

ÝÝÝÑ
nÑ8

µ8,tmax in P2pRtmax`1q.

We recover here a well-known result given in, e.g., [BM11, FVRS22].
In the general setting of this paper, only the convergence (8) is available. Note that in general,

putting the assumptions on xpnq,0, ηpnq mentioned above does not suffice to transform this conver-
gence to a convergence to a fixed deterministic measure. Once again, this is due to the fact that

8



we did not put any assumption on the asymptotic behavior of the variance profile matrix Spnq

beyond Assumption 2.
Our aim now is to explore a generalization of Theorem 2 into two directions: We replace

Assumption 5 on the activation function with the more general assumption 6, and we replace the
test function ϕ P PL2pRtmax`1q (or, equivalently, a test function ϕ satisfying the statement ii)
above) with a continuous function ϕ : Qη ˆ Rtmax Ñ R such that |ϕpα, u1, . . . , utmaxq| ď Cp1 `
|u1|

m ` ¨ ¨ ¨ ` |utmax |
mq for a given arbitrarily integer m ą 0. In this case, we obtain the following

partial result that generalizes [BLM15]. For a vector u, we write hereinafter }u}n “ }u}{
?
n.

Theorem 4. Let Assumptions 1–4 and 6, 7 hold true. Let CW ą 0 be an arbitrary constant. Fix

an arbitrary integer tmax ą 0. For each positive integer n, let pβ
pnq
1 , . . . , β

pnq
n q be a n–uple of real

numbers such that supn maxiPrns |β
pnq
i | ă 8. Let ϕ : Qη ˆ Rtmax Ñ R be a continuous function

satisfying |ϕpα, u1, . . . , utmax
q| ď Cp1 ` |u1|

m ` ¨ ¨ ¨ ` |utmax
|mq for some C,m ą 0. Then, there

exists a sequence of matrices pĂX
pnq
qně2, with ĂX

pnq
“

“

x̃pnq,1, . . . , x̃pnq,tmax
‰

P Rnˆtmax , such that
for every ε ą 0,

P
””
›

›

›
x̃pnq,t`1 ´ x̄pnq,t`1

›

›

›

n
ą εq

ı

X

”

}W pnq} ď CW

ıı

ÝÝÝÑ
nÑ8

0

for each t “ 0, 1, . . . , tmax ´ 1, with

x̄pnq,t`1 “W pnqhpx̃pnq,t, ηpnq, tq ´ diag
´

SpnqEBhpZpnq,t, ηpnq, tq
¯

hpx̃pnq,t´1, ηpnq, t´ 1q

and with x̃pnq,0 “ xpnq,0 and diagp¨ ¨ ¨ qhp¨ ¨ ¨ q “ 0 for t “ 0, and furthermore,

1

n

ÿ

iPrns

β
pnq
i ϕpη

pnq
i , x̃

pnq,1
i , . . . , x̃

pnq,tmax

i q ´ β
pnq
i Eϕpηpnqi , Z

pnq,1
i , . . . , Z

pnq,tmax

i q
P

ÝÝÝÑ
nÑ8

0.

Observe that the sequence pĂX
pnq
q does not exactly describe an AMP sequence, furthermore,

its construction depends on the function ϕ and the n–uples pβ
pnq
i qiPrns. Despite these limitations,

Theorem 4 is useful in most of the practical situations where the activation functions are not nec-
essarily Lipschitz in the AMP parameter or where the test functions grow faster than quadratically
at infinity.

The AMP algorithms studied in the literature for symmetric measurement matrices have non-
symmetric analogues. For the sake of generality, we now succinctly deal with this case. The results
of the next paragraph will not be used elsewhere in this paper.

The non-symmetric variant (sketch)

Let pppnqq be a sequence of positive integers such that 0 ă inf ppnq{n ď sup ppnq{n ă 8. For

a given p “ ppnq, let Gpnq “
“

G
pnq
ij

‰p,n

i,j“1
be a random rectangular p ˆ n matrix, where the

random variables G
pnq
ij for pi, jq P rps ˆ rns are independent, centered, and unit-variance random

variables that share with the elements of Xpnq the moment bounds given by Assumption 1. Let

Bpnq “
“

b
pnq
ij

‰p,n

i,j“1
P Rpˆn be a deterministic matrix with non-negative elements, and assume that

the pn` pqˆ pn` pq symmetric matrix

„

0 Bpnq

pBpnqqJ 0



satisfies Assumption 2 in the role of Spnq

there. The rectangular pˆ n matrix of interest here is the random matrix Y pnq with independent
elements and a variance profile defined as

Y pnq “ pBpnqqd1{2 dGpnq.

Let x̃pnq,0 “ rx̃
pnq,0
j siPrns P Rn be a deterministic vector which elements belong to a compact set as

in Assumption 3. Let ηpnq “ rη
pnq
i siPrps P Rp and η̃pnq “ rη̃

pnq
j sjPrns P Rn be deterministic parameter

9



vectors which elements belong to a compact set as in Assumption 4. Define two functions hpx, η, tq
and h̃px̃, η̃, tq that both satisfy Assumption 5. Assume furthermore that these functions satisfy
non-degeneracy assumptions of the type of Assumption 7, and that all the row and column sums
of Bpnq are lower bounded by a positive bound independent of n.

With these objects, we define a centered Gaussian Rp–valued process pZpnq,tqtPN, and a centered

Gaussian Rn–valued process p rZ
pnq,t

qtPN˚ as follows. Write Zpnq,t “
”

Z
pnq,t
1 , . . . , Z

pnq,t
p

ıJ

, and

rZ
pnq,t

“

”

rZ
pnq,t
1 , . . . , rZ

pnq,t
n

ıJ

, and define the sequences Z
pnq
i “ pZ

pnq,0
i , Z

pnq,1
i , . . .q for i P rps, and

rZ
pnq
j “ p rZ

pnq,1
j , rZ

pnq,2
j , . . .q for j P rns. Then, the sequences tZ

pnq
i u

p
i“1 are independent, and so is

the case of the sequences t rZ
pnq
j unj“1. The covariance matrices R

pnq,t
i “ CovpZ

pnq,0
i , . . . , Z

pnq,t
i q and

rR
pnq,t
j “ Covp rZ

pnq,1
j , . . . , rZ

pnq,t
j q are recursively defined in t as follows.

Writing rΞ
pnq,0
j “ h̃px̃0

j , η̃
pnq
j , 0q2 for j P rns, we set

R
pnq,0
i “

ÿ

jPrns

b
pnq
ij

rΞ
pnq,0
j , i P rps.

With these variances at hand, we can construct the variances Ξ
pnq,0
i “ EhpZpnq,0i , η

pnq
i , 0q2 for

i P rps, and then, we set
rR
pnq,1
j “

ÿ

iPrps

b
pnq
ij Ξ

pnq,0
i , j P rns.

Let t ą 0, and assume that the matrices rR
pnq,t
j are available. Then we are able to construct the n

covariance matrices

rΞ
pnq,t
j “ E

»

—

—

—

—

–

h̃px̃
pnq,0
j , η̃

pnq
j , 0q

h̃p rZ
pnq,1
j , η̃

pnq
j , 1q

...

h̃p rZ
pnq,t
j , η̃

pnq
j , tq

fi

ffi

ffi

ffi

ffi

fl

”

h̃px̃
pnq,0
j , η̃

pnq
j , 0q ¨ ¨ ¨ h̃p rZ

pnq,t
j , η̃

pnq
j , tq

ı

,

and we can then construct the p covariance matrices

R
pnq,t
i “

ÿ

jPrns

b
pnq
ij

rΞ
pnq,t
j .

With these matrices at hand, we are able to write

Ξ
pnq,t
i “ E

»

—

—

–

hpZ
pnq,0
i , η

pnq
i , 0q

...

hpZ
pnq,t
i , η

pnq
i , tq

fi

ffi

ffi

fl

”

hpZ
pnq,0
i , η

pnq
i , 0q ¨ ¨ ¨ hpZ

pnq,t
i , η

pnq
i , tq

ı

,

and we set
rR
pnq,t`1
j “

ÿ

iPrps

b
pnq
ij Ξ

pnq,t
i , j P rns.

With these equations, the AMP non-symmetric equations take the form

xpnq,t “ Y pnqh̃px̃pnq,t, η̃pnq, tq ´ diag
`

BpnqEBh̃p rZpnq,t, η̃pnq, tq
˘

hpxpnq,t´1, ηpnq, t´ 1q

x̃pnq,t`1 “ pY pnqqJhpxpnq,t, ηpnq, tq ´ diag
`

pBpnqqJEBhpZpnq,t, ηpnq, tq
˘

h̃px̃pnq,t, η̃pnq, tq,

where the vectors h̃px̃t, η̃, tq P Rn and hpxt, η, tq P Rp are defined in the obvious way, and where
hpx´1, η,´1q is zero.

10



Furthermore, considering an arbitrary integer tmax ě 0, two test functions ϕ, ϕ̃ P PL2pRtmax`2q,

and for each n, a p–uple pβ
pnq
i qiPrps and a n–uple pβ̃

pnq
j qjPrns which elements are uniformly bounded

as in the statement of Theorem 2, it holds that

P

»

–

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

ÿ

iPrps

β
pnq
i ϕpη

pnq
i , x

pnq,0
i , . . . , x

pnq,tmax

i q ´ β
pnq
i Eϕpηpnqi , Z

pnq,0
i , . . . , Z

pnq,tmax

i q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

fi

fl

X

”

}Y pnq} ď CY

ı

fi

fl ÝÝÝÑ
nÑ8

0,

and

P

»

–

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

ÿ

jPrns

β̃
pnq
j ϕ̃pη̃

pnq
j , x̃

pnq,1
j , . . . , x̃

pnq,tmax`1
j q ´ β̃

pnq
j Eϕ̃pη̃pnqj , rZ

pnq,1
j , . . . , rZ

pnq,tmax`1
j q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě ε

fi

fl

X

”

}Y pnq} ď CY

ı

fi

fl ÝÝÝÑ
nÑ8

0

for each ε ą 0 and each CY ą 0.
These expressions can be deduced from the symmetric case described by Theorem 2 by replacing

the matrix W there with the pn`pqˆpn`pq symmetric matrix

„

0 Y pnq

pY pnqqJ 0



, and by choosing

the activation function adequately. More details on this passage from the symmetric to the non-
symmetric case are provided in [JM13].

An analogue of Theorem 4 can also be devised for the non-symmetric case. We omit the related
details.

3 Application to the equilibria of LV systems

We now apply the previous results to the study of the distribution of the globally stable equilibria
of large Lotka-Volterra ecological systems.

Let R˚` “ p0,8q. Keeping the sequence pnq of integers introduced in Section 2, let prpnqq be
a sequence of vectors such that rpnq P Rn˚`, and let pΣpnqq be a sequence of random symmetric

matrices such that Σpnq P Rnˆn. For a given n, starting with a vector upnqp0q P Rn˚`, our LV ODE
is given as

9upnqptq “ upnqptq d
´

rpnq `
´

Σpnq ´ In

¯

upnqptq
¯

, t ě 0. (9)

We recall that rpnq is the so-called vector of intrinsic growth rates of the species, and the matrix
Σpnq is the species interaction matrix. When this ODE has a unique solution upnq : R` Ñ Rn`
for each upnqp0q P Rn˚`, and when the image of this function is pre-compact, we say that the

ODE is well-defined. A sufficient condition for well-definiteness is }Σpnq} ă 1 [LJM09]. It is also

well-known that under this condition, the ODE (9) has a globally stable equilibrium u
pnq
‹ P Rn`

in the classical sense of the Lyapounov theory [Tak96, Chap. 3]. We shall focus herein on the

distribution µu
pnq
‹ P PpR`q of the elements of u

pnq
‹ for the large values of n, which reflects the

relative abundances of the species at the equilibrium.
We now state our assumptions regarding the vectors rpnq and the matrices Σpnq. Let us call

“hypotheses” the assumptions relative to our LV system. Our first hypothesis reads as follows:

Hypothesis 1. Let Xpnq be the random symmetric nˆn matrix constructed after Assumption 1

above. Let V pnq “
”

v
pnq
ij

ın

i,j“1
be a deterministic symmetric matrix with the same structure as

11



Spnq in Section 2, and that complies with Assumption 2 above, with the s
pnq
ij in this assumption

being replaced with v
pnq
ij . Furthermore, assume that there is a constant cV ą 0 such that

min
iPrns

ÿ

jPrns

v
pnq
ij ě cV

(see Assumption 7). Then, the matrices Σpnq are written as

Σpnq “ pV pnqqd1{2 dXpnq.

According to our model, Species i interacts only with the species in the set Vpnqi “ tj P

rns, v
pnq
ij ą 0u. The relative cardinalities of these sets satisfy minip|Vpnqi |{nq „ Kn{n and

maxip|Vpnqi |{nq „ Kn{n. This ratio is the “degree of sparsity” of our model,
Since Σpnq is random, we need to guarantee that lim supn }Σ

pnq} ă 1 with probability one to
ensure that the LV ODE is well-defined and has a global equilibrium. We consider this condition
as a hypothesis:

Hypothesis 2. lim supn }Σ
pnq} ă 1 with probability one.

Let us provide some comments on this hypothesis. The spectral norms of random matrices
with structures close to W were studied in [BvH16] in the framework of Assumption 8. In this
setting, explicit bounds on the spectral norm of Σpnq can be obtained in some cases, among which
the Gaussian case plays a prominent role. We note that in general, these bounds are not tight.
Let |||A||| and }A}8 be respectively the maximum row sum norm and the max norm of the matrix
A respectively. When Xpnq is a Gaussian matrix, we know from [BvH16, Th. 1.1] that

E}Σpnq} ď T
pnq
Gauss,

where

T
pnq
Gauss “ p1` εq

˜

2|||V pnq|||1{2 `
6

a

logp1` εq
p}V pnq}8 log nq1{2

¸

for an arbitrary ε ą 0. Furthermore, by Gaussian concentration,

P
”

}Σpnq} ě T
pnq
Gauss ` t

ı

ď expp´t2{p2}V pnq}8q
2q, (10)

for ε P p0, 1{2s, as given by [BvH16, Cor. 3.9]. By consequence, it holds that in the Gaussian case,

lim supn }Σ
pnq} ă 1 with probability one if lim supn T

pnq
Gauss ă 1 for some choice of ε P p0, 1{2s,

and if the sequence pKnq satisfies Kn Á log n, owing to the constraint on }V pnq}8 provided in
Assumption 2. In the Gaussian case, we can therefore admit a degree of sparsity of log n{n. Under
our hypothesis 1, this rate turns out to be the optimal rate for Hypothesis 2 to be verified, as a
consequence of [BvH16, Cor. 3.15].

Similar explicit bounds on lim supn }Σ
pnq} are available in the case where the random variables

X
pnq
ij are bounded, see [BvH16, Cor. 3.12] for more details. Here also, Hypothesis 2 is ensured

when |||V pnq||| and }V pnq}8 log n are bounded properly.
Under Hypothesis 1 without more specific information on the distributions of the Xij , Hy-

pothesis 2 is verified if both lim supn |||V
pnq||| and lim supn }V

pnq}8plog nqρ_1 are small enough, as
shown by Proposition 3. We thus need that Kn Á plog nqρ_1 with a large enough factor.

In any case, we shall also need

Hypothesis 3. lim supn |||V
pnq||| ă 1{4.

In the classical Wigner case where V pnq “ αn´11n1Jn for some α ą 0, this condition is necessary
and sufficient to ensure that lim supn }Σ

pnq} ă 1 with probability one, by the well-known result on
the almost sure convergence of }Σpnq} to the edge of the semi-circle law. Sparse cases that behave
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similarly to the Wigner case in this respect, and thus, that require Hypothesis 3, were treated
in the literature. These include the models dealt with in [BvH16, Sec. 4]. Similar results can be
found in [Kho08, Sod10, BGP14].

Regarding the intrinsic growth rate vector, we consider the following hypothesis:

Hypothesis 4. The vector rpnq is a deterministic vector which elements belong to a compact
Qr Ă R˚`.

In the practical ecological settings where the intrinsic growth rates within a given ecosystem are
positive, it is not unrealistic to assume that these rates are lower and upper bounded by positive
constants.

Let x, y P Rn. In the statement and in the proof of the following theorem, we denote as
xy, x{y,

?
x, etc., the Rn–valued vector obtained by performing these operations elementwise.

Given a Rn–valued random vector U “ rUis
n
i“1, the notations EU and PrU ě 0s will respectively

refer in the remainder to the vectors rEUisni“1 and rPrUi ě 0ssni“1.

Theorem 5. Let Hypotheses 1 to 4 hold true. Then, for each n for which }Σpnq} ă 1, the

ODE (9) is well-defined, and it has a globally stable equilibrium u
pnq
‹ . For the other values of n,

put u
pnq
‹ “ 0. The distribution µu

pnq
‹ is a P2pRq–valued random variable on the probability space

where Σpnq is defined.
Let ξpnq „ N p0, Inq. Then, for each n large enough, the system of equations

p “ V pnq diagp1` ζq2 E
´

?
pξpnq ` rpnq

¯2

`
(11a)

ζ “ diagp1` ζqV pnq diagp1` ζq P
”

?
pξpnq ` rpnq ě 0

ı

. (11b)

admits an unique solution pp, ζq “ pppnq, ζpnqq P Rn` ˆ r0, 1sn. This solution satisfies

sup
n
}ppnq}8 ă 8.

Let Y pnq be the Gaussian vector

Y pnq “
”

Y
pnq
i

ın

i“1
“

´

1` ζpnq
¯´

b

ppnqξpnq ` rpnq
¯

,

and define the deterministic measure µpnq P P2pRq as µpnq “ L ppY
pnq

θpnq
q`q, where θpnq is a uniformly

distributed random variable on the set rns, which is independent of ξpnq. Then

d2

´

µu
pnq
‹ ,µpnq

¯

P
ÝÝÝÑ
nÑ8

0.

Remark 1. Since supn }p
pnq}8 ă 8, the sequence of measures pµpnqq, which are mixtures of

truncated Gaussians with bounded means and variances, is a pre-compact sequence in the space
P2pRq. Therefore, for each sub-sequence of pnq, there is a further sub-sequence pn1q and a measure

ν P P2pRq such that µu
pn1q
‹ Ñ ν in probability in P2pRq.

Remark 2. Write u
pnq
‹ “ ru

pnq
‹,i s

n
i“1. By Theorem 5,

1

n

ÿ

iPrns

ϕpu
pnq
‹,i q ´ EϕppY pnq

θpnq
q`q

P
ÝÝÝÑ
nÑ8

0

for each continuous function ϕ : RÑ r0, 1s such that ϕp0q “ 0. With this at hand, we can consider

the positive number γpnq “ PrY pnq
θpnq

ą 0s as an approximation of the proportion of surviving

species at the equilibrium, in the sense that γpnq » n´1
ř

iPrns ϕpu
pnq
‹,i q when ϕ is chosen as a
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“continuous approximation” of the real function ψpxq “ 1xą0. Of course, this does not imply that
γpnq ´ n´1

ř

i 1upnq‹,i ą0
converges to zero in probability.

Note that lim infn γ
pnq ą 1{2 by Hypothesis 4 and by the bound sup }ppnq}8 ă 8, which

implies that the proportion of species that survive at the equilibrium for large n is lower bounded
by 1{2 with a positive gap.

The following corollary to Theorem 5 shows that when the variance profile matrix is V pnq “

αn´11n1Jn with α P p0, 1{4q, then, the large–n behavior of the empirical measure µu
pnq
‹ is the one

predicted by [Bun17, Gal18, ABC`22]. Remember that we are not restricted in the present paper
to the Gaussian case.

Corollary 6. In the setting of the previous theorem, assume that V pnq “ αn´11n1Jn with α P
p0, 1{4q. Let ξ „ N p0, 1q, and let θpnq be independent of ξ and uniformly distributed on the set

rns. Then, there is an unique couple pppnq, ζpnqq P R` ˆ r0, 1s such that, dropping the superscript
pnq,

p “ αp1` ζq2EθEξ
“`

a

p ξ ` rθ
˘2

`

‰

,

ζ “ αp1` ζq2EθPξ
“

a

p ξ ` rθ ě 0
‰

.

Moreover,

d2

´

µu‹ ,L
´

p1` ζq
`

a

p ξ ` rθ
˘

`

¯¯

P
ÝÝÝÑ
nÑ8

0.

To prove this corollary, we notice that due to the structure of V , the solution of the system (11)

is of the form pppnq, ζpnqq “ pppnq1n, ζ
pnq1nq where pppnq, ζpnqq is the solution of the system shown

in the statement. The result follows.

We now turn to our proofs. In the remainder of this paper, the notations C, c ą 0 refer to
constants that can change from line to line. Some of the statements hold true for n large enough
instead of holding for each n. This will not be specified.

4 Proofs of Theorems 2 and 4

The first and most important part of this section is common to the proofs of Theorems 2 and 4. The
idea is to consider an AMP sequence where the function hp¨, η, tq is replaced with a polynomial,
and to apply to this sequence the combinatorial technique of Bayati, Lelarge and Montanari
in [BLM15].

In the remainder, c ą 0 and C ą 0 denote absolute constants that can change from a display
to another.

4.1 AMP with polynomial activation functions

4.1.1 The setting

Let d ą 0 be a fixed integer. Consider a function ppnq : R ˆ rns ˆ N Ñ R with the property that
ppnqp¨, i, tq is a polynomial with a degree bounded by d, and is thus written as

ppnqpu, i, tq “
d
ÿ

`“0

α
pnq
` pi, tqu`.

Starting with the deterministic vector x̌pnq,0 “ xpnq,0, our purpose here is to study the AMP
recursion in the vectors x̌pnq,1, x̌pnq,2, . . . given as

x̌pnq,t`1 “W pnqppnqpx̌pnq,t, ¨, tq ´ diag
´

pW pnqqd2Bppnqpx̌pnq,t, ¨, tq
¯

ppx̌pnq,t´1, ¨, t´ 1q, (12)
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where, writing x “ rxis
n
i“1, we set ppnqpx, ¨, tq “ rppnqpxi, i, tqs

n
i“1 and Bppnqpx, ¨, tq “ rBppnqp¨, i, tq|xis

n
i“1,

and we consider that ppnqp¨, ¨,´1q ” 0.
The general idea goes as follows. With the polynomial activation function ppnqp¨, i, tq, the

elements of the vectors x̌pnq,t are random variables which are sums of monomials in the elements
of W pnq with indices indexed by labelled trees. Our purpose will be to compute the moments of
these random variables. Due to the presence of the “correction” so-called Onsager term diagp¨qpp¨q,
the effect of the paths with the so-called backtracking edges will be cancelled, rendering these
moments close to the Gaussian moments provided by the state evolution equations below. A nice
intuitive explanation of the main proof idea is provided in [BLM15, § 2].

Let us provide the expressions of the state evolution equations for Algorithm (12). Consider the

Gaussian sequence p qZ
pnq,t

qtPN˚ described as follows. Writing qZ
pnq,t

“

”

qZ
pnq,t
1 , . . . , qZ

pnq,t
n

ıJ

and

qZ
pnq
i “ p qZ

pnq,1
i , qZ

pnq,2
i , . . .q, the sequences t qZ

pnq
i uni“1 are centered, Gaussian, and independent, and

the covariance matrix qR
pnq,t
i of the vector

~
qZ
pnq,t
i “ r qZ

pnq,1
i , . . . , qZ

pnq,t
i sJ is constructed recursively

in t as follows.
qR
pnq,1
i “

ÿ

lPrns

s
pnq
il p

pnqpx
pnq,0
l , l, 0q2,

and

qR
pnq,t`1
i “

ÿ

lPrns

s
pnq
il E

»

—

—

—

—

–

ppnqpx
pnq,0
l , l, 0q

ppnqp qZ
pnq,1
l , l, 1q
...

ppnqp qZ
pnq,t
l , l, tq

fi

ffi

ffi

ffi

ffi

fl

”

ppnqpx
pnq,0
l , l, 0q ppnqp qZ

pnq,1
l , l, 1q ¨ ¨ ¨ ppnqp qZ

pnq,t
l , l, tq

ı

.

With this at hand, the main result of this subsection reads as follows.

Proposition 7. Let Assumptions 1–3 hold true, and consider the AMP algorithm (12). Assume
that for each integer t ě 0,

sup
n

max
`ďd

max
iPrns

|α
pnq
` pi, tq| ă 8. (13)

Then,

@t ą 0, sup
n

max
iPrns

} qR
pnq,t
i } ă 8.

Moreover,

@t ą 0, @m P N˚, sup
n

max
iPrns

E|x̌pnq,ti |m ă 8. (14)

Given t P N˚, let ψpnq : Rt ˆ rns Ñ R be such that ψpnqp¨, lq is a multivariate polynomial with
a bounded degree and bounded coefficients as functions of pl, nq. Let Spnq Ă rns be such that
|Spnq| ď CKpnq. Then,

1

|Spnq|
ÿ

iPSpnq
ψpnqpx̌

pnq,1
i , . . . , x̌

pnq,t
i , iq ´ Eψpnqp qZpnq,1i , . . . , qZ

pnq,t
i , iq

P
ÝÝÝÑ
nÑ8

0, and (15a)

1

n

ÿ

iPrns

ψpnqpx̌
pnq,1
i , . . . , x̌

pnq,t
i , iq ´ Eψpnqp qZpnq,1i , . . . , qZ

pnq,t
i , iq

P
ÝÝÝÑ
nÑ8

0. (15b)

The proof of this proposition will revolve around a version of our AMP sequence where the
Rn–valued vectors x̌pnq,t will be replaced with Rnˆq–valued matrices, with q ą 0 being a given

integer. At the same time, the test function ψpnqp¨, iq acting on the iterates x̌
pnq,1
i , . . . , x̌

pnq,t
i above

will be replaced with a test function acting on the tth iterate only. In all the remainder, a vector
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x P Rq will be written as x “ rxp1q, . . . , xpqqsJ. Consider the function

f pnq : Rq ˆ rns ˆ N ÝÑ Rq

pu, l, tq ÞÝÑ

»

—

—

–

f
pnq
1 pu, l, tq

...

f
pnq
q pu, l, tq

fi

ffi

ffi

fl

,

which is a polynomial in u, with degree bounded by d, written as

f pnqr pu, l, tq “
d
ÿ

i1`¨¨¨`iq“0

α
pnq
i1,...,iq

pr, l, tq
q
ź

s“1

upsqis .

Starting with the deterministic n-uple px
pnq,0
1 , . . . ,x

pnq,0
n q with x

pnq,0
i P Rq, the AMP recursion

in t will provide us at Iteration t ` 1 with the n-uple px
pnq,t`1
1 , . . . ,x

pnq,t`1
n q, where x

pnq,t`1
i “

rx
pnq,t`1
i p1q, . . . , x

pnq,t`1
i pqqsJ is given as

x
pnq,t`1
i prq “

ÿ

lPrns

W
pnq
i,l f

pnq
r px

pnq,t
l , l, tq

´
ÿ

sPrqs

f pnqs px
pnq,t´1
i , i, t´ 1q

ÿ

lPrns

pW
pnq
i,l q

2 Bf
pnq
r

Bxpsq
px
pnq,t
l , l, tq, r P rqs, (16)

with fp¨, ¨,´1q ” 0.
We also introduce the following sequence of Gaussian Rnq–valued random vectors pU pnq,tqtPN˚ .

Writing

U pnq,t “

»

—

—

–

U
pnq,t
1
...

U
pnq,t
n

fi

ffi

ffi

fl

,

the tU
pnq,t
i uiPrns are Rq–valued independent Gaussian random vectors, U

pnq,t
i „ N

´

0, Q
pnq,t
i

¯

, and

the covariance matrices Q
pnq,t
i are recursively defined in t as follows. Starting with t “ 1, we set

Q
pnq,1
i “

ÿ

lPrns

s
pnq
il f

pnqpx
pnq,0
l , l, 0qf pnqpx

pnq,0
l , l, 0qJ for i P rns.

Given tQ
pnq,t
i uiPrns, we set

Q
pnq,t`1
i “

ÿ

lPrns

s
pnq
il Ef pnqpU pnq,tl , l, tqf pnqpU

pnq,t
l , l, tqJ for i P rns.

The correlations between the elements of U pnq,t and U pnq,s for t ‰ s are irrelevant to our purpose.
Given x P Rq and a multi-index m “

“

mp1q, . . . ,mpqq
‰

P Nq, we write in the sequel

xm “
ź

rPrqs

xprqmprq.

Proposition 8. Let Assumptions 1 and 2 hold true, and consider the iterative algorithm(16).
Assume that for each t ą 0, there is a constant C ą 0 such that

ˇ

ˇ

ˇ
α
pnq
i1,...,iq

pr, l, tq
ˇ

ˇ

ˇ
ď C, (17)
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and furthermore,

sup
n

max
iPrns

›

›

›
x
pnq,0
i

›

›

›
ă 8. (18)

Then,

@t ą 0, sup
n

max
iPrns

}Q
pnq,t
i } ă 8. (19)

Moreover,
@t ą 0, @m P Nq, sup

n
max
iPrns

E|pxtiqm| ă 8. (20)

Let ψpnq : Rqˆrns Ñ R be such that ψpnqp¨, lq is a multivariate polynomial with a bounded degree
and bounded coefficients as functions of pl, nq. Let Spnq Ă rns be a non empty set such that
|Spnq| ď CKpnq. Then,

1

Kpnq

ÿ

iPSpnq
ψpx

pnq,t
i , iq ´ EψpU pnq,ti , iq

P
ÝÝÝÑ
nÑ8

0, and (21a)

1

n

ÿ

iPrns

ψpx
pnq,t
i , iq ´ EψpU pnq,ti , iq

P
ÝÝÝÑ
nÑ8

0. (21b)

The proof of Proposition 8 is an adaptation of the approach of [BLM15] to the structure of
the variance profile at interest in this paper. For self-containedness, we reproduce large parts of
the proof of [BLM15], putting the focus on the parts of this proof where these adaptations are
necessary.

In the remainder, the superscript pnq will be often omitted for notational simplicity.

4.1.2 Proof of Proposition 8

Let us quickly prove that supn maxiPrns }Q
t
i} ă 8 for each integer t ą 0. For t “ 1, this is a conse-

quence of Assumption 2 and the bounds (17) and (18). Assume the result is true for t. Then, using
the bound (17) again, standard Gaussian derivations show that supn maxi

›

›EfpU ti , i, tqfpU ti , i, tqJ
›

› ă

8. Then, using Assumption 2, we obtain from the expression ofQt`1
i above that supn maxi

›

›Qt`1
i

›

› ă

8.
Of importance in the proof of Proposition 8 are the sequences issued from the so-called “non-

backtracking” iterations. Given any i, j P rns with i ‰ j, define the set of Rq–valued vectors
tz0
iÑj , i, j P rns, i ‰ ju as z0

iÑj “ x
0
i . Assuming that the Rq–valued vectors tztiÑj , i, j P rns, i ‰

ju are defined, the vectors zt`1
iÑj for i ‰ j are given as

zt`1
iÑjprq “

ÿ

lPrnsztju

Wilfrpz
t
lÑi, l, tq (22)

(here, we implicitly consider that in the summation over l, the case l “ i is excluded because
Wii “ 0). Having the vectors tztiÑj , i, j P rns, i ‰ ju at hand, we define the Rq–valued vectors

tzt`1
i , i P rnsu as

zt`1
i prq “

ÿ

lPrns

Wilfrpz
t
lÑi, l, tq. (23)

For each n, let us now consider an i.i.d. sequence pW pnq,tqt“0,1,... of symmetric nˆ n matrices

such that W pnq,t L
“ W pnq. We define the vectors ytiÑj and yti recursively in t similarly to what

we did for the vectors ztiÑj and zti, with the difference that we now replace the matrix W with

the matrix W t at step t. More precisely, we set y0
iÑj “ x

0
i for each i, j P rns with i ‰ j; Given

tytiÑj , i, j P rns, i ‰ ju, we set

yt`1
iÑjprq “

ÿ

lPrnsztju

W t
ilfrpy

t
lÑi, l, tq, i ‰ j.

Also,
yt`1
i prq “

ÿ

lPrns

W t
ilfrpy

t
lÑi, l, tq.
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The tree structure. The pivotal object in the proof is a rooted and labelled tree T with the
following structure (we paraphrase here [BLM15, §4.2] with the same notations). Write T “

pV pT q, EpT qq where V pT q and EpT q are the sets of vertices and edges of T respectively. We also
denote as LpT q the set of the leaves of T . Denote as ˝ P V pT q the root of the tree, and let |u| be
the distance of a vertex u to ˝. We consider that the edges are oriented towards the root. Thus,
considering the edge pu Ñ vq P EpT q, we have that v “ πpuq, where πpuq the parent of the node
u. We assume that the root has only one child (thus, T is a so called planted tree). Each vertex
other than the root and the leaves can have up to d children, thus, its degree is bounded by d` 1.
By definition, the degree of a leaf is one, its only neighbor being its parent.

The tree T is a labelled tree. We now describe this labelling. The label of the root is an
integer `p˝q P rns. The label of a vertex v which is neither the root nor a leaf is a couple
p`pvq, rpvqq P rnsˆrqs. The label of a leaf v is p`pvq, rpvq, vr1s, . . . , vrqsq P rnsˆrqsˆtpa1, . . . , aqq P
Nq, a1 ` ¨ ¨ ¨ ` aq ď du. If v P LpT q and |v| ď t´ 1, then we set vr1s “ ¨ ¨ ¨ “ vrqsq “ 0.

The integer `pvq is denoted as the “type” of the vertex v, and rpvq is the “mark” of this vertex
when it exists.

For a vertex u P V pT qzLpT q, we denote as urrs the number of children of u with the mark r.
The children of u P V pT qzLpT q are ordered with respect to their mark. Specifically, the labels of
the children of u are p`1, 1q, . . . , p`ur1s, 1q, p`ur1s`1, 2q, . . . , p`ur1s`¨¨¨`urqs, qq

Specific classes of these trees will be of importance. Following the definitions and notations of
[BLM15], we introduce the following families of trees:

� T t
is the set of labelled trees as above, with depth t at most.

� T t Ă T t
is the subset that additionally satisfies the following so-called non-backtracking

condition: if v1 “ ˝, v2, . . . , vk is a path starting from ˝, i.e., vi “ πpvi`1q, then the corre-
sponding sequence of types is non-backtracking. This means that for each i P rk ´ 2s, the
three types `pviq, `pvi`1q and `pvi`2q are distinct.

� T t
iÑjprq Ă T t is the subset of trees in T t for which the type of the root is i, the type of the

child v of the root satisfies `pvq R ti, ju, and the mark of v is rpvq “ r.

� T t
i prq Ă T t is the subset of trees in T t for which the type of the root is i, the type of the

child v of the root satisfies `pvq ‰ i, and the mark of v is rpvq “ r.

Given a tree T , we also set

W pT q “
ź

puÑvqPEpT q

W`puq`pvq,

ΓpT,α, tq “
ź

puÑvqPEpT q

αur1s,...,urqsprpuq, `puq, t´ |u|q,

xpT q “
ź

vPLpT q

ź

sPrqs

´

x0
`pvqpsq

¯vrss

.

Lemma 9 (Lemma 1 of [BLM15]).

ztiÑjprq “
ÿ

TPT tiÑjprq

W pT qΓpT,α, tqxpT q,

ztiprq “
ÿ

TPT ti prq

W pT qΓpT,α, tqxpT q.

This lemma is a structural lemma which proof is not impacted by our specific variance profile.
The following notions will be needed below. Define the set

K “ tti, ju Ă rns, sij ą 0u .
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For each i P rns, we define the section

Ki “ tj P rns, sij ą 0u .

The next proposition shows that in the large dimensional regime, the joint moments of the elements
of a vector zti issued from the non-backtracking iterations depend for large n only on the first two
moments of the elements of W .

Proposition 10 (adaptation of Proposition 1 of [BLM15]). Let t rXiju1ďiăjďn be a family of
independent random variables satisfying Assumption 1, with distributions not necessarily identical
to their analogues Xij . Let ĂW be the symmetric matrix constructed similarly to W , but with the

Xij replaced with the rXij . Starting with the set of Rq–valued vectors tz̃0
iÑj , i, j P rns, i ‰ ju

given as z̃0
iÑj “ x

0
i , define the vectors z̃ti P Rq by the recursion (22) and the equation (23), where

W is replaced with ĂW . Then, for each t ě 1 and each m P Nq, there exists C such that for each
i P rns,

ˇ

ˇEpztiqm ´ Epz̃tiqm
ˇ

ˇ ď CK´1{2.

Proof. For simplicity, we restrict the proof to the case where the multi-index m satisfies mprq “ m
for some integer m ą 0 and mpsq “ 0 for s P rqsztru. By Lemma 9, we have

Epztiprqqm “
ÿ

T1,...,TmPT ti prq

˜

m
ź

k“1

ΓpTk,α, tq

¸

E

«

m
ź

k“1

W pTkq

ff

m
ź

k“1

xpTkq.

For a tree T and j, l P rns, define

φpT qjl “ |tpuÑ vq P EpT q, t`puq, `pvqu “ tj, luu| .

There is an integer constant CE “ CEpd, t,mq that bounds the total number of edges in the trees
T1, . . . , Tm P T t

i prq, leading to
ÿ

kPrms

ÿ

jăl

φpTkqjl ď CE .

Given an integer m P rCEs, let

Aipmq “
!

pT1, . . . , Tmq : Tk P T t
i prq for all k P rms,

@j ă l,
ÿ

kPrms

φpTkqjl ‰ 1,

@j ă l,
ÿ

kPrms

φpTkqjl ą 0 ñ tj, lu P K,

ÿ

kPrms

ÿ

jăl

φpTkqjl “ m
)

.

Then, since the elements of W beneath the diagonal are centered and independent,

Eztiprqm “
CE
ÿ

m“1

ÿ

pT1,...,TmqPAipmq

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

. (24)

Notice that the contributions of the m–uples of trees in Aipmq for which

@j ă l,
ÿ

kPrms

φpTkqjl P t0, 2u

are the same for Eztiprqm and Ez̃tiprqm by the assumptions on the matrices W and ĂW . Thus,
defining the set

qAipmq “
!

pT1, . . . , Tmq P Aipmq : Dj ă l,
ÿ

kPrms

φpTkqjl ě 3
)

,
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the proposition will be proven if we prove that for all m P rCEs, the real number

ξm “
ÿ

pT1,...,TmqP qAipmq

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

satisfies |ξm| ď CK´1{2.
Using the bounds (17) and (18) provided in the statement of Proposition 8, it is obvious that

śm
k“1 ΓpTk,α, tq and

śm
k“1 xpTkq are bounded.

Since |EW s
jl| ď CK´s{2 for each integer s ą 0 by Assumptions 1 and 2, for each pT1, . . . , Tmq P

qAipmq, we have
ˇ

ˇ

ˇ

ˇ

ˇ

E
m
ź

k“1

W pTkq

ˇ

ˇ

ˇ

ˇ

ˇ

“
ź

jăl

ˇ

ˇ

ˇ
EW

ř

k φpTkqjl
jl

ˇ

ˇ

ˇ
ď CK´m{2.

To complete the proof, we shall show that

ˇ

ˇ

ˇ

qAipmq
ˇ

ˇ

ˇ
ď CKpm´1q{2. (25)

From a m–uple pT1, . . . , Tmq P qAipmq, let us construct a graph G “ GpT1, . . . , Tmq as follows.
The graph G is the rooted, undirected, labelled, and unmarked graph obtained by merging the m
trees T1, . . . , Tm and by identifying the nodes that have the same type; This common type will be
the label of the obtained node in G. The root node of G will be the node obtained by merging the
roots of the trees T1, . . . , Tm (remember that they all have the same type i). The other nodes are
numbered, say, in the increasing order of their labels. The edges of G are furthermore unweighted.

The number of edges of G is

|EpGq| “
ÿ

jăl

1
ř

k φpTkqjlą0.

Remember that when
ř

k φpTkqjl ą 0, this sum is ě 2, and for some j ă l, it is ě 3. Consequently,
2|EpGq| ` 1 ď

ř

jăl

ř

k φpTkqjl, in other words,

|EpGq| ď
m´ 1

2
.

Note that since G is connected as being obtained through the merger of trees, |V pGq| ď |EpGq|`1.
Thus, |tv P G, v ‰ 0u| ď pm´ 1q{2. Also, by construction, G satisfies the following property:

tu, vu P EpGq ñ `puq P K`pvq.

We shall denote as Gm
i the set of rooted, undirected, labelled and connected graphs such that

`p0q “ i, |EpGq| ď m´1
2 , and the last property is satisfied. We denote as Rm the set of all the

elements of Gm
i but without the labels. Given a graph G P Gm

i , let us denote as Ḡ “ UpGq P Rm

the unlabelled version of G. With these notations, we have

ˇ

ˇ

ˇ

qAipmq
ˇ

ˇ

ˇ
“

ÿ

ḠPRm

ÿ

GPGm
i :

UpGq“Ḡ

ˇ

ˇ

ˇ

!

pT1, . . . , Tmq P qAipmq : GpT1, . . . , Tmq “ G
)
ˇ

ˇ

ˇ
. (26)

For each graph G, we have

ˇ

ˇ

ˇ

!

pT1, . . . , Tmq P qAipmq : GpT1, . . . , Tmq “ G
)
ˇ

ˇ

ˇ
ď C, (27)

where C “ Cpd, t,mq is independent of G. Our purpose is now to show that

ˇ

ˇ

 

G P Gm
i : UpGq “ Ḡ

(
ˇ

ˇ ď CKpm´1q{2. (28)
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Given Ḡ P Rm, denote as 0 the root node of Ḡ, write M “ |V pḠq| ´ 1 ď pm´ 1q{2, and write
V pḠqzt0u “ rM s. Recalling that Ḡ is connected, let us consider a spanning tree of this graph
rooted in 0. Denote as πpvq the parent of the node v in this tree. Writing j0 “ i, we obtain that

ˇ

ˇ

 

G P Gm
i : UpGq “ Ḡ

(ˇ

ˇ ď
ˇ

ˇ

 

pj1, . . . , jM q P rns
M : @k P rM s, jk P Kjπpkq

(ˇ

ˇ .

Denoting as L Ă rM s the set of the leaves of the spanning tree, we can write

ˇ

ˇ

 

pj1, . . . , jM q P rns
M : @k P rM s, jk P Kjπpkq

(
ˇ

ˇ “
ÿ

j1,...,jMPrns :
@kPrMs, jkPKjπpkq

1

“
ÿ

kPrMszL

ÿ

jkPKjπpkq

´

ÿ

pPL

ÿ

jpPKjπppq

1
¯

ď CK |L|
ÿ

kPrMszL

ÿ

jkPKjπpkq

1,

recalling that |Kj | ď CK for all j by Assumption 2, and using the inequality |L|K ď K |L| for
K ě 2. If we prune the leaves of the original spanning tree, what remains is a tree made of the
nodes that constitute the first sum above plus the root node. We can apply the pruning operation
to the new tree as above, and iterate until exhausting all the set rM s “ V pḠqzt0u. This leads to

ˇ

ˇ

 

pj1, . . . , jM q P rns
M : @k P rM s, jk P Kjπpkq

(
ˇ

ˇ ď CKM ď CKpm´1q{2.

Inequality (28) follows.
It is furthermore easy to check that

|Rm| ď C.

Getting back to Inequality (26), and using this last inequality along with Inequalities (28) and (27),
we obtain Inequality (25), and the proposition is established.

Let us keep the notations of the former proof. Consider the subset rAipmq of Aipmq defined as

rAipmq “
!

pT1, . . . , Tmq P Aipmq : @j ă l,
ÿ

kPrms

φpTkqjl P t0, 2u
)

.

For pT1, . . . , Tmq P rAipmq, let us denote as G “ GpT1, . . . , Tmq P Gm
i the graph obtained by merging

these trees, and Ḡ “ UpGq P Rm the unlabelled version of G, as we did for pT1, . . . , Tmq P qAipmq.
As we did in (24), Eztiprqm can be written as

Eztiprqm “
CE
ÿ

m“1

χm `

CE
ÿ

m“1

ξm, (29)

where

χm “
ÿ

pT1,...,TmqP rAipmq

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

“
ÿ

ḠPRm

ÿ

GPGm
i :

UpGq“Ḡ

ÿ

pT1,...,TmqP rAipmq :
GpT1,...,Tmq“G

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

,

and where we recall from the former proof that ξm “
ř

pT1,...,TmqP qAipmq ¨ ¨ ¨ satisfies |ξm| ď CK´1{2.
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Let us further decompose χm as

χm “
ÿ

ḠPRm :
Ḡ is a tree

ÿ

GPGm
i :

UpGq“Ḡ

ÿ

pT1,...,TmqP rAipmq :
GpT1,...,Tmq“G

¨ ¨ ¨ `
ÿ

ḠPRm :
Ḡ not a tree

ÿ

GPGm
i :

UpGq“Ḡ

ÿ

pT1,...,TmqP rAipmq :
GpT1,...,Tmq“G

¨ ¨ ¨

“ χT
m ` χ

NT
m .

Then, the contribution of the term χNT
m is negligible:

Lemma 11 (see Lemma 2 of [BLM15]).
ˇ

ˇχT
m

ˇ

ˇ ď C, and
ˇ

ˇχNT
m

ˇ

ˇ ď C{K.

Proof. By repeating the argument of the former proof, the terms
śm
k“1 ΓpTk,α, tq and

śm
k“1 xpTkq

are both bounded, and the term E
śm
k“1W pTkq accounts for a factor of order K´m{2 in both χT

m

and χNT
m .

Furthermore, when pT1, . . . , Tmq P rAipmq, the graph G “ GpT1, . . . , Tmq satisfies |EpGq| “ m{2.
We further know that Ḡ “ UpGq satisfies |V pḠq| ď |EpḠq| ` 1 “ |EpGq| ` 1, with equality if
and only if G is a tree. Therefore, when Ḡ P Rm is a tree, |V pḠq| “ m{2 ` 1. Once we set
M “ |V pGq| ´ 1 “ m{2, the argument for establishing Inequality (28) in the former proof can be
reproduced word for word here to show that |tG P Gm

i : UpGq “ Ḡu| ď CKm{2. When Ḡ P Rm is
not a tree, |V pḠq| ď m{2, and we obtain that |tG P Gm

i : UpGq “ Ḡu| ď CKm{2´1. Thus,

ˇ

ˇχT
m

ˇ

ˇ ď CK´m{2Km{2 “ C,
ˇ

ˇχNT
m

ˇ

ˇ ď CK´m{2Km{2´1 “ CK´1,

and the lemma is proven.

Getting back to the expression (29) of Eztiprqm and using this lemma along with the bound
|ξm| ď CK´1{2, we obtain that for each t ą 0 and each multi-index m P Nq, there exists a constant
C ą 0 such that

max
iPrns

E|pztiqm| ď C. (30)

This bound will be needed below.
Recall that the samples yti are obtained by drawing an independent matrix W t at each iteration

in the parameter t. We have:

Proposition 12 (Proposition 2 of [BLM15]). For each t ě 1 and each m P Nq, there exists C
such that for each i P rns,

ˇ

ˇEpztiqm ´ Epytiqm
ˇ

ˇ ď CK´1{2.

Proof. Parallelling the quantities W pT q introduced above for a tree T P T t
, [BLM15] introduced

the quantities

W pT, tq “
ź

puÑvqPEpT q

W
t´|u|
`puq,`pvq.

By an easy adaptation of the proof of [BLM15, Lm. 1] (Lemma 9 above), we can show that

ytiÑjprq “
ÿ

TPT tiÑjprq

W pT qΓpT,α, tqxpT q,

ytiprq “
ÿ

TPT ti prq

W pT qΓpT,α, tqxpT q.

Similarly to the proof of Proposition 10, we assume that mprq “ m and mpsq “ 0 for s P rqsztru.
Similarly to Equation (24), and with the same notations, it holds that

Eytiprqm “
CE
ÿ

m“1

ÿ

pT1,...,TmqPAipmq

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

.
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As we did for Eztiprqm above, we partition Aipmq as Aipmq “ rAipmq Y qAipmq. We prove with

the same arguments that the contribution of qAipmq is of order K´1{2. Furthermore, parallelling

Lemma 11, we also obtain that within rAipmq we can limit ourselves to the terms χ̄T
m defined as

χ̄T
m “

ÿ

ḠPRm :
Ḡ is a tree

ÿ

GPGm
i :

UpGq“Ḡ

ÿ

pT1,...,TmqP rAipmq :
GpT1,...,Tmq“G

˜

m
ź

k“1

ΓpTk,α, tq

¸˜

m
ź

k“1

xpTkq

¸

E

«

m
ź

k“1

W pTkq

ff

,

the terms for which Ḡ is not a tree being of order K´1. With this at hand, the proposition will be
established once we show that χ̄T

m “ χT
m, where we recall that χT

m, introduced in the last proof, has
the same expression as χ̄T

m except that the terms W pTkq in the latter are replaced with W pTkq.
Consider an arbitrary m–uple pT1, . . . , Tmq in the inner sum above. We first notice that if

E
śm
k“1W pTkq ‰ 0, then E

śm
k“1W pTkq “ E

śm
k“1W pTkq. This is due to the fact that if j ă l

is active in E
śm
k“1W pTkq (in the sense that

ř

k φpTkqjl ‰ 0, and thus, is equal to 2), then the
corresponding contribution of this j ă l to E

śm
k“1W pTkq will be exactly the same.

The proof will then be terminated if we show that if E
śm
k“1W pTkq ‰ 0 and E

śm
k“1W pTkq “ 0,

then necessarily, the graph G “ UpT1, . . . , Tmq will not be a tree, i.e., it will contain a cycle.
Assume that E

śm
k“1W pTkq ‰ 0 and E

śm
k“1W pTkq “ 0. Then, there will be an edge tu, vu in G,

with t`puq, `pvqu “ tj, lu, but that will appear at two different distances to ˝ in the trees Tk. Let
us consider the three possible cases where this could happen:

1. This happens in the same tree, say T1, and on the same path to 0. Then, due to the
non-backtracking nature of T1, a cycle appears in G.

2. This happens in two different trees, say T1 and T2. Namely, there exists two edges u Ñ
v P EpT1q and u1 Ñ v1 P EpT2q such that t`puq, `pvqu “ t`pu1q, `pv1qu, and |u| ‰ |u1|. Then,
keeping in mind the backtracking property, it is easy to observe that a cycle is created in G.

3. A similar remark can be made when this happens in the same tree but on two different paths
to the root.

Thus, we have a contradiction in the three cases, and we get that χ̄T
m “ χT

m. The proposition is
proven.

The following proposition links the joint moments of the elements of the vectors zti with those
of the vectors xti provided by the AMP algorithm (16).

Proposition 13 (proposition 3 of [BLM15]). For each t ě 1 and each m P Nq, there exists C
such that for each i P rns,

ˇ

ˇEpztiqm ´ Epxtiqm
ˇ

ˇ ď CK´1{2.

Recalling the bound (30), the bound (20) can be deduced from this proposition.
To prove this proposition, new objects need to be introduced. In a directed and labelled graph,

� A backtracking path of length 3 is a path a Ñ b Ñ c Ñ d such that `paq “ `pcq and
`pbq “ `pdq.

� A backtracking star is a structure a, bÑ cÑ d where `paq “ `pbq “ `pdq.

Let U t be the set of equivalence classes of trees in T t
from which the marks have been removed.

Denote as Bt the set of trees T in U t that satisfy the following additional conditions:

� If uÑ v P EpT q, then `puq ‰ `pvq.

� There exists in T at least one backtracking path of length 3 or one backtracking star.

Finally, Bti is the subset of trees in Bt with the root having the type i, and such that the type of
the child v of the root satisfies `pvq ‰ i.

The proof of Proposition 13 relies on the following structural lemma:
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Lemma 14 (Lemma 3 of [BLM15]).

xtiprq “ ztiprq `
ÿ

TPBti

W pT qrΓpT, t, rqxpT q,

where |rΓpT, t, rq| ď Cpd, tq.

Proof of Proposition 13. Once again, we assume that mprq “ m and mpsq “ 0 for s P rqsztru. We
write

Epxtiprqqm “ E
´

ztiprq `
ÿ

TPBti

W pT qrΓpT, t, rqxpT q
¯m

where ztiprq is given by Lemma 9. With this at hand, the proposition will be established once we
bound the terms of the type

ÿ

T1PBti

ÿ

T2,...,TmPBtiYT ti prq

ˇ

ˇ

ˇ
E

m
ź

k“1

W pTkq
ˇ

ˇ

ˇ
.

The argument is nearly the same as in the proof of Proposition 10. Defining the set

Dipmq “
!

pT1, . . . , Tkq : T1 P Bti , T2, . . . , Tm P Bti Y T t
i prq,

@j ă l,
ÿ

kPrms

φpTkqjl ‰ 1,

@j ă l,
ÿ

kPrms

φpTkqjl ą 0 ñ tj, lu P K,

ÿ

kPrms

ÿ

jăl

φpTkqjl “ m
)

.

Recalling the notations of the proof of Proposition 10, we need to show that

δm “
ÿ

ḠPRm

ÿ

GPGm
i :

UpGq“Ḡ

ÿ

pT1,...,TmqPDipmq :
GpT1,...,Tmq“G

ˇ

ˇ

ˇ
E

m
ź

k“1

W pTkq
ˇ

ˇ

ˇ

satisfies δm ď CK´1{2.
As usual, |E

śm
k“1W pTkq| ď CK´m{2. We need to bound |Dipmq|. To this end, we observe

that since T1 P Bti , resulting in this tree having a backtracking path or a backtracking star, it
is easy to see that the graph Ḡ has an edge that results from the fusion of three edges at least.
This implies that |EpḠq| ď pm ´ 1q{2. Reusing the argument of the proof of Proposition 10, we
obtain that |Dipmq| ď CKpm´1q{2, which shows that δm ď CK´1{2 as required. Proposition 13 is
proven.

Making use of the independence of the matrices W t, we now show that the joint moments of
the elements of a sample yti are close to their analogues for U ti , which distribution is provided
before Proposition 8. It will be enough to consider that the matrices W t are Gaussian.

Proposition 15. Assume that the matrix W is Gaussian. Then for each multi-index m P Nq,
each integer t ą 0,

max
iPrns

ˇ

ˇEpytiqm ´ EpU ti qm
ˇ

ˇ ÝÝÝÑ
nÑ8

0.

Proof. The uniform convergence we need to show can be equivalently stated as follows: for each
sequence pinq valued in rns, it holds that

Epytinq
m ´ EpU tinq

m ÝÝÝÑ
nÑ8

0. (31)
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Remember that y0
iÑj “ x

0
i and yt`1

iÑj “
ř

lPrnsztjuW
t
ilfpy

t
lÑi, l, tq for each i ‰ j. First, using this

equation, it is easy to establish by recurrence on t that

@t ě 0, @m P Nq, sup
n

max
i‰j

E|pytiÑjqm| ă 8. (32)

Fixing t, we shall show by recurrence on u “ 1, . . . , t´ 1 the following assertion that we denote as
Apuq: For each multi-indexm, each sequence pjnq valued in rns, and each pn´1q–uple pb`q`Prnsztjnu
with bounded elements, it holds that

ÿ

`Prnsztju

si`b`py
u
`Ñjq

m ´ si`b`EpUu` qm
P

ÝÝÝÑ
nÑ8

0,

where j “ jn. In all the proof, we shall need the covariance matrices Hu
ij defined for u ě 1 and

i ‰ j as
Hu
ij “

ÿ

lPrnsztju

silfpy
u´1
lÑi , l, u´ 1qfpyu´1

lÑi , l, u´ 1qJ.

Starting with Ap1q, let us assume for notational simplicity and without generality loss that j “ n.
We have

ÿ

lPrn´1s

silbl
`

py1
lÑnq

m ´ EpU1
l q

m
˘

“
ÿ

lPrn´1s

silbl
`

py1
lÑnq

m ´ Epy1
lÑnq

m
˘

`
ÿ

lPrn´1s

silbl
`

Epy1
lÑnq

m ´ EpU1
l q

m
˘

“ χ1 ` χ2.

It is obvious that y1
lÑn „ N p0, H1

lnq, where H1
ln “ Q1

l ´ El,n, and the rank-one matrix

El,n “ sl,nfpx
0
n, n, 0qfpx

0
n, n, 0q

J

has a spectral norm that converges to zero by Assumptions 2 and 3. It is then easy to deduce that
χ2 Ñn 0.

To deal with χ1, we make use of Poincaré’s inequality [PS11, Ch. 2]. For u ě 1, let Σun be the

the qpn ´ 1q ˆ qpn ´ 1q covariance matrix defined as Σun “
“

Σunpk, lq
‰n´1

k,`“1
where the q ˆ q block

Σunpk, lq is given as

Σunpk, lq “

"

Hu
k,n if k “ l

sklfpy
u´1
lÑk, l, u´ 1qfpyu´1

kÑl, k, u´ 1qJ if not.

Note that Σ1
n is deterministic, and the Rqpn´1q–valued vector y1

¨Ñn “
“

y1
iÑn

‰n´1

i“1
has the distribu-

tion N p0,Σ1
nq. Define the function Γpy1

¨Ñnq “
ř

lPrn´1s silblpy
1
lÑnq

m, and write ∇yy
m “ pmpyq,

a Rq–valued polynomial. Then, we obtain by Poincaré’s inequality

Eχ2
1 “ Var

`

Γpy1
¨Ñnq

˘

ď

n´1
ÿ

k,l“1

siksilbkblEpmpy1
kÑnq

JΣ1
npk, lqpmpy

1
lÑn´1q.

Considering the expression of Σ1
npk, lq, and using Assumption 3 and the bound (32), the right

hand side of the previous display satisfies the bounds

ˇ

ˇ

ˇ

ÿ

k“l

¨ ¨ ¨

ˇ

ˇ

ˇ
ď C

n´1
ÿ

k“1

s2
ik ď

C

K
, and

ˇ

ˇ

ˇ

ÿ

k‰l

¨ ¨ ¨

ˇ

ˇ

ˇ
ď C

n´1
ÿ

k,`“1

siksilskl ď
C

K
.

It results that χ1
P
Ñn 0, and Ap1q is established.
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Assuming that Apuq is true, let us establish Apu`1q. Define the σ–field Fu “ σpW 0, . . . ,Wuq.
Then, still setting j “ n, the conditional distribution L pyu`1

¨Ñn |F
u´1q of the vector yu`1

¨Ñn “
“

yu`1
iÑn

‰n´1

i“1
given Fu´1 is N p0,Σu`1

n q. We also have from Apuq that

@pinq valued in rns, Hu`1
inn

´Qu`1
in

P
ÝÝÝÑ
nÑ8

0. (33)

With this at hand, we write
ÿ

lPrn´1s

silbl
`

pyu`1
lÑnq

m ´ EpUu`1
l qm

˘

“
ÿ

lPrn´1s

silbl
`

pyu`1
lÑnq

m ´ E
“

pyu`1
lÑnq

m |Fu´1
‰˘

`
ÿ

lPrn´1s

silbl
`

E
“

pyu`1
lÑnq

m |Fu´1
‰

´ EpUu`1
l qm

˘

“ χ1 ` χ2.

Given a small δ ą 0, we write

|χ2| ď
ÿ

lPrn´1s

sil|bl| sup
Hě0 : }H´Qu`1

l }ďδ

ˇ

ˇϕpHq ´ ϕpQu`1
l q

ˇ

ˇ

`
ÿ

lPrn´1s

sil|bl| |ϕpH
u`1
ln q|1

}Hu`1
ln ´Qu`1

l }ąδ `
ÿ

lPrn´1s

sil|bl| |ϕpQ
u`1
l q|1

}Hu`1
ln ´Qu`1

l }ąδ

“ χ2,1 ` χ2,2 ` χ2,3,

where ϕpHq “ EYm when Y „ N p0, Hq. Observe that
ř

` sil|bl| is bounded. Furthermore,
assuming that H and Q belong to a compact, it holds that ϕpHq ´ϕpQq Ñ 0 when }H ´Q} Ñ 0
by the continuity of ϕ. Thus, using the bound (19), we obtain that χ2,1 Ñ 0 as δ Ñ 0. We also
have by the Jensen and the Cauchy-Schwarz inequalities that

Eχ2,2 ď
ÿ

lPrn´1s

sil|bl| pE|pyu`1
lÑnq

m|2q1{2Pr}Hu`1
ln ´Qu`1

l } ą δs1{2.

The convergence (33) can be rewritten as

@δ ą 0,max
lPrns

Pr}Hu`1
ln ´Qu`1

l } ą δs ÝÝÝÑ
nÑ8

0.

Using the bound (32), we obtain that Eχ2,2 Ñn 0, thus, χ2,2
P
Ñn 0. It is easy to show that

χ2,3
P
Ñn 0. In conclusion, χ2

P
Ñn 0.

To deal with χ1, we use Poincaré’s inequality involving this time the conditional distribution
L pyu`1

¨Ñn |F
u´1q. By an argument similar to above, this leads to

Eχ2
1 “ EVar

`

Γpyu`1
¨Ñnq |F

u´1
˘

ď

n´1
ÿ

k,l“1

siksilbkblE
“

pmpy
u`1
kÑnq

JΣu`1
n pk, lqpmpy

u`1
lÑnq

‰

ď
C

K

with the help of Inequality (32). It results that χ1
P
Ñn 0, and Apu` 1q is established.

We now use Apt ´ 1q to prove the convergence stated by our proposition. Recall that yti “
ř

lPrnsW
t´1
il fpyt´1

lÑi, `, t´1q. Set i “ in as in (31). Given A ą 0, define the real function ηA : RÑ R
as the function that coincides with the identity on r´A,As and is equal to A on pA,8q and to ´A
on p´8,´Aq. To study Epytiqm´EpU ti qm, we can assume that yti “ pH

t
i q

1{2ξ and U ti “ pQ
t
iq

1{2ξ,
where

Ht
i “

ÿ

lPrns

silfpy
t´1
lÑi, l, t´ 1qfpyt´1

lÑi, l, t´ 1qJ,

ξ „ N p0, Iqq is independent of Ht
i , and p¨q1{2 is the semidefinite positive square root. Write

Y “ pytiq
m and U “ pU ti q

m. With this, we have

EY ´ EU “ pEηApY q ´ EηApUqq ` pEY ´ EηApY qq ` pEU ´ EηApUqq
“ χ1 ` χ2 ` χ3.
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For δ ą 0, we have

|χ1| ď sup
Hě0 : }H´Qti}ďδ

ˇ

ˇ

ˇ
EξηApH1{2ξqmq ´ EξηApppQtiq1{2ξqmq

ˇ

ˇ

ˇ
` 2AP

“

}Ht
i ´Q

t
i} ą δ

‰

ď C1pA, δq ` C2pA, δ, nq,

where C1pA, δq Ñ 0 as δ Ñ 0, and C2pA, δ, nq Ñ 0 as nÑ8 as in (33). Regarding χ2, we have

χ2 “ EpY ´ ηApY qq1|Y |ąA ď Ep|Y | `Aq1|Y |ąA ď sup
n

EY 2 ` E|Y |3

A2
ď

C

A2

for some C ą 0. We have a similar bound for χ3. By taking A large enough then δ small enough,
we easily obtain that Epytiqm ´ EpU ti qm Ñn 0.

The results of Propositions 10, 12, 13, and 15 will lead to the convergences (21), which will be
the consequences of the two following propositions.

Proposition 16. Let ψpnq : Rqˆrns Ñ R be such that ψpnqp¨, lq is a multivariate polynomial with
a bounded degree and bounded coefficients as functions of pl, nq. Then, for each set Spnq Ă rns
with |Spnq| Ñn 8, it holds that

1

|Spnq|
ÿ

iPSpnq
Eψpxpnq,ti , iq ´ EψpU pnq,ti , iq ÝÝÝÑ

nÑ8
0.

Proof. By Propositions 10, 12 and 13, we obtain that for each t ě 1 and each m P Nq, there
exists C ą 0 such that |Epxtiqm ´ Epytiqm| ď CK´1{2 for each i P rns, and furthermore, W
can be assumed Gaussian in the construction of the yti. Using Proposition 15, we obtain that
maxiPrns |Epxtiqm ´ EpU ti qm| Ñn 0.

Furthermore, using the moment bound (20) and observing that the mixed moments of the U ti
are bounded by (19), we obtain the result.

Proposition 17 (adaptation of Proposition 5 of [BLM15]). Let ψpnq : Rq ˆ rns Ñ R be as in the
previous proposition. Let Spnq Ă rns be a non empty set such that |Spnq| ď CKpnq. Then, for
each t ą 0,

Var
´ 1

K

ÿ

iPS
ψpxti, iq

¯

ÝÝÝÑ
nÑ8

0, and (34)

Var
´ 1

n

ÿ

iPrns

ψpxti, iq
¯

ÝÝÝÑ
nÑ8

0.

Proof. We adapt the proof of [BLM15, Prop. 5] to our situation. Let t qXiju1ďiăjďn be a set of
real independent random variables that satisfy the same assumptions as tXiju1ďiăjďn. Assume

furthermore that these two sets are independent. Write qXji “ qXij for 1 ď i ă j ď n, and let

qXii “ 0 for i P rns. Define the nˆ n matrix qX “

”

qXij

ın

i,j“1
.

Let B “ rbijs be the nˆn symmetric matrix which first row is defined as b1j “ 1jPS for j P rns,
and which have zeros outside its first row and first column. To establish the first convergence, we

build the matrix |W “

”

|Wij

ın

i,j“1
defined as

|Wij “
1
?
K
B d qX

(here we assume without affecting the conclusion of the proposition that 1 R S). We construct a

new AMP sequence around the 2nˆ2n matrix

„

W 0

0 |W



, which obviously satisfies Assumptions 1

27



and 2. The new algorithm, which delivers the 2n-uple py̌k1 , . . . , y̌
k
2nq at Iteration k, is written as

follows: y̌0
i “ x

0
i for i P rns and y̌0

i “ 0 otherwise,
»

—

—

—

—

—

—

—

—

–

py̌k`1
1 qJ

...
py̌k`1
n qJ

0
...
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

„

W 0

0 |W



»

—

—

—

—

—

—

—

—

–

fpy̌k1 , 1, kq
J

...
fpy̌kn, n, kq

J

0
...
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

´

»

—

—

—

—

—

—

—

—

–

fpy̌k´1
1 , 1, k ´ 1qJ

...
fpy̌k´1

n , n, k ´ 1qJ

0
...
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

–

ř

lW
2
i,l

Bfr
Bypsq py̌

k
l , l, kq

fi

fl

q

s,r“1

,

for k “ 0, . . . , t´ 1, and
»

—

—

—

—

—

—

—

—

–

0
...
0

py̌t`1
n`1q

J

...
py̌t`1

2n q
J

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

„

W 0

0 |W



»

—

—

—

—

—

—

—

—

–

0
...
0

rψpy̌t1, 1q, 0, . . . , 0s
...

rψpy̌tn, nq, 0, . . . , 0s

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(next iterations are irrelevant). This sequence enters the framework of Proposition 8.
It is clear that y̌ki “ x

k
i for k P rts and i P rns, and therefore,

y̌t`1
n`ip1q “

ÿ

lPrns

|Wilψpx
t
l , lq for i P rns.

Set i “ 1. On the one hand, we have

Ey̌t`1
n`1p1q

4 “
ÿ

l1l2l3l4PS
E|W1l1

|W1l2
|W1l3

|W1l4Eψpxtl1 , l1qψpx
t
l2 , l2qψpx

t
l3 , l3qψpx

t
l4 , l4q

“
3

K2

ÿ

l1,l2PS
Eψpxtl1 , l1q

2ψpxtl2 , l2q
2 ` ε (35)

where |ε| ď C{K. On the other hand, Propositions 10, 12, 13 and 15 applied to our new AMP
sequence show that

Ey̌t`1
n`1p1q

4 ´ EprU t`1q4 ÝÝÝÑ
nÑ8

0,

where rU t`1 „ N p0, pσt`1q2q, with

pσt`1q2 “
1

K

ÿ

lPS
EψpU tl , lq2,

By the Gaussianity and centeredness of rU t`1, we thus have

Ey̌t`1
n`1p1q

4 ´
3

K2

´

E
ÿ

lPS
ψpU tl , lq

2
¯2

ÝÝÝÑ
nÑ8

0,

and since maxiPrns |Epxtiqm ´ EpU ti qm| Ñn 0, we get that

Ey̌t`1
n`1p1q

4 ´
3

K2

´

E
ÿ

lPS
ψpxtl , lq

2
¯2

ÝÝÝÑ
nÑ8

0,

Combining this convergence with (35), we obtain the first convergence stated by our proposition
for polynomials of the type ψp¨, lq2. To obtain this convergence for arbitrary polynomials, write
Ψpx, lq “ p1` εψpx, lqq for ε ą 0. Since

1

ε2
Var

´ 1

K

ÿ

iPS
Ψpxti, iq

2
¯

“ Var
´ ε

K

ÿ

iPS
ψpxti, iq

2 `
2

K

ÿ

iPS
ψpxti, iq

¯
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must vanish for all ε ą 0, we get the convergence (34).

To establish the other convergence in the statement, let Spnqi “ ti ` 1, ppi ` 1q mod nq `
1, . . . , ppi`Kn ´ 1q mod nq ` 1u for i P t0, . . . , n´ 1u. Then, we have that

@l P rns, ψpxtl , lq “
1

K

n´1
ÿ

i“0

ψpxtl , lq1lPSi .

Therefore, writing

1

n

ÿ

lPrns

ψpxtl , lq “
1

n

n´1
ÿ

i“0

1

K

ÿ

lPSi

ψpxtl , lq,

we can use Minkowski’s inequality along with the convergence (34) to show that the variance of
the left hand side converges to zero.

The convergences (21) follow at once from Propositions 16 and 17. Proposition 8 is proven.

4.1.3 Proof of Proposition 7

To establish Proposition 7 for a given fixed t ą 0, we apply Proposition 8 with q “ t and a properly
designed sequence of functions fp¨, ¨, 0q, . . . , fp¨, ¨, t´ 1q, along the idea used in [BLM15, Proof of
Th. 5].

For k “ 0, . . . , t ´ 1 define the function fpx, i, kq of the statement of Proposition 8 as fol-
lows. Consider the initial vector x0 in Algorithm (12) as a constant parameter vector. For
x “ rxp1q, . . . , xptqs, set

fpx, i, 0qJ “ r ppx0
i , i, 0q 0 . . . 0 s

fpx, i, 1qJ “ r ppx0
i , i, 0q ppxp1q, i, 1q . . . 0 s

...
fpx, i, t´ 1qJ “ r ppx0

i , i, 0q ppxp1q, i, 1q . . . ppxpt´ 1q, i, t´ 1q s.

(note that fp¨, i, 0q is a polynomial with degree zero). With this construction, if we start Algo-
rithm (12) with the initial value x0 and Algorithm (16) with an arbitrary initial value, then we
can easily show by recurrence on the first t iterations running in parallel for both algorithms that

px1
i q
J “ r x̌1

i 0 . . . 0 s

px2
i q
J “ r x̌1

i x̌2
i . . . 0 s

...
pxtiq

J “ r x̌1
i x̌2

i . . . x̌ti s.

We also notice that
@i P rns, Qti “

qRti.

With this at hand, Proposition 7 follows from Proposition 8.
In order to deduce Theorems 2 and 4 from Proposition 7, we now need to approximate the

activation functions present in the statements of these theorems with polynomials. The next
subsection is devoted to this purpose.

4.2 From polynomial to general activation functions

In all this subsection, h : R ˆQη ˆ N Ñ R is a function that complies with either Assumption 5
or Assumption 6.

The proof of the following lemma makes use of the density of the polynomials in the Hilbert
space L2pR, νq when ν is a Gaussian measure. Density arguments of this kind have been used in
the AMP literature in, e.g., [DLS22, WZF22].
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Lemma 18. Fix t, and fix two positive numbers 0 ă σ2
min ď σ2

max. Let ε ą 0 be an arbitrarily
small number. Then, there exists a function gεp¨, ¨, tq : R ˆ Qη Ñ R that satisfies the following
properties: For each η P Qη, the function gεp¨, η, tq is a polynomial. Denoting as Bgε the derivative
of gε with respect to the first parameter, the inequalities

Ephpξ, η, tq ´ gεpξ, η, tqq2 ď ε, and |ErBhpξ, η, tq ´ Bgεpξ, η, tqs| ď ε

hold true for each random variable ξ „ N p0, σ2q with σ2 P rσ2
min, σ

2
maxs and each η P Qη. Finally,

the function ppnqpx, i, tq “ gεpx, η
pnq
i , tq satisfies the assumptions of Proposition 7.

Proof. Let ε1 ą 0 be a small number to be set at the end of the proof. Let κ be the function from
Assumption 5 or 6. If Assumption 5 is chosen, set m “ 1, otherwise, let m be the integer specified
in Assumption 6. Define δ ą 0 as

δ “ max
!

e P p0, DQη s, : κpeq2 ď
ε1

Ep1` |ξ|mq2
)

,

where ξ „ N p0, σ2
maxq, and where DQη is the diameter of Qη. Since Qη is compact, it contains a

δ–net with finite cardinality. Let S Ă Qη be a δ–net of Qη with the smallest cardinality, and write
M “ |S|. Let φ : Qη Ñ S be such that φpηq is the closest element in S to η if this closest element
is unique, and φpηq is the closest element smaller than η if not. Denoting as η1 ă η2 ă ¨ ¨ ¨ ă ηM
the elements of S, define the function ψ : Qη Ñ rM s as φpηq “ ηψpηq. With these definitions, we

have Ephpξ, η, tq ´ hpξ, φpηq, tqq2 ď ε1.
It is now well-known that the polynomials are dense in the space L2pR, νq when ν is a Gaussian

distribution. Therefore, there are M polynomials P p¨, l, tq such that Ephpξ,ηl, tq´P pξ, l, tqq2 ď ε1

for each l P rM s. Fixing l, let ϕpxq “ phpx,ηl, tq ´ P px, l, tqq2. For ξ „ N p0, σ2q with σ2 P

rσ2
min, σ

2
maxs, we have

Ephpξ,ηl, tq ´ P pξ, l, tqq2 “
1

?
2πσ2

ż

ϕpxqe´
x2

2σ2 dx ď
σmax

σmin

1
a

2πσ2
max

ż

ϕpxqe
´ x2

2σ2max dx “
σmax

σmin
ε1.

Putting things together, we obtain that

Ephpξ, η, tq ´ P pξ, ψpηq, tqq2 ď 2Ephpξ, η, tq ´ hpξ, φpηq, tqq2 ` 2Ephpξ, φpηq, tq ´ P pξ, ψpηq, tqq2

ď 2p1` σmax{σminqε
1.

We also have by Stein’s lemma that

ErBhpξ, η, tq ´ BξP pξ, ψpηq, tqs “
1

σ2
Erξphpξ, η, tq ´ P pξ, ψpηq, tqqs.

Thus, we obtain by Cauchy-Schwarz and the previous result that

|ErBhpξ, η, tq ´ BξP pξ, ψpηq, tqs| ď
σmax

σ2
min

a

2p1` σmax{σminq
?
ε1,

By adjusting ε1, we thus obtain that

Ephpξ, η, tq ´ P pξ, ψpηq, tqq2 ď ε, and |ErBhpξ, η, tq ´ BξP pξ, ψpηq, tqs| ď ε,

and it remains to set gεpx, η, tq “ P px, ψpηq, tq. We also notice that the polynomials ppnqpx, i, tq “

gεpx, η
pnq
i , tq have bounded degrees and bounded coefficients, and thus comply with the statement

of Proposition 7.

Lemma 19. There exists a constant c ą 0 such that Ript, tq ě c for all i P rns and t P rtmaxs. Let
e ą 0 be a small number. Then, there exists a set of RˆQη Ñ R functions tgep¨, ¨, tqu

tmax´1
t“0 such

that for each η P Qη, the function gep¨, η, tq is a polynomial, and furthermore,

@i P rns, |hpx0
i , ηi, 0q ´ gepx

0
i , ηi, 0q| ď e,
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and @t P rtmax ´ 1s, @i P rns,

EphpZti , ηi, tq ´ gepZti , ηi, tqq2 ď e, |ErBhpZti , ηi, tq ´ BgepZti , ηi, tqs| ď e,

and the functions ppx, i, tq “ gepx, ηi, tq defined for 0 ď t ď tmax ´ 1 satisfy the assumptions of
Proposition 7.

Furthermore, there exists a non-negative function δpeq on a small interval p0, εq that converges
to zero as eÑ 0, and that satisfies the following property. Given e P p0, εq, construct the function

ge as above, and let p qZ
t
“ r qZti s

n
i“1qtPrtmaxs be the finite sequence of centered Gaussian vectors

which distribution is determined by the pS, ge, η, x
0q–state evolution equations stopped at tmax,

and leading to the covariance matrices t qRtmax
i uiPrns. Then, }Rtmax

i ´ qRtmax
i } ď δpeq for all i P rns.

In particular,
sup
n

max
iPrns

} qRtmax
i } ă 8. (36)

Proof. Recall the notations introduced in Assumptions 2 and 7, and recall that Ki “ tj P rns, sij ą
0u. We first show that for each i P rns, the set Ii Ă Ki defined as Ii “ tj P rns, sij ą
cS{p2CcardKqu satisfies |Ii| ą αSK. Using Assumptions 2 and 7, we indeed have

cS ď
ÿ

jPKi

sij “
ÿ

jPIi

sij `
ÿ

jPKizIi

sij ă
CS
K
|Ii| `

cS
2CcardK

pCcardK ´ |Ii|q,

and the result is obtained by rearranging.
Using Assumption 7 again, we then have Rip1, 1q “

ř

l silhpx
0
l , ηl, 0q

2 ě c ą 0 for each i P rns,
by lower bounding the sum to l P Ii. Assuming that Ript, tq ě c ą 0 for each i P rns, we also
have that Ript ` 1, t ` 1q “

ř

l silEhpZtl , ηl, tq2 ě c ą 0: This can be checked by noticing from
Assumption 7 and the properties of h that there exists c ą 0 such that

ř

l silEhpξ, ηl, tq2 ě chptq
when ξ „ N p0, 1q, and by making standard Gaussian calculations to modify the variance of ξ and
the bound chptq. This establishes the first result of the lemma.

With this result, the existence of the functions tgepx, η, tqu
tmax´1
t“1 follows at once from Lemma 18,

with the numbers σ2
min and σ2

max in the statement of that lemma chosen as σ2
min “ mini,tRipt, tq{2

and σ2
max “ 2 maxi,tRipt, tq. As regards gpx, η, 0q, we can use Assumption 3 and either As-

sumption 5 or Assumption 6, and invoke the Stone-Weierstrass theorem to choose gp¨, ¨, 0q as a
multivariate polynomial that satisfies maxpx,ηqPQxˆQη |gpx, η, 0q ´ hpx, η, 0q| ď e. It is readily
checked that ppx, l, 0q “ gepx, ηl, 0q complies with the assumptions of Proposition 7.

We show the last result by recurrence on t. We first have |R1
i ´

qR1
i | ď

ř

i silphpx
0
l , ηl, 0q

2 ´

gepx
0
l , ηl, 0q

2q ď Ce2. Assume that there exists a non-negative function δtpeq that converges to

zero as eÑ 0, and such that }Rti ´
qRti} ď δtpeq. We have

|Rt`1
i pt` 1, 1q ´ qRt`1

i pt` 1, 1q| ď
ÿ

l

sil|EhpZtl , ηl, tqhpx0
l , ηl, 0q ´ Egep qZtl , ηl, tqgepx0

l , ηl, 0q|

ď
ÿ

l

sil|ErhpZtl , ηl, tq ´ hp qZtl , ηl, tqs| |hpx0
l , ηl, 0q|

`
ÿ

l

sil|Ehp qZtl , ηl, tq| |hpx0
l , ηl, 0q ´ gepx

0
l , ηl, 0q|

`
ÿ

l

sil|Erhp qZtl , ηl, tq ´ gep qZtl , ηl, tqs| |gepx0
l , ηl, 0q|.

Using Assumptions 3, 4, any of the two Assumptions 5 or 6, the bound (4), and the recurrence
assumption, we obtain that the term at the second line can be bounded by some non-negative
function δt`1peq converging to zero with e. Indeed, when the triple pη, σ2, σ̌2q belongs to a compact
set, the function ϕpη, σ2, σ̌2q “ Ehpξ, η, tq ´ Ehpξ̌, η, tq with ξ „ N p0, σ2q and ξ̌ „ N p0, σ̌2q is

(uniformly) continuous on this compact, and vanishes on the set tpη, σ2, σ̌2q : σ2 “ σ̌2u. One can
readily check that the terms at the third and fourth line of the previous display can be bounded by
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Ce and C
?
e respectively. We thus obtain that |Rt`1

i pt`1, 1q´ qRt`1
i pt`1, 1q| ď δt`1peq, by possibly

modifying the function δt`1. A similar treatment can be applied to Rt`1
i pt` 1, kq´ qRt`1

i pt` 1, kq

for k “ 2, . . . , t` 1, leading to }Rt`1
i ´ qRt`1

i } ď δt`1peq by possibly modifying δt`1peq once again.
This leads to the required result.

We now use the previous lemma for e ą 0 small to construct a polynomial AMP sequence.
Starting with x̌0 “ x0, this sequence denoted as px̌tqtPrtmaxs is given as

x̌t`1 “Wgepx̌
t, η, tq ´ diag

´

Wd2Bgepx̌
t, η, tq

¯

gepx̌
t´1, η, t´ 1q. (37)

Proposition 7 can be applied to this sequence, which implies in particular that the conver-
gences (15) hold true for polynomial test functions. We now show that the polynomial test
function can be replaced with a continuous function that increases at most polynomially near the
infinity.

Lemma 20. Consider the polynomial AMP sequence px̌tqtPrtmaxs provided by Algorithm (37). Let
the n–uple pβ1, . . . , βnq be as in the statements of Theorems 2 or 4. Let ϕ : Qη ˆ Rtmax Ñ R be
a continuous function such that |ϕpα, u1, . . . , utmaxq| ď Cp1 ` |u1|

m ` ¨ ¨ ¨ ` |utmax |
mq for a given

arbitrarily integer m ą 0. Then,

1

n

ÿ

iPrns

βiϕpηi, x̌
1
i , . . . , x̌

tmax
i q ´ βiEϕpηi, qZ1

i , . . . ,
qZtmax
i q

P
ÝÝÝÑ
nÑ8

0.

Proof. Define the PpRtmax`2q–valued random probability measure %̂pnq as

%̂pnq “
1

n

ÿ

iPrns

δ
pβi,ηi,x̌1

i ,...,x̌
tmax
i q

,

and the deterministic measure %pnq valued on the same space as

%pnq “ L ppβθ, ηθ, qZ
1
θ , . . . ,

qZtmax

θ qq,

where the random variable θ is uniformly distributed on rns and is independent of t qZti utPrtmaxs,iPrns.
Let P pη, x1, . . . , xtmaxq be a multivariate polynomial. Since the elements ηi of the vector η are in
Qη, and since the βi are bounded by assumption, the function ψ : Rtmaxˆrns Ñ R, px1, . . . , xtmax , lq ÞÑ
βlP pηl, x

1, . . . , xtmaxq complies with the assumptions of the statement of Proposition 7. Observ-

ing that
ş

βP pη, x1, . . . , xtmaxq%pnqpdβ, dη, dx1, . . . , dxtmaxq “ n´1
ř

i βiEP pηi, qZ1
i , . . . ,

qZtmax
i q, we

obtain from Proposition 7 that

ż

βP pη, x1, . . . , xtmaxq d%̂pnq ´

ż

βP pη, x1, . . . , xtmaxq d%pnq
P

ÝÝÝÑ
nÑ8

0. (38)

We now show that this convergence remains true when P is replaced with the function ϕ of the
statement. Recalling the bound (36) and the bounds on the βi and the ηi, we know that for each
sequence pnq of integers, there is a subsequence (that will still denote as pnq) and a deterministic
measure %8 P PpRtmax`2q such that %pnq converges narrowly to %8. We shall show that %̂pnq

converges narrowly in probability towards %8, or, equivalently, that

@ω P Rtmax`2, Φ%̂pnqpωq
P

ÝÝÝÑ
nÑ8

Φ%8pωq, (39)

where Φ%̂pnq (respectively Φ%8) is the characteristic function of %̂pnq (respectively %8). This narrow
convergence, coupled with the moment convergence implied by (38) along our subsequence, leads
to the result of the lemma.
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Define respectively as %̂
pnq
ω ,%

pnq
ω ,%8ω P PpRq the push-forward of %̂pnq,%pnq, and %8 by the linear

function xω, ¨y. Writing ω “ rωβ , ωη,ω
J
x s
J where ωβ and ωη are scalars, the moment generating

function ψ
pnq
ω pzq of %

pnq
ω is given as

ψpnqω pzq “
1

n

n
ÿ

i“1

expppωββi ` ωηηiqz ´ ω
J
x
qRtmax
i ωx z

2{2q.

Using the normal family theorem in conjunction with the boundedness of the βi, the ηi and the
norms } qRtmax

i }, we obtain that the moment generating function ψ8ω pzq of %8ω is holomorphic in a
neighborhood of zero (even entire), thus, %8ω is determined by its moments. Moreover, we obtain

from the convergence (38) that each moment of %̂
pnq
ω converges in probability to its analogue for

%8ω . This implies that %̂
pnq
ω converges narrowly in probability towards %8ω for each ω, which is

equivalent to the convergence (39).

In Algorithm (37), the term diagpWd2Bgepx̌
t, η, tqq can be approximated with the more ma-

nipulable term diagpSBgepx̌
t, η, tqq. This will be a consequence of the next lemma.

Lemma 21. For each t P rtmax ´ 1s, there is a constant C ě 0 such that for each i P rns,

E
”´

ÿ

lPrns

pW 2
il ´ silqBgepx̌

t
l , ηl, tq

¯4ı

ď C{K2.

The proof of this lemma follows closely the development of [BLM15, Sec. A.2], with an adap-
tation to our variance profile model very similar to what we did in the proof of Proposition 10
above. We omit the details.

We are now in position to prove Theorems 2 and 4. In the next two subsections, the following
notational conventions will be adopted. We shall most often write gepxq “ gepx, η, tq and hpxq “
hpx, η, tq for conciseness; The values of η and t will be clear from the context. Denote as EW
the event EW “ r}W } ď CW s. Given a sequence pξpnqq of non-negative random variables and a

number e ą 0, the notations ξpnq
P
ď e and ξpnq

P
ďEW e will stand respectively for Prξpnq ě es Ñn 0

and Prrξpnq ě es X EW s Ñn 0. The relations
P
ď and

P
ďEW satisfy some obvious calculation rules,

such as ξ
pnq
1 ` ξ

pnq
2

P
ďEW e1 ` e2 when ξ

pnq
1

P
ďEW e1 and ξ

pnq
2

P
ďEW e2. In both proofs, the function

δ : p0, εq Ñ R` defined for some ε ą 0 is a generic function, independent of n, such that δpeq Ñ 0
as eÑ 0. This function can change from a display to another.

4.3 Proof of Theorem 2

Given an arbitrarily small e ą 0, let us construct the functions gep¨, ¨, tq for t “ 0, . . . , tmax ´ 1 as
specified by Lemma 19. With these functions at hand, let px̌1, . . . , x̌tmaxq be the iterates obtained
by Algorithm (37). We shall compare the iterates of Algorithm (5) with those of the former, and
show by recurrence on t “ 1, . . . , tmax that

}x̌t ´ xt}n
P
ďEW δpeq, and }hpxtq ´ gepx̌

tq}n
P
ďEW δpeq.

Starting with t “ 1, since x1 ´ x̌1 “W phpx0q ´ gepx
0qq, it holds that

}x1 ´ x̌1}n ď CW }hpx
0q ´ gepx

0q}n ď CW e

on the event EW , by the construction of ge specified by Lemma 19. Using this bound along with
the Lipschitz property of hp¨, ηi, 1q provided by Assumption 5, we obtain

}hpx1q ´ Ehp qZ
1
q}n ď }hpx

1q ´ hpx̌1q}n ` }hpx̌
1q ´ Ehp qZ

1
q}n ď C}x1 ´ x̌1}n ` }hpx̌

1q ´ Ehp qZ
1
q}n
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on EW . Applying Lemma 20 with ϕpηi, x
1
i , . . . , x

tmax
i q “ hpx1

i , ηi, 1q, we obtain that }hpx̌1q ´

Ehp qZ
1
q}n

P
Ñ 0. Therefore, }hpx1q ´ Ehp qZ

1
q}n

P
ďEW 2CW e. We now write

}hpx1q ´ gepx̌
1q}n ď }hpx

1q ´ Ehp qZ
1
q}n ` }Ehp qZ

1
q ´ Egep qZ

1
q}n ` }gepx̌

1q ´ Egep qZ
1
q}n.

By the construction of ge, we have }Ehp qZ
1
q´Egep qZ

1
q}n ď

?
e. Furthermore, }gepx̌

1q´Egep qZ
1
q}n

P
Ñ

0 by Proposition 7. Therefore, }hpx1q ´ gepx̌
1q}n

P
ďEW δpeq, and the recurrence property is estab-

lished for t “ 1.

Let t P rtmax ´ 1s, and assume that }xs ´ x̌s}n
P
ďEW δpeq and }hpxsq ´ gepx̌

sq}n
P
ďEW δpeq for

s “ 1, . . . , t. To establish these bounds for s “ t` 1, we first show that

›

›diagpWd2Bgepx̌
tqqgepx̌

t´1q ´ diagpSEBhpZtqqhpxt´1q
›

›

n

P
ďEW δpeq. (40)

To this end, we write

diagpWd2Bgepx̌
tqqgepx̌

t´1q ´ diagpSEBhpZtqqhpxt´1q

“ diag
`

pWd2 ´ SqBgepx̌
tq
˘

gepx̌
t´1q ` diag

`

S
`

Bgepx̌
tq ´ EBgep qZ

t
q
˘˘

gepx̌
t´1q

` diag
`

SEBgep qZ
t
q
˘`

gepx̌
t´1q ´ hpxt´1q

˘

` diag
`

S
`

EBgep qZ
t
q ´ EBhpZtq

˘˘

hpxt´1q.

We limit ourselves to t ě 2, and omit the easy adaptations of the proof to manage the terms
gepx

0q and hpx0q above when t “ 1. Using Lemma (21) and the bound (14), the term χ1 defined
as

χ1 “ }diagppWd2 ´ SqBgepx̌
tqqgepx̌

t´1q}2n “
1

n

ÿ

iPrns

rpWd2 ´ SqBgepx̌
tqs2i rgepx̌

t´1qs2i

satisfies Eχ1 Ñ 0 by the Cauchy-Schwarz inequality, thus, χ1
P
Ñ 0.

We now deal with the next term χ2 “ } diagpSpBgepx̌
tq ´ EBgep qZ

t
qqqgepx̌

t´1q}2n. For i “

in P rns, write ξi “ rSpBgepx̌
tq ´ EBgep qZ

t
qsi. Applying the convergence (15a) in the statement of

Proposition 7 with S “ Ki “ tj P rns, sij ą 0u and ψpx̌1
j , . . . , x̌

t
j , jq “ KsijBgepx̌

t
jq, we obtain that

ξin
P
Ñn 0. Furthermore, for each integer m ą 0, we obtain from the bound (14) and Minkowski’s

inequality that maxjPrns E|ξj |m is bounded. Let ε ą 0. Writing ξi “ ξi1|ξi|ěε` ξi1|ξi|ăε and using
Cauchy-Schwarz inequality along with the bound (14), we obtain that

Eχ2 ď
C

n

ÿ

iPrns

Prξi ě εs1{2 ` Cε2,

thus, lim supn Eχ2 ď Cε2, and since ε is arbitrary, Eχ2 Ñ 0.

Considering the term χ4 “ }diag
`

S
`

EBgep qZ
t
q ´ EBhpZtq

˘˘

hpxt´1q}2n, we have

|rSEBgep qZ
t
q ´ SEBhpZtqsi| ď |rSEBgep qZ

t
q ´ SEBhp qZ

t
qsi| ` |rSEBhp qZ

t
q ´ SEBhpZtqsi|

ď Ce` δpeq, (41)

where the bound Ce on the first term comes from the construction of ge in Lemma 19, and the
bound δpeq on the second term is due to the inequality maxi } qR

tmax
i ´ Rtmax

i } ď δpeq stated by

the same lemma. Writing }hpxt´1q}n ď }hpx
t´1q ´ Ehp qZ

t´1
q}n ` }Ehp qZ

t´1
q}n, we furthermore

have that }hpxt´1q ´ Ehp qZ
t´1
q}n

P
ďEW δpeq as for }hpx1q ´ Ehp qZ

1
q}n above, and furthermore, it

is obvious that }Ehp qZ
t´1
q}n ď C. Thus, χ4

P
ďEW δpeq.

We finally consider the term χ3 “ }diag
`

SEBgep qZ
t
q
˘`

gepx̌
t´1q´hpxt´1q

˘

}2n. By Inequality (41)

and the bound (4), the real numbers bi “ rSEBgep qZ
t
qs2i are bounded. Using the recurrence

assumption }gepx̌
t´1q ´ hpxt´1q}n

P
ďEW δpeq, we thus obtain that χ3

P
ďEW δpeq.
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Gathering these results on χ1 to χ4, we obtain the convergence expressed by (40).
With this at hand, we obtain from Equations (37) and (5) that

}xt`1´ x̌t`1}n ď }W }}hpx
tq´ gepx̌

tq}n`
›

›diagpWd2Bgepx̌
tqqgepx̌

t´1q ´ diagpSEBhpZtqqhpxt´1q
›

›

n

which shows with the help of the recurrence assumption again that }xt`1 ´ x̌t`1}n
P
ďEW δpeq.

Similarly to what we did for }hpx1q´gepx̌
1q}n, we also obtain that }hpxt`1q´gepx̌

t`1q}n
P
ďEW δpeq.

We now have all the elements to show the convergence (6) provided in the statement of the
theorem.

Let ϕ P PL2pRtmax`1q. Write xi “
“

ηi, x
1
i , . . . , x

tmax
i

‰J
and x̌i “

“

ηi, x̌
1
i , . . . , x̌

tmax
i

‰J
, and

let u “
“

xJ1 , . . . ,x
J
n

‰J
, and ǔ “

“

x̌J1 , . . . , x̌
J
n

‰J
. Then, by the Cauchy-Schwarz inequality, the

inequality pa` b` cq2 ď 3pa2 ` b2 ` c2q, and Assumption 4, we have

1

n

ˇ

ˇ

ˇ

ÿ

iPrns

βiϕpηi, x
1
i , . . . , x

tmax
i q ´ βiϕpηi, x̌

1
i , . . . , x̌

tmax
i q

ˇ

ˇ

ˇ
ď
C

n

ÿ

iPrns

}xi ´ x̌i}p1` }xi} ` }x̌i}q

ď
C

n
}u´ ǔ}

´

ÿ

iPrns

p1` }xi} ` }x̌i}q
2
¯1{2

ď C}u´ ǔ}np1` }u}n ` }ǔ}nq

ď C
´

tmax
ÿ

t“1

}xt ´ x̌t}n

¯´

1`
tmax
ÿ

t“1

}xt}n ` }x̌
t}n

¯

.

We just showed that
řtmax

t“1 }x
t ´ x̌t}n

P
ďEW δpeq. We furthermore have that

@t P rtmaxs,
1

n

ÿ

iPrns

px̌tiq
2 ´ Ep qZti q2

P
ÝÝÝÑ
nÑ8

0

by Proposition 7, thus, }x̌t}n
P
ď C for each t P rtmaxs. Also, }xt}n ď }x

t ´ x̌t}n ` }x̌
t}n

P
ďEW C. It

follows that
1

n

ˇ

ˇ

ˇ

ÿ

iPrns

βiϕpηi, x
1
i , . . . , x

tmax
i q ´ βiϕpηi, x̌

1
i , . . . , x̌

tmax
i q

ˇ

ˇ

ˇ

P
ďEW δpeq.

Using Lemma 20 in conjunction with the bound

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

βiEϕpηi, qZ1
i , . . . ,

qZti q ´ βiEϕpηi, Z1
i , . . . , Z

t
i q

ˇ

ˇ

ˇ
ď δpeq,

we obtain that

1

n

ˇ

ˇ

ˇ

ÿ

iPrns

βiϕpηi, x
1
i , . . . , x

tmax
i q ´ βiEϕpηi, Z1

i , . . . , Z
t
i q

ˇ

ˇ

ˇ

P
ďEW δpeq,

and since e is arbitrarily small, we obtain the convergence (6). Theorem 2 is proven.

4.4 Proof of Theorem 4

Here also, our starting point will be a polynomial AMP sequence. Given a small e ą 0, construct
the functions gep¨, ¨, tq for t “ 0, . . . , tmax ´ 1 as specified by Lemma 19. With these functions at
hand, let px̌1, . . . , x̌tmaxq be the iterates obtained by Algorithm (37), starting with x̌0 “ x0.

We shall make use of this sequence in a different way than in the previous subsection. As a
matter of fact, we shall not be able to construct a “true” AMP sequence pxtq as in (5) and compare
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it with the sequence px̌tq recursively on t as we did in the previous section, because we have lost
the Lipschitz character of hp¨, ηi, tq. However, by writing for each t “ 0, 1, . . . , tmax ´ 1,

x̄pnq,t`1 “W pnqhpx̌pnq,t, ηpnq, tq ´ diag
´

SpnqEBhpZpnq,t, ηpnq, tq
¯

hpx̌pnq,t´1, ηpnq, t´ 1q,

with the term diagp¨ ¨ ¨ qhp¨ ¨ ¨ q being zero for t “ 0, we shall be able to show that there exists a
function δxpeq ě 0, defined for e small enough, such that δxpeq Ñ 0 as eÑ 0, and such that

@t P rtmaxs, }x̌t ´ x̄t}n
P
ďEW δxpeq. (42)

This will be the first step to prove Theorem 4.
We first establish

›

›diagpWd2Bgepx̌
tqqgepx̌

t´1q ´ diagpSEBhpZtqqhpx̌t´1q
›

›

n

P
ď δpeq (43)

for t P rtmax ´ 1s. To this end, we write

diagpWd2Bgepx̌
tqqgepx̌

t´1q ´ diagpSEBhpZtqqhpx̌t´1q

“ diag
`

pWd2 ´ SqBgepx̌
tq
˘

gepx̌
t´1q ` diag

`

S
`

Bgepx̌
tq ´ EBgep qZ

t
q
˘˘

gepx̌
t´1q

` diag
`

SEBgep qZ
t
q
˘`

gepx̌
t´1q ´ hpx̌t´1q

˘

` diag
`

S
`

EBgep qZ
t
q ´ EBhpZtq

˘˘

hpx̌t´1q,

Assume for simplicity that t ě 2 as in the previous proof. The terms χ1 “ }diagppWd2 ´

SqBgepx̌
tqqgepx̌

t´1q}2n and χ2 “ }diagpSpBgepx̌
tq´EBgep qZ

t
qqqgepx̌

t´1q}2n are identical to their ana-

logues in the previous proof. To manage the term χ3 “ }diag
`

SEBgep qZ
t
q
˘`

gepx̌
t´1q´hpx̌t´1q

˘

}2n,
we use Lemma 20 to obtain that

›

›gepx̌
t´1q ´ hpx̌t´1q

›

›

2

n
´

1

n

ÿ

iPrns

Epgep qZt´1
i q ´ hp qZt´1

i qq2
P

ÝÝÝÑ
nÑ8

0.

Since Epgep qZt´1
i q´hp qZt´1

i qq2 ď e by the construction of ge and the rSEBgep qZ
t
qsi are bounded, we

obtain that χ3

P
ď δpeq. The term χ4 “ }diag

`

S
`

EBgep qZ
t
q ´EBhpZtq

˘˘

hpx̌t´1q}2n can be managed
by a similar method. Details are omitted. This leads to (43).

On the event EW , we furthermore have }W phpx̌tq ´ gepx̌
tqq} ď CW }hpx̌

tq ´ gepx̌
tq} for t “

0, . . . , tmax ´ 1. By working similarly as for χ3 above, we obtain that

@t P rtmaxs,
›

›W phpx̌tq ´ gepx̌
tqq

›

›

n

P
ďEW C

?
e

(specificities for t “ 0 obvious). Combining this with the convergence (43), we obtain the conver-
gences (42).

To pursue, let ϕ : Qη ˆRtmax Ñ R be as in the statement of Theorem 4. From Lemma 20 and
from the bound

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

βiEϕpηi, qZ1
i , . . . ,

qZti q ´ βiEϕpηi, Z1
i , . . . , Z

t
i q

ˇ

ˇ

ˇ
ď δpeq,

we obtain that there exists a function δϕpeq ě 0 converging to zero as eÑ 0, and such that

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

βiϕpηi, x̌
1
i , . . . , x̌

tmax
i q ´ βiEϕpηi, Z1

i , . . . , Z
tmax
i q

ˇ

ˇ

ˇ

P
ď δϕpeq. (44)

With the help of these results, we can now construct the sequence of matrices pĂX
pnq
q provided

in the statement of the theorem. Given a large enough integer k0, let k ě k0, and choose e ą 0
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small enough so that δxpeq _ δϕpeq “ 1{k. By (42), there exists a random matrix Xk pnq
“

”

x̌k pnq,1 ¨ ¨ ¨ x̌k pnq,tmax

ı

P Rnˆtmax such that

P
““
›

› x̌k t`1 ´
`

Whp x̌k tq ´ diag
`

SEBhpZtq
˘

hp x̌k t´1q
˘
›

›

n
ě 1{k

‰

X EW
‰

ÝÝÝÑ
nÑ8

0

for each t “ 0, . . . , tmax ´ 1, and by (44),

P

»

–

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

βiϕpηi, r x̌
k 1si, . . . , r x̌

k tmaxsiq ´ βiEϕpηi, Z1
i , . . . , Z

tmax
i q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě 1{k

fi

fl ÝÝÝÑ
nÑ8

0,

where the r x̌k tsi are the elements of the vector x̌k t. If k “ k0, let Nk P N˚ be the smallest integer
such that for all n ě Nk, the two probabilities above are upper bounded by 1{k. If k ą k0,
do the same thing for Nk with the supplementary condition that Nk ą Nk´1. Construct the

sequence of matrices pĂX
pnq
qně2, with ĂX

pnq
“

”

x̃pnq,1 ¨ ¨ ¨ x̃pnq,tmax

ı

P Rnˆtmax in such a way that

ĂX
pnq

“ Xk pnq for n “ Nk, Nk ` 1, . . . , Nk`1 ´ 1. Then, this sequence satisfies the properties
provided in the statement of Theorem 4.

5 Proof of Theorem 5

As said in the introduction, u
pnq
‹ can be identified as the solution of a LCP problem [Tak96]. We

recall herein the elements of the LCP theory needed in this paper. As above, we often drop the
superscript pnq. We shall also use the well-known notations ě, ď, and ă to refer to element-wise
inequalities between vectors. Recall that the notation xy refers to the elementwise product of the
Rn–valued vectors x and y.

5.1 The equilibrium u‹ as the solution of a LCP problem

Given a matrix B P Rnˆn and a vector b P Rn, the LCP problem, denoted as LCPpB, bq, consists
in finding a couple of vectors pz, yq P Rn ˆ Rn such that

y “ Bz ` b ě 0,

z ě 0,

xz, yy “ 0.

When a solution pz, yq exists and is unique, we write z “ LCPpB, bq.
Obviously, an equilibrium ū of our LV dynamical system (9) is defined by the system

ū ě 0,

ū pr ` pΣ´ Iq ūq “ 0.

Furthermore, the supplementary condition

r ` pΣ´ Iq ū ď 0

turns out to be a necessary condition for the equilibrium ū to be stable in the classical sense of
Lyapounov theory (see [Tak96, Chapter 3] to recall the different notions of stability, and [Tak96,
Theorem 3.2.5] for this result). These three conditions can be rewritten as

w̄ “ pI ´ Σq ū´ r ě 0,

ū ě 0,

xw̄, ūy “ 0,
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in other words, the couple pū, w̄q solves the problem LCPpI ´ Σ,´rq.
Theorem 5 is more specific, since it asserts that the ODE (9) has a (unique) globally stable

equilibrium when }Σ} ă 1. Recalling that Σ is a symmetric matrix, this can be obtained from the
following result:

Proposition 22 (Lemma 3.2.2 and Theorem 3.2.1 of [Tak96]). Given a symmetric matrix B P

Rnˆn and a vector b P Rn, consider the LV ODE

9uptq “ uptq pb`Buptqq , t ě 0, up0q P Rn˚`.

Then, the LCP problem LCPp´B,´bq has an unique solution for each b P RN if and only if
B is negative definite (notation B ă 0). On the domain where B ă 0, b P Rn, the function
x “ LCPp´B,´bq is measurable. Moreover, if B ă 0, then for each b P RN , the ODE above has
a globally stable equilibrium u given as u “ LCPp´B,´bq.

Considering our LV ODE (9), the first part of Theorem 5 is true by setting

upnq‹ “

"

LCPpIn ´ Σpnq,´rpnqq if }Σpnq} ă 1,
0 otherwise.

(45)

5.2 Behavior of µu‹ by an AMP approach: proof outline

In the remainder, given x, y, z, v P Rn and A P Rnˆn, expressions such as xAy or xAyzv always
denote Rn–valued vectors with the bracketing always starting from the right. Thus, xAy “ xpAyq
and xAyzv “ xpApyzvqq.

Let us outline our approach for studying the asymptotic behavior of the measure µu
pnq
‹ .

Let Spnq P Rnˆn` and ηpnq P Rn` be respectively a deterministic symmetric matrix and a
deterministic vector that comply with Assumptions 2 and 4 respectively. These objects will be
specified below. For the moment, we just assume that

lim sup
n

|||Spnq||| ă 1. (46)

Given the matrix S, let W be random symmetric n ˆ n matrix given by Equation (1). In this
equation, the matrix X is precisely the one used to construct the interaction matrix Σ of our LV
model. Regarding the function h : RˆQηˆNÑ R of Section 2, set hpx, η, tq “ px`ηq`. Observe
that this function is uniformly Lipschitz in x and satisfies Assumption 5. With a small notational
modification, we shall consider that h is a RˆQη Ñ R function, and write

hpx, ηq “ px` ηq`. (47)

Let us consider a Gaussian sequence pZt “ rZti s
n
i“1qt which distribution is determined by the

pS, h, η, 1nq–state evolution equations. In particular, writing ati “ EpZti q2, the vector of variances
at “ ratis

n
i“1 satisfies the recursion

a1 “ S p1` ηq
2
, and at`1 “ SE

´?
atξ ` η

¯2

`
, (48)

with ξ „ N p0, Inq.
Notice that EBhpZt, ηq “ PrZt ` η ě 0s “ Pr

?
atξ ` η ě 0s with Bhpx, ηq “ Bhp¨, ηq|x. Writing

ζt “ SPr
?
atξ ` η ě 0s, we can apply Theorem 2 to the AMP sequence in t

x0 “ 1, xt`1 “W pxt ` ηq` ´ ζ
tpxt´1 ` ηq`. (49)

Thus, given a random variable θ uniformly distributed on rns and independent of Zt, the distri-

bution µx
t

can be approximated by L pZtθq in the sense that d2pµ
xt ,L pZtθqq

P
Ñ 0 as nÑ8.

38



In all what follows, when we say that a sequence pytqt“1,2,... of Rn–valued vectors converge to
the vector y as t Ñ 8, we always consider that this convergence occurs in the max-norm } ¨ }8

and is uniform in n.
Using the condition lim supn |||S||| ă 1, it is not difficult to show that the iterates at converge

as tÑ8 to the vector a defined as the unique solution of the identity

a “ SE
`?
aξ ` η

˘2

`
. (50)

On the one hand, this implies that for large values of t, we can replace the vector Zt with a vector

Z “ rZis
n
i“1

L
“
?
aξ, which implies that µx

t

can be approximated by L pZθq, where the uniformly
distributed random variable θ on rns is independent of Z. On the other hand, ζt converges in t
to the vector ζ given as

ζ “ SPr
?
aξ ` η ě 0s. (51)

We can thus write
xt`1 “W pxt ` ηq` ´ ζpx

t´1 ` ηq` ` χ1,

where χ1 “ pζ ´ ζ
tqpxt´1 ` ηq` is such that }χ1}n is small for large t.

Next, we need to show that the vectors xt and xt`1 tend to become aligned as t grows. To
that end, building on a result of [MR16, DM16], we show that the correlation vector qt, defined
as

qt “
EZtZt´1

?
atat´1

,

converges to the vector 1n as tÑ8. With these elements, the AMP iteration can be written as

xt “W pxt ` ηq` ´ ζpx
t ` ηq` ` χ1 ` χ2,

where
χ2 “ ζ

“

pxt ` ηq` ´ px
t´1 ` ηq`

‰

` xt ´ xt`1

has the property that }χ2}n is small for large values of t. The next to last equation can be rewritten

´pxt ` ηq´ “W pxt ` ηq` ´ p1` ζqpx
t ` ηq` ` η ` χ1 ` χ2,

which leads to the equivalent equation

´p1` ζq´1{2pxt ` ηq´ “ p1` ζq
´1{2W p1` ζq´1{2p1` ζq1{2pxt ` ηq` ´ p1` ζq

1{2pxt ` ηq`

` p1` ζq´1{2η ` εt, (52)

with εt “ p1` ζq´1{2pχ1 ` χ2q.
We know that when }Σ} ă 1, the equilibrium vector of the ODE (9) is u‹ “ LCPpI ´ Σ,´rq.

On the other hand, the previous equation shows that the vector ut “ p1 ` ζq1{2pxt ` ηq` is a
solution to the LCP problem LCPpI ´ diagp1 ` ζq´1{2W diagp1 ` ζq´1{2,´p1 ` ζq´1{2η ´ εtq.
Thus, if we choose the matrix W as W “ diagp1` ζq1{2Σ diagp1` ζq1{2, or, equivalently, if we put

S “ diagp1` ζqV diagp1` ζq, (53)

and furthermore, if we set
η “ p1` ζq1{2r, (54)

then we obtain that
ut “ LCPpI ´ Σ,´r ´ εtq.

Thus, we constructed with the help of an AMP approach a “perturbed” version of u‹ which
empirical distribution can be evaluated with arbitrary precision for large n, and the perturbation
εt can be made “arbitrarily small” in the norm } ¨ }n for large t.
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Recalling Equations (50) and (51), the choices made in (53) and (54) result in the following
system of 2n equations in the unknown vectors a and ζ:

a “ p1` ζqV p1` ζqE
´?

aξ ` p1` ζq1{2r
¯2

`

ζ “ p1` ζqV p1` ζqP
”?

aξ ` p1` ζq1{2r ě 0
ı

.

It is a bit more convenient to write
p “

a

1` ζ
, (55)

resulting in the equivalent system (11). Remembering that µx
t

» L pZθq and observing that
ut “ p1` ζq1{2pxt ` p1` ζq1{2rq`, we obtain from what precedes that µu‹ » L ppYθq`q where Yθ
is the random variable specified in the statement of Theorem 5.

To prove this theorem rigorously, we thus need to perform the following steps:

1. Prove that under Hypothesis 3, the system (11) admits an unique solution pp, ζq P Rn` ˆ
r0, 1sn. This is the content of Lemma 23 below. With this solution, construct the matrix
S and the vector η as in (53) and (54) respectively. Note that the bound (46) is satisfied
thanks to Hypothesis 3.

2. With the help of Theorem 2, establish Equation (52) with a control on the error term εt.

3. We just saw that ut is a perturbed version of u‹. To be able to approximate µu‹ with µu
t

,
we need a LCP perturbation result. This will be provided by the work of Chen and Xiang
in [CX07], which will let us control the norm }ut ´ u‹}.

5.3 Behavior of µu‹: Detailed proof

Lemma 23. The system (11) admits an unique solution pppnq, ζpnqq P Rn`ˆr0, 1s, and this solution

satisfies supn }p
pnq}8 ă 8.

This lemma will be proven in Section 5.4 below.
We now consider the second step of the proof. Given the solution pp, ζq of System (11), let

S P Rnˆn` and η P Rn˚` be given by equations (53) and (54) respectively. Note that the bound (46)

is satisfied thanks to Hypothesis 3. Define the random matrix W “ Sd1{2dX. Define the function
h as in (47), and let x0 “ 1n.

We these definitions, let us check that the assumptions leading to Theorem 2 are satisfied.
Using Hypothesis 1, it is clear that our matrix W satisfies Assumptions 1 and 2. Trivially,
x0 “ 1n satisfies Assumption 3. Letting rmin, rmax ą 0 be respectively the minimum and maximum
values of the elements of the compact Qr of Hypothesis 4, we obtain from Equation (54) that the
elements of η belong to the compact interval Qη “ rηmin, ηmaxs Ă R˚`, where ηmin “ rmin and
ηmax “

?
2rmax, and Assumption 4 is satisfied. Finally, one can readily check that the function h

and the matrix S satisfy Assumptions 5 and 7.

Lemma 24. As t Ñ 8, the sequence patq converges to the vector a P Rn˚` given as the unique
solution of Equation (50), the sequence pζtq converges to ζ, and the sequence pqtq of correlation
vectors converges to 1n.

Proof. Let ξ „ N p0, 1q, and define the function f : R` ˆ Qη Ñ R`, pa, ηq ÞÑ Ep?aξ ` ηq2`. A
small calculation that we omit reveals that the derivative Bfpa, ηq “ Bfp¨, ηq|a on R˚` is given as
Bfpa, ηq “ Pr?aξ ` η ě 0s. In particular, fp¨, ηq is increasing. Therefore, fpa, ηq ě fp0, ηq “ η2 ě

ηmin. We thus have from Assumption 7 and Equations (48) that

a1 ě cS1 and @t ě 1, at`1 ě Sη2 ě cSη
2
min1.

Moreover, since |||S||| ă 1, and since fpa, ¨q is also increasing, we have

at`1 “ Sfpat, ηq ď Sfpat, ηmax1q ă fp}at}8, ηmaxq1,
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thus, }at`1}8 ă fp}at}8, ηmaxq. For a large, we have that fpa, ηmaxq “ aEpξ ` ηmax{
?
aq2` „ a{2.

Noting from (48) that }a1}8 ă p1` ηmaxq
2, we readily obtain that for each t, the elements of the

vector at stay in a compact interval Qa Ă R˚` which is independent of n.
Let us study the iterations at`1 “ Sfpat, ηq given by (48). The vector-valued matrix function

F pa, ηq “ Sfpa, ηq satisfies |rF pa, ηq´F pa1, ηqsi| ď |||S|||maxi |fpai, ηiq´fpa
1
i, ηiq| ď |||S||| }a´a

1}8,
where a “ rais, a

1 “ ra1is, and η “ rηis. Thus }F pa, ηq ´ F pa1, ηq}8 ď |||S|||}a ´ a1}8, and the
convergence at Ñt a, where a is defined as the unique solution of Equation (50), is obtained by
Banach’s fixed point theorem. That this convergence is uniform in n in the norm } ¨ }8 results
from the inequality }at ´ a}8 ď |||S|||

t´1}a1 ´ a}8 ď |||S|||
t´1DQa , where DQa is the diameter of

the compact Qa.
Recall that ζt “ SPr

?
atξ` η ě 0s. The convergence ζt Ñt ζ uniformly in n in the norm } ¨ }8

is due to the boundedness of p|||Spnq|||q, the continuity of the function pa, ηq ÞÑ Pr?aξ ` η ě 0s on
the compact Qa ˆQη, and to the convergence of at to a as above.

We now establish the convergence qt Ñt 1. Let rG1, G2s be a centered Gaussian vector such
that EG2

1 “ EG2
2 “ 1, and such that EG1G2 “ q P r0, 1s. Writing Qa “ ramin, amaxs, define

the compact interval QH “ rηmin{
?
amax, ηmax{

?
amins, and define the continuous function H :

r0, 1s ˆQH Ñ r0, 1s as

pq, bq ÞÑ Hpq, bq “
EpG1 ` bq`pG2 ` bq`

EpG1 ` bq2`
.

A consequence of [MR16, Lemma 38 and proof of Lemma 37] is that for each b P QH, the function
Hp¨, bq satisfies Hpq, bq ą q for all q P r0, 1q, and Hp1, bq “ 1.

We also define the continuous function H : r0, 1s ˆQH ˆQH Ñ r0, 1s as

pq, b, dq ÞÑ Hpq, b, dq “
EpG1 ` bq`pG2 ` dq`

`

EpG1 ` bq2`EpG2 ` dq2`
˘1{2

.

Given t ą 0 and k “ t ´ 1, t, write the Gaussian vectors Zk from the pS, h, η, 1q–state evolution

equations as Zk “
?
akξk, with ξk „ N p0, Inq, and with qt “ Eξtξt´1. By the pS, h, η, 1q–state

evolution equations, we have

EZt`1Zt “ SEpZt ` ηq`pZt´1
` ηq`

“ S
`

EpZt ` ηq2`EpZ
t´1

` ηq2`
˘1{2

Hpqt, η{
?
at, η{

?
at´1q

“ S
`

fpat, ηqfpat´1, ηq
˘1{2

Hpqt, η{
?
at, η{

?
at´1q,

and using the state evolution equations again, we obtain that

qt`1 “
`

at`1at
˘´1{2

S pfpat, ηqfpat´1, ηqq1{2Hpqt, η{
?
at, η{

?
at´1q.

Notice that Hpq, b, bq “ Hpq, bq. By the continuity of H on r0, 1s ˆQHˆQH and the uniform con-

vergence }at ´ a}8 Ñt 0, we obtain that }Hpqt, η{
?
at, η{

?
at´1q ´Hpqt, η{

?
aq}8 Ñt 0 uniformly

in n. We also have that }pat`1atq´1{2 ´ a´1}8 Ñt 0 uniformly, and by using the continuity of f
on Qa ˆQη, that }pfpat, ηqfpat´1, ηqq1{2 ´ fpa, ηq}8 Ñt 0 uniformly. Using the boundedness of
|||S||| and observing that a´1Sfpa, ηq “ 1, we obtain that }qt`1´Hpqt, η{

?
aq}8 Ñt 0 uniformly in

n.
Since the set of zeros of the continuous function pq, bq ÞÑ q´Hpq, bq on the compact r0, 1sˆQH

is reduced to t1u ˆQH, we deduce from the last convergence that }qpnq,t ´ 1n}8 Ñt 0 uniformly
in n.

In the remainder of the proof, we reuse the notation
P
ď that was introduced before the subsec-

tion 4.3. Similarly, δ : p0, εq Ñ R` defined for some ε ą 0 is a generic function, independent of n,
such that δpeq Ñ 0 as eÑ 0. This function can change from a display to another.

Recalling that W “ diagp1`ζq1{2Σ diagp1`ζq1{2, we have by Hypothesis 2 that lim supn }W } ă
2 with probability one. Let us set CW “ 2 in the statement of Theorem 2.
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Consider the AMP sequence (49). Fix a small number e ą 0, and choose the index t in this
sequence to be large enough (independently of n) so that

E}Zt`1
´Zt}2n ` E}Zt ´Zt´1

}2n ď e,

}ζt ´ ζ}8 ď e, and

}at ´ a}8 ď e, (56)

which is possible by Lemma 24, after noting that E}Zt´Zt´1
}2n “ n´1

ř

i a
t
i`a

t´1
i ´2patia

t´1
i q1{2qti .

Repeating the derivations that follow Equation (49), we reach the equation (52), and we obtain
the bounds

}p1` ζq´1{2χ1}
2
n ď }pζ ´ ζ

tqpxt´1 ` ηq`}
2
n

ď }pζ ´ ζtq}28
`

}pxt´1 ` ηq`}
2
n ´ E}pZt´1

` ηq`}
2
n

˘

` }pζ ´ ζtq}28E}pZ
t´1

` ηq`}
2
n

P
ď Ce2

by Theorem 2 and Lemma 24, and

}p1` ζq´1{2χ2}
2
n ď 2}pxt ` ηq` ´ px

t´1 ` ηq`}
2
n ` 2}xt`1 ´ xt}2n

ď 2}pxt ` ηq` ´ px
t´1 ` ηq`}

2
n ´ 2E}pZt ` ηq` ´ pZt´1

` ηq`}
2
n

` 2E}pZt ` ηq` ´ pZt´1
` ηq`}

2
n

` 2}xt`1 ´ xt}2n ´ 2E}Zt`1
´Zt}2n

` 2E}Zt`1
´Zt}2n

P
ď δpeq,

by Theorem 2 and Lemma 24 again, and by noticing that E}pZt`ηq`´pZt´1
`ηq`}

2
n`E}Zt`1

´

Zt}2n ď e thanks to the Lipshitz property of the function x ÞÑ px` ηq`.
All in all, we have that the vector ut “ p1` ζq1{2pxt ` ηq` satisfies ut “ LCPpI ´Σ,´r ´ εtq

on the event r}Σ} ă 1s, with

}εt}n
P
ď δpeq. (57)

We now tackle the third step of the proof, applying the LCP perturbation result of Chen and
Xiang in [CX07]. By [CX07, Th. 2.7 and Th. 2.8], we have

}ut ´ u‹} ď
›

›pI ´ Σq´1
›

› }εt},

thus, }ut ´ u‹} ď C}εt} with probability one for all n large by Hypothesis 2.
Recall the definition of the Gaussian vector Y “ p1`ζqp

?
pξ`rq in the statement of Theorem 5.

To finish the proof of this theorem, it remains to prove that

@ϕ P PL2pRq,
1

n

ÿ

iPrns

ϕpu‹,iq ´ EϕppYiq`q
P

ÝÝÝÑ
nÑ8

0. (58)

Notice that Y “ p1 ` ζq1{2p
?
aξ ` ηq

L
“ p1 ` ζq1{2pZ ` ηq by Equations (54) and (55). For

ϕ P PL2pRq, we write

1

n

ÿ

iPrns

ϕpu‹,iq ´ Eϕpp1` ζiq1{2pZi ` ηiq`q

“
1

n

ÿ

iPrns

`

ϕpu‹,iq ´ ϕpu
t
iq
˘

`
1

n

ÿ

iPrns

´

ϕputiq ´ Eϕpp1` ζiq1{2pZti ` ηiq`q
¯

`
1

n

ÿ

iPrns

Eϕpp1` ζiq1{2pZti ` ηiq`q ´ Eϕpp1` ζiq1{2pZi ` ηiq`q

“ ε1 ` ε2 ` ε3.
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We have

|ε1| ď
C

n

ÿ

iPrns

|u‹,i ´ u
t
i|p1` 2|uti| ` |u‹,i ´ u

t
i|q ď C}u‹ ´ u

t}np1` 2}ut}n ` }u‹ ´ u
t}nq

by Cauchy-Schwarz. Thus, with probability one, |ε1| ď C}εt}np1` }u
t}n ` }ε

t}nq for all n large.

Applying Theorem 2 to }ut}n and using the bound }εt}n
P
ď δpeq, we obtain that |ε1|

P
ď δpeq.

We also have that
ε2

P
ÝÝÝÑ
nÑ8

0 (59)

by Theorem 2.
To deal with ε3, we can write Zt “

?
atξ and Z “

?
aξ, with ξ „ N p0, Inq, and use the

pseudo-Lipschitz property of ϕ along with the bound (56) to show after a small derivation that
|ε3| ď Ce.

Putting these bounds together, we obtain that

ˇ

ˇ

ˇ

1

n

ÿ

iPrns

ϕpu‹,iq ´ EϕppYiq`q
ˇ

ˇ

ˇ

P
ď δpeq.

Since e is arbitrary, the convergence (58) follows, and Theorem 5 is proven.

5.4 Proof of Lemma 23

Given ζ P r0, 1sn, Equation (11a) is p “ V p1`ζq2fpp, rq, where f is the function introduced in the
proof of Lemma 24. We have that 2fpp, rq{pÑ 1 as pÑ8, uniformly in r P Qr from Hypothesis 4.
Thus, there exists pmax ą 0 such that fpp, rq ď 3p{4 for each p ě pmax and each r P Qr. By

consequence, if }p}8 ą pmax, then }V p1`ζq2fpp, rq}8 ď p3}p}8{4q}V p1`ζq
21n}8 ă p3}p}8{4q by

Hypothesis 3, thus, V p1` ζq2fpp, rq cannot be equal to p when p R r0, pmaxs
n. On the other hand,

if p P r0, pmaxs
n, it holds that }V p1 ` ζq2fpp, rq}8 ď fppmax, rmaxq}V p1 ` ζq21n}8 ď 3pmax{4,

thus, V p1` ζq2fpp, rq P r0, pmaxs
n.

Turning to Equation (11b), for each ζ P r0, 1sn, we see that p1` ζqV p1` ζqP
“?
pξ ` r ě 0

‰

Ă

r0, 1sn for each p by Hypothesis 3 again.
Thus, writing the system (11) as pp, ζq “ Gpp, ζq, we obtain that Gpr0, pmaxs

n ˆ r0, 1snq Ă
r0, pmaxs

nˆr0, 1sn, and furthermore, G does not have a fixed point outside pRn`zr0, pmaxs
nqˆr0, 1sn.

Since r0, pmaxs
nˆr0, 1sn is a compact convex set of R2n, we obtain by Brouwer’s fixed point theorem

that G has a fixed point in this set. In particular, when pp, ζq is a fixed point, }p}8 ă pmax.
To complete the proof, we need to show that this fixed point is unique. To that end, we rely

on the construction of the previous paragraph, where we note that this uniqueness is never used.
In all the remainder of this proof, the integer n is fixed. Choose a solution pp, ζq of the

system (11). From this solution, construct the matrix Spnq and the vector ηpnq according to (53)
and (54) respectively. Let pMq be a sequence of integers converging to infinity. For each M ,

construct the symmetric matrix SpMq P RnMˆnM` and the vector ηpMq P RnM˚` as

SpnMq “ Spnq b
`

M´11M1JM
˘

, and ηpnMq “ ηpnq b 1M ,

where b is the Kronecker product. Let XpnMq
“ rX

pnMq
ij s1ďi,jďnM be a real random symmetric

nM ˆ nM matrix such that the random variables tX
pnMq
ij u1ďiăjďnM are independent N p0, 1q

random variables, and such that X
pnMq
ii “ 0 for i P rnM s. Define the random matrix W pnMq as

W pnMq
“ pSpnMqqd1{2 dXpnMq.

We shall consider herein the RnM–valued AMP iterates based on the matrix W pnMq and on the
pSpnMq, h,ηpnMq, 1nM q–state evolution equations, which take the form

upnMq,t`1 “W pnMq
´

upnMq,t ` ηpnMq
¯

`
´ ζpnMq,t

´

upnMq,t´1 ` ηpnMq
¯

`
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(expression of ζpnMq,t omitted). In this context, one can check that Assumptions 1–5 and 7 applied
to this model are satisfied with n and Kn there replaced with nM and KnM respectively. Write

V pnMq “ V pnq b pM´11M1JM q and rpnMq “ rpnq b 1M

(so that S “ diagp1nM ` ζqV diagp1nM ` ζq with ζ “ ζ b 1M and η “ p1nM ` ζq1{2r), and let

ΣpnMq “ pV pnMqqd1{2 dXpnMq.

Observe that since n is now fixed, our matrices V pnMq are no more sparse, and }V pnMq}8 À 1{M .
Thus, recalling the spectral norm controls made above in the Gaussian case, the positive number

T
pnMq
Gauss “ p1` εq

˜

2|||V pnMq|||1{2 `
6

a

logp1` εq
p}V pnMq}8 logpnMqq1{2

¸

satisfies lim supM T
pnMq
Gauss ă 1 by choosing ε small enough. Thus, by the Gaussian concentration

such as in (10), we obtain that lim supM }Σ
pnMq

} ă 1 with the probability one. By consequence,

on this event, the equation u
pnMq
‹ “ LCPpI ´ΣpnMq,´rpnMqq is well-defined for all M large. It is

important to note that this vector does not depend on the chosen solution pp, ζq of the system (11).

Write u
pnMq
‹ “

“

u
pnMq
‹ p1qJ, . . . ,u

pnMq
‹ pnqJ

‰J
where u

pnMq
‹ piq “

“

u
pnMq
‹,1 piq, . . . ,u

pnMq
‹,M piq

‰J
.

Recall the definition of the Rn–valued Gaussian vector Y pnq as provided in the statement of
Theorem 5. By repeating the argument of the previous paragraph, by relying this time on the
AMP sequence pupnMq,tqt, we are able to show that

@ϕ P PL2pRq,
1

nM

ÿ

iPrns

ÿ

jPrMs

ϕpu
pnMq
‹,j piqq

P
ÝÝÝÝÑ
MÑ8

1

n

ÿ

iPrns

EϕppYiq`q.

However, we need here a bit more than this convergence, which requires a slight modification of
the approach of the previous paragraph. By relying on our new AMP construction, we have that
for each e ą 0, there exists an integer t ą 0 and a random RnM–valued error vector εpnMq,t such
that

›

›upnMq‹ ´ upnMq,t
›

› ď
›

›

`

I ´ΣpnMq
˘´1›

›

›

›εpnMq,t
›

›

with
P
“
›

›εpnMq,t
›

›

2

nM
ě e

‰

ÝÝÝÝÑ
MÑ8

0

Writing upnMq,t “
“

upnMq,tp1qJ, . . . ,upnMq,tpnqJ
‰J

with upnMq,tpiq “
“

u
pnMq,t
1 piq, . . . ,u

pnMq,t
M piq

‰J

and remembering that n is fixed, this implies that there is C ą 0 such that

@i P rns, P
“
›

›upnMq‹ piq ´ upnMq,tpiq
›

›

2

M
ě Cne

‰

ÝÝÝÝÑ
MÑ8

0.

This is the analogue of the convergence (57).
Furthermore, let ϕ P PL2pRq, let i P rns, and define the nM–uple

pβ
pnMq
1 , . . . β

pnMq
nM q “ p0, . . . , 0, 1, 1, . . . 1,

loooomoooon

length M

0, . . . , 0q,

where the first element of the M–uple p1, . . . , 1q is at the ppi ´ 1qM ` 1qth place. By applying
Theorem 2 with these weights, we obtain

@i P rns,
1

M

M
ÿ

l“1

ϕpu
pnMq,t
l piqq ´ Eϕpp1` ζiq1{2p

b

atiξ ` ηiq`q
P

ÝÝÝÝÑ
MÑ8

0,

where ξ „ N p0, 1q, and where the vector at “ ratis
n
i“1 is precisely the one given by the recur-

sion (48). This is the analogue of the convergence (59).
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Completing the argument of the previous paragraph with these new convergences, we obtain
that

@i P rns, µu
pnMq
‹ piq P

ÝÝÝÝÑ
MÑ8

L
`

p1` ζiqp
?
piξ ` riq`

˘

in P2pRq.

From the uniqueness of these limits, we deduce that the solution pp “ rpis
n
i“1, ζ “ rζis

n
i“1q of the

system (11) is unique.
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A Proof of Proposition 3

Assume that ρ ą 0. Following the notations of [BvH16], write σ “ maxiPrnsp
ř

jPrns sijq
1{2 and

σ˚ “ maxij
?
sij . Then, the proof of [BvH16, Cor. 3.5] shows that

´

E}W }2rlogns
¯1{p2rlognsq

ď C
´

σ ` σ˚plog nqpρ_1q{2
¯

ď C

˜

1`

d

plog nqρ_1

Kn

¸

,

where the second inequality is due to our Assumption 2. Using Markov’s inequality and the
hypothesis Kn Á plog nqρ_1, we obtain that

Pr}W } ě ηs1{p2rlognsq ď C{η

for any η ą 0. Choosing η large enough, the result follows from the Borel-Cantelli lemma.
If ρ “ 0, we can just apply the concentration results provided by [BvH16, Cor 3.12 and

Rem. 3.13].
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inhomogeneous noise. arXiv preprint arXiv:2208.05918, 2022.

[JM13] A. Javanmard and A. Montanari. State evolution for general approximate message
passing algorithms, with applications to spatial coupling. Information and Inference:
A Journal of the IMA, 2(2):115–144, 2013.

[Kho08] O. Khorunzhiy. Estimates for moments of random matrices with Gaussian elements.
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