N

N

TWISTED PRE-LIE ALGEBRAS OF FINITE
TOPOLOGICAL SPACES
Mohamed Ayadi

» To cite this version:

Mohamed Ayadi. TWISTED PRE-LIE ALGEBRAS OF FINITE TOPOLOGICAL SPACES. 2021.
hal-03213012

HAL Id: hal-03213012
https://hal.science/hal-03213012

Preprint submitted on 30 Apr 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03213012
https://hal.archives-ouvertes.fr

TWISTED PRE-LIE ALGEBRAS OF FINITE TOPOLOGICAL SPACES

MOHAMED AYADI

ABsTRACT. In this paper, we first study the species of finite topological spaces recently considered
by F. Fauvet, L. Foissy, and D. Manchon. Then, we construct a twisted pre-Lie structure on the
species of connected finite topological spaces. The underlying pre-Lie structure defines a coproduct
on the species of finite topological spaces different from those already defined by the Authors
above. In the end, we illustrate the link between the Grossman-Larson product and the proposed
coproduct.
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1. INTRODUCTION

A finite topological space is a finite set E endowed with a preorder <. The study of finite
topological spaces was initiated by Alexandroft in 1937 [2], and revived at several periods since
then, using the following well-known bijection [7,10]. Any topology J on X defines a quasi-order
(i.e. a reflexive transitive relation) denoted by <s on X:

(1.1) x <y y & any open subset containing x also contains y.

Conversely, any quasi-order < on X defines a topology J< given by its upper ideals, i.e. subsets
Y c X suchthat(ye Yandy <z) = z € Y. Both operations are inverse to each other:

(1.2) <7.=%, I, =7T.

Hence there is a natural bijection between topologies and quasi-orders on a finite set X. Any
quasi-order (hence any topology 7T ) on X gives rise to an equivalence relation:

(1.3) X~y (x<gyyandy <y x).
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2 MOHAMED AYADI

Let T and J” be two topologies on a finite set X. We say that J” is finer than T, and we write
J” < T, when any open subset for T is an open subset for J”. This is equivalent to the fact that for
any x,y € X, x <y y = x g y.

The quotient T /7T’ of two topologies T and J” with J” < T is defined as follows ( [8, Paragraph
2.2]): The associated quasi-order <5 is the transitive closure of the relation R defined by:

(1.4) xRy & (x <y yory <y x).

More on finite topological spaces can be found in [1, 3,5, 15, 20].

Recall that a linear (tensor) species is a contravariant functor from the category of finite sets
Fin with bijections into the category Vect of vector spaces (on some field k). The tensor product
of two species E and F is given by

(1.5) (E®@F)y = @ Ey ® Fy,

Yuz=Xx

where the notation U stands for disjoint union. The unit of the tensor product denoted by 1 is
defined by 1, = k and 1y = {0}, if X # @.
We write x € E if there exists a finite set X such that x € Ey.

A twisted algebra [12] is an algebra in the linear symmetric monoidal category of linear species.
See [4, 18, 19] for further details on and references to Joyal’s theory of twisted algebras. Con-
cretely, a twisted algebra is a linear species E provided with a product map (which is a map of
linear species: E® E — E). Associative algebras, commutative algebras, Lie algebras, pre-Lie
algebras and so on, are defined accordingly.

The species T of finite topological spaces is defined as follows: For any finite set X, Ty is
the vector space freely generated by the topologies on X. For any bijection ¢ : X — X', the
isomorphism T, : Ty, — Ty is defined by the obvious relabelling:

To(T) = {9~/ (1), Y € T},

for any topology J on X'.

A unital associative algebra ( [8, Paragraph 2.3]) on the species of finite topologies is defined
as follows: for any pair X, X, of finite sets we introduce

m: TX] ®TX2 — TXILIXZ
iT] ® (‘TZ > T] iTz,

where J;7; is the disjoint union topology characterised by Y € J,7, if and only if Y N X; € T
and Y N X, € J,. The unit is given by the unique topology on the empty set.

For any topology 7 on a finite set X and for any subset Y C X, we denote by Jy the restric-
tion of J to Y. It is defined by:

Ty ={ZNY,ZeT}.



TWISTED PRE-LIE ALGEBRAS OF FINITE TOPOLOGICAL SPACES 3

The external coproduct A on T is defined as follows:

A:Ty — (T@T)y= @TY@)TZ

Yuz=x

T — Z‘Ipﬂy@j]y.

YeT

The species T is this way endowed with a twisted bialgebra structure in [8].

Now consider the graded vector space:

(1.6) H = K(T) = @5{”

n>0

where J{;, = k.1, and where J{, is the linear span of topologies on {1, ..., n} when n > 1, modulo
the action of the symmetric group S,. The vector space J{ can be seen as the quotient of the
species T by the “’forget the labels” equivalence relation: T ~ J” if T (resp.J”) is a topology on a
finite set X (resp. X’), such that there is a bijection from X onto X" which is a homeomorphism
with respect to both topologies. The functor X from linear species to graded vector spaces thus
obtained is intensively studied in ( [1, chapter 15]) under the name “bosonic Fock functor”. The
twisted Hopf algebra structure on T [8] naturally leads to the following:

(I, m, A) is a commutative connected Hopf algebra, graded by the number of elements.

L. Foissy, C. Malvenuto and F. Patras in [9, section 6] were the first to prove that the finite
topological spaces can be organized in a graded commutative Hopf algebra. The latter can be
recovered by applying the K functor to the twisted Hopf algebra structure on T described in [8].
The coproduct A defined therein is however not built from a pre-Lie structure. We define in the
present work two twisted pre-Lie structures N\, and ” on the species of connected finite topologi-
cal spaces, giving rise to two more coproducts A, and A », hence two more twisted Hopf algebra
structures. We expect that this will contribute to a better understanding of the finite topological
spaces considered as a whole.

In section 2, we recall the method of D. Guin and J.-M. Oudom [16] to describe the enveloping
algebra of a pre-Lie algebra, and we adapt it to the twisted context, following indications in [22].

In Section 3 of this paper, we define the enveloping algebra of the grafting twisted pre-Lie
algebra of connected finite topological spaces, as well as its enveloping algebra using the Guin-
Oudom method. Denoting by V the species of connected finite topological spaces, we consider
the Hopf symmetric algebra H’ = S (V) of the pre-Lie twisted algebra (V, ), equipped with its
usual unshuffling coproduct A5, and a product * defined on T by: For any pair X, X, of finite
sets

* . TX] ®TX2 — TXII_IX2

(T, T2) — > TPEP N T,

)
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In section 4 we prove that there exists a twisted bialgebra structure on T, where the external
coproduct is defined by

AL :Txy — (T®T)y= @ Ty ® T
YUZ=X
T — Z Ty ® Tixvy
YeT
where Y€T stands for
e YeT,
e Ty = 7,..7,, such that for all i € {1,...,n},T; connected and ( minT; = (min7T) N T;, or

there is a single common ancestor x; € X\Y to min7J; ), where X\Y = (X\Y)/ ~ Ty

We moreover give a relation between the two structures A and *.

Finally we define in section 5 a new pre-Lie law ,” on the species of connected finite topolog-
ical spaces by: For all T = (X, <7) and § = (¥, <g) be two finite topological spaces,
T /78 = j(J(T) N\ J©S)),
where j is the involution which transforms < into >. This law ” gives rise to a coproduct denoted
A » defined by A » = (j® J)A\ o j.
For any finite set A and for any pair of parts A;, A, of A with A} N A, = @, we define
lPAl,Az : Tag — Ta,

as follows: for any topology T € T,, the topology W4, 4,(7) is associated with the following
pre-order < defined by:

e Ifae A, and b € A, then a and b are incomparable,

e If not, we have: a < b if and only if a <5 b.

In this section, we provide a relation between both pre-Lie structures, by proving that the
following diagram commutes.

Vy®Vy®V; —o . Yy ® Vyy
/°'®idl
Vxuy ® Vg e
’
VXI_IY\_IZ Wy, VXI_IY\_IZ

2. THE ENVELOPING ALGEBRA OF PRE-LIE ALGEBRAS AND TWISTED PRE-LIE ALGEBRAS

In this section, we recall the method of D. Guin and J.-M. Oudom [16] to describe the envelop-
ing algebra of a pre-Lie algebra. We also recall how T. Schedler in [22] generalizes this method
to twisted pre-Lie algebras.

Definition 2.1. A Lie algebra over a field k is a vector space V endowed with a bilinear bracket
[.,.] satisfying:
(1) The antisymmetry:

[X,)’] = _[y’ x],Vx,y eV
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(2) The Jacobi identity:
[x, [y, 2]l + [y, [z, x]] + [z, [x, y]] = 0, VX, y,z € V.

Definition 2.2. [5, /4] A left pre-Lie algebra over a field Kk is a k-vector space A with a binary
composition > that satisfies the left pre-Lie identity:

x>yY>z—x>O>=0>x)>z-y> (x> 2),
forall x,y,z € A. The left pre-Lie identity rewrites as:
(21) L[x,y] = [an Ly]a

where L, : A — A is defined by L,y = x >y, and where the bracket on the left-hand side is
defined by [x,y] = x >y —y > x. As a consequence this bracket satisfies the Jacobi identity.

The pre-Lie product is extended to the symmetric algebra as follows [17]. Let (A,>) be a
pre-Lie algebra. We consider the Hopf symmetric algebra S (A) equipped with its usual unshufile
coproduct denoted A,,,;,. We will use without restraint the classical Sweedler notation: A,,,s,(a) =
3 aV @ a®.

We extend the product > to S (A). Let a,b and ¢ € S(A), and x € A. We put:

e l>a=a

e al>1=2¢a)l

e (xa)>b=x>@>b)-(xrar>b
e a> (bc) = Y(aV > b)(a® > ¢).

Definition 2.3. We define the following x product on S (A) by:
(2.2) axb= Z aP@® > b).

Theorem 2.1. [/3, 16] The triple (S (A), x, Auusn) is a Hopf algebra which is isomorphic to the
enveloping Hopf algebra W(Ay;.) of the Lie algebra Ay,.

Proof. This theorem was proved by D. Guin and J.-M. Oudom in [16] (Lemma 2.10 and Theorem
2.12). O

Definition 2.4. [4] A twisted Lie algebra over a field Kk, is a species E endowed with a bilinear
bracket [,] : E® E — E, satisfying:

() L1+[1r=0,

(i) LLN+LLNE+LLE =0,

where T : EQE - EQE is the flip, and 2 : E®Q E®E — EQE Q E is the cyclic permutation of
factors.

Definition 2.5. A left twisted pre-Lie algebra over a field Kk, is a species E with a binary compo-
sition o : E® E — E, satisfing the left twisted pre-Lie algebra identity

o(0®Id) — o(Id ®0) = (o (o ®Id) — o(Id ® 0))(t ® Id).

T. Schedler in [22] shows that the properties of D. Guin and J.-M. Oudom above also work for
the linear species, i.e:
Let (E, o) be a twisted pre-Lie algebra. We consider the twisted Hopf symmetric algebra S (E)
equipped with its usual unshuffle coproduct denoted A,,,;,. We extend the product o to S (E) as
follows. Let a, b and ¢ € S (E), and x € E. We put:
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e loa=a
e (xa)ob=xo(aob)—(xo0a)ob
e ao(bo) = 3@ 0 b)a®? o o),

and if we define the product x on S (E) by:
2.3) a%b= Z aV(@® o b),

then (S (E), %, A,,sn) 1s isomorphic to the enveloping Hopf algebra U(E,;,) of the twisted Lie
algebra E ..

3. THE ENVELOPING ALGEBRA OF THE TWISTED PRE-LIE ALGEBRA OF FINITE TOPOLOGICAL SPACES

3.1. The pre-Lie algebra of rooted trees. Let T the vector space spanned by the set of isomor-
phism classes of rooted trees and J{ = S (7). Grafting pre-Lie algebras of rooted trees were stud-
ied for the first time by F. Chapoton and M. Livernet [6], see also D. Manchon and A. Saidi [15].
The grafting product is given, for all ¢, s € T', by:

(3.1) f— 5= Z t—y s,

s’ vertex of s

where t — s is the tree obtained by grafting the root of 7 on the vertex s’ of s. More explicitly,
the operation # — s consists of grafting the root of # on every vertex of s and summing up.

Theorem 3.1. [6] Equipped by —, the space T is the free pre-Lie algebra with one generator.

Now, we can use the method of D. Guin and J.-M. Oudom [16] to find the enveloping algebra of
the grafting pre-Lie algebra of rooted trees. We consider the Hopf symmetric algebra I = S(T')
of the pre-Lie algebra (T, —), equipped with its usual unshuffling coproduct A,,,,. We extend
the product — to J{ by the same method used in (3.1), and we define the Grossman-Larson

product [11] % on J{ by:
txt = Z VP = 7).
t

By construction, the space (JH, x, A1) is a Hopf algebra.
3.2. Twisted pre-Lie algebra of the finite topological spaces. Let T, = (X;,<y,) and T, =
(X2, <q,) be two finite topological spaces, and let v € X,. We define:

T\ T2 := (X1 U X, ),

where < is obtained from <, and <g, as follows: compare any pair in X, (resp. X;) by using <s,
(resp. <7,), and compare any element y € X, with any element x € X.

To sum up, for any x,y € X; U X,, x <y if and only if:

e Either x,y € X; and x <g, y,
e orx,y € X; and x <y, y,
e orx € Xy, y€X;and x <g, v.

53 S4 53 S4
o § 852 S1 g ) 52 S1
W ) ﬁrz E 12 %Iz
Example 3.1. sst] \,2 o= 1 s sstl \[] o = f
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Proposition 3.1. Let T, = (X;, <7,) and T, = (X», <7,) be two connected finite topological spaces,
and letv € X,. Then T, N\, 7> := (X| U X3, <), is a connected finite topological space.

Proof. Let T| = (X;,<y,) and T, = (X, <7,) be two connected finite topological spaces, and let
v e X,.
We must show that < is a preorder relation on X; Ll X;:
Reflexivity; Let x € X; U X,, then x € X or x € X,.
If x € X;, we have x <7, x, then x < x.
If x € X,, we have x <7, x, then x < x.
Transitivity; Let x,y,z € X; U X, such that x < y and y < z. So we have four possible cases:
e First case; x,y,z € Xj, and (x <7, y and y <7, 2).
Since <, is transitive, then x <7, z, then x < z.
e Second case; x,y,z € X,, and (x <3, y and y <g, 2).
Since <g, is transitive, then x <, z, then x < z.
e Third case; x,y € X5,z € X, and (x <3, y and y <7, v).
Since <g, is transitive, then x <g, v, and since x € X, and z € X, therefore x < z.
e Fourth case; x € X5, y,z € X, and (x <3, vand y <g, 2).
In this case we have x € X5, z € X, and x <3, v, then x < z.

O

Proposition 3.2. Let T, = (X, <7,), T2 = (X2, <q,) and T3 = (X3, <7,) be three finite connected
topological spaces, and let u € X,, v,w € X3. Then

D) (T1 N T2) Naw T3 = T N (T2 N\w Ta).

2) T N (T2 N\ T3) = T2 N (T1 N\ Ta).

Proof. 1) Let T\ = (X, <q,), T2 = (X2, <q,) and T3 = (X3, <q,) be three finite connected topolo-
gies, and let u € X,, w € X3. We denote T = (T} N\, T2) = (X; U X», <3), with <3 defined on
X, U X; by:
x,y € X; UX; et x <3 yif and only if:
e Either x,y € X; and x <g, y,
e orx,y € X, and x <g, y,
e orx € Xp,y€X;and x <g, u,
and we denote T = (T7 N\, 72) \ww T3 = (X1 U X, U X3, <), with < defined on X; U X, U X3 by:
x,y € X; UX, Ll X5 et x <yifandonly if:
e Either x,y e X; U X, and x <3 y,
e or x,y € X3 and x <7, y,
e orx € Xz, ye€X; UX,and x <5, w,
then
x,y € X; UX, Ll X5 et x <yifand only if:
Either x,y € X; and x <7, y,
or x,y € X; and x <g, y,
orx € Xp,y € Xy and x <q, u,
orx,y € X3 and x <g, y,
orx € X3, ye X; UX; and x <5, w.
On the other hand,
we denote | = T, N\, T3 = (Xo U X3, <;), with <; defined on X, LI X3 by:
x,y € X, LU X5 et x <; yif and only if:
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e Either x,y € X; and x <q, y,
e or x,y € X3 and x <7, y,
e orx € Xz, y€X,and x <g, w,

and we denote T" = T} N\, (T2 N\ T3) = (X1 U X, L X3, <'), with <’ defined on X; LI X, LI X35 by:
x,y € X; UX, UX;etx <" yifand only if:

e Either x,y € X; and x <7, y,
e orx,y€ X, UX;and x < y,
eorxeX,UX; yeX; and x <; u,

then
x,y € X; UX, U X;etx <" yif and only if:

Either x,y € X; and x <7, y,
or x,y € X, and x <g, y,
orx,y € X3 and x <g, y,

orx € X3,y € Xp and x <3, w,
orx € Xp,y € X; and x <q, u,
orx € X3,y € X; and x <g, w,

then <=<’on X; LU X, LI X5.
Then

(‘Il \m TZ) \w 73 = ‘Il \m (72 \mz 73)

2) Letv,w € X3, we denote J) = (T N\, T3) = (X; U X3, <»), with <, defined on X; LI X3 by:
x,y € X; U Xj5etx <, yif and only if:

e Either x,y € X; and x <g, y,
e or x,y € X3 and x <7, y,
e orx € X3, y€X;and x <g, v,

and we denote
T =T\ (T1 N\ T3) = (X] UX;, U X3, <), with < defined on X; L X, LI X3 by
x,y € X; UX, Ll X;5etx <yifandonly if:

e Either x,y € X; and x <, y,
eorx,ye X;UXzand x <5 y,
eorxeX;UXs,yeXoand x <o w,

then

x,y € X; UX, Ll X5 et x <yifand only if:

Either x,y € X; and x <g, y,

orx,y € X; and x <g, y,

orx,y € X3 and x <g, y,

orx € X3,y € X; and x <g, v,

orx € X3,y € X, and x <3, w.

On the other hand,

we denote T = (T2 N\ T3) = (X2 U X3, <), with <; defined on X, LI X3 by:
x,y € X, U X3 etx < yif and only if:

e Either x,y € X; and x <q, y,
e or x,y € X3 and x <7, y,
e orx € X3,y € X, and x <g, w,
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and we denote
T =T AN (72 Nuw 73) =X UXUX;5,<), with <’ defined on X; U X, U X5 by
x,y € X; UX, U X;etx <" yif and only if:

e Either x,y € X; and x <q, y,
e orx,y€ X, UX;and x < y,
eorxeX,UX;,ye X and x < v,

then
x,y € X; UX, UX;etx <" yifand only if:

Either x,y € X; and x <7, y,
or x,y € X; and x <g, y,
orx,y € X3 and x <g, y,

orx € X3,y € X, and x <g, w,
orx € X3,y € X; and x <g, v,

then <=<’on X; U X, LI X;5.
Then

‘Il \v (TZ \w 73) = 72 \w (‘Il \v 73)

We then define the grafting law in the species of connected finite topological spaces by:
For all J; € Ty, T, € Ty,

TINT2 = Z T\ T2 € Tx,ux,-

veXy

Theorem 3.2. (V, ) is a twisted pre-Lie algebra.

Proof. Let T, = (X1, <q,)), T2 = (Xz,<7,) and T3 = (X3, <7,) three finite topological spaces, we
have:

TN @ NT) = )TN (T2 N\ T3)

veXs

DTN (T N\ T)

ueXoLX3 veXs

DD TN (T2 N T3)

ueX, veXs

F 0 TN (T2 N T3).

ueXsz veXs

On the other hand we have:

TINTDNT3= ) (T N\ T) N\ T

reX,
=Y DTN T\ T
seX3 reX,

Then
TINMNT) =T NT) T3 = Z T N (T2 N\ T3).

u,veXs
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Which is symmetric on J; and 7J,. Then we obtain:

TINNTBD)=TINTD)NT =T N (TN T3) = (T2 N T) N Ts.

Consequently, (V, ™) is a twisted pre-Lie algebra, thus yielding a pre-Lie algebra structure on
XK(T). O

We showed that (V, ) is a twisted pre-Lie algebra, so we consider the Hopf symmetric algebra
H" = §(V) equipped with its usual unshuffling coproduct A,,5,. We extend the product ~\ to T
by using Definition 2.3 and we define a product x on T by: For any pair X;, X, of finite sets

* . TXl ®TX2 — TX]UX2

(T, T) — > TPEP N T,
Ti

By construction, the space (', %, A,,.s,) 1S @ cocommutative twisted Hopf algebra.

Remark 3.1. The species of finite connected posets (i.e. finite connected T topological spaces)
is a twisted pre-Lie subalgebra of (V,\,), and the species of finite posets is a Hopf subalgebra of
H.

Example 3.2.

(AONT = ANGND-(AN O\
/\.\({ +\/)_'<>\I

V.. 0.0 u
1.9

Lo 0L Y
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(ANyxl=(ANONT+ AL+ AN+ (AN

0 G O A Ay
Lo
?+@+9+@+/\.z+/\{+/\v
R

4. BIALGEBRAS OF FINITE TOPOLOGICAL SPACES

4.1. A twisted bialgebra of finite topological spaces. Let X be any finite set, we define the
coproduct A\ by:

AL:Ty — (TeDy= P TyeT,

Yuz=Xx

J = Z‘IIY@TIX\Y'

YeT
Where Y€T, stands for

e YeT,
e Ty = 7;...7,, such that for all i € {1,...,n}, T; connected and (minT; = (minT) N T;, or
there is a single common ancestor x; € X\Y to minT;), where X\Y = (X\Y)/ ~Ty e

Example 4.1. A\(/\):/\®1+1®/\
AN zwe. + Vel+1eV

Theorem 4.1. (T, m, A\)) is a commutative connected twisted bialgebra, and H = %(T) is a
commutative graded bialgebra.

Proof. To show that T is a twisted bialgebra [1], it is necessary to show that A\  is coassociative,
and that the species coproduct A« and the product defined by:

m: Txl ®TX2 4 TX]LIXZ

T1® T, — T17,,
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are compatible. The unit 1 is identified to the empty topology. Coassociativity is checked by a
careful, but straighforward computation. We have

(A, ®id)A(T) = (A, ®id) [Z Ty ® ‘.Tmy]
YET
= Z Tz®Tnz® JTix\r-

Z&Tiy, YET

On the other hand

(id ® A)A(T) = (id ® A\) (Z Ty ® ‘Imu]

UeT

= Z Jiv ® Tiw ® T\ wuw)-
WE{T‘X\U,UET

Coassociativity will come from the fact that (Z, Y) + (Z, Y\Z) is a bijection from the set of pairs
(Z,Y) with YeT and Z€T}y and, onto the set of pairs (U, W) with UeT and WeT y\y. The inverse
map is given by (U, W) +— (U, U U W).

Let A ={(Z,Y), YT and Z€Ty}, and B = {(U, W), UT and WeTx\y}.

We define
f:A— B g:B— A
Z,Y)— (Z,Y\Z) (U W) — (U, UL W)

Let us prove that f and g are well defined.
Let(Z,Y)e A, ie

-Y € Jand Ty = 7,..7,, such that for all i € {1,...,n}, J; connected component and
(minT; = (minT) N T; or there is a unique common ancestor x; € X\Y to minT;),
and

-7 € (J'|y and (-T|Z = TllZ---iTnlz = (-Tl,l(‘Tl,Z---(-Tl,il(-TZ,I72,2---72,i2---Tn,ITn,Z---Tn,i,la such that for all
i €{l,..,n},je {i,..,i,}, T;; connected component and (minT;; = minT;y N T;; or there is a

unique common ancestor x; ; € Y\Z to minT; ;).

Then we can visualise T by the graph illustrated below in figure 1:
Graphically it is clear that Z € T and Y\Z € Tx\z. Then (Z,Y\Z) € B.

Then f is well defined.

Let (U, W) € B, i.e
-U € Tand Ty = Jy,...7y,, such that for all i € {1, ..., p}, Ty, connected component and

(minT)y, = (minT) N Tyy, or there is a unique x; € X\U common ancestor to minT|y,).
and

-W € Txw and Ty = T'...T9, such that for all j € {1,...,q}, T/ connected component and
(minJ’ = minT |y, N T/ or there is a unique x; € X\(U L' W) common ancestor to minJ”).

For all k € {1, ..., g}, we notice U* = | | U, where U, verifies the existence of x; € W, = V(Tk)

0<n<p

common ancestor to minJ|y,, where v € V(T*) denotes that v is a element of the topological space
T,
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z Q ......... @ @ ......... ............. @ ......... /@ ﬂ

@é ............... 25/

Y\Z
X\Y
FiGure 1
We notice U = || U;, where U; verifies the existence of a unique x; € X\(U L W) common
0<n<p

ancestor to minJy,.
We notice Wy, ¢ W, where W, verifie thet for all x € W, there is no y € U such that x <y y.
Then we can visualise T by the graph illustrated below in figure 2 below:

Graphically it is clear that U € T,y and WU U € J. Then (U, U U W) € A.

Wo
W

X\(U L W)

FiGURE 2

Then g is well defined.
We have for all (Z,Y) € A then (Z,Y\Z) € B, and for all (U, W) € B then (U, U U W) € A. Then
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Al = |BI.

Let (Zla Yl)’ (ZQ, Y2) € A such that f(Zl, Yl) = f(Z2, Yz), then Zl = Z2, then Yl \Zl = Yg\Zl,
then f is injective, then f is bijective.

In the same way we show that g is bijective, and go f = fo g = Id.

Then A is coassociative.

Finally, we show immediately that

A(T172) = AL(TDA(T).

Remark 4.1. For any finite set X, let us recall from [8] the internal coproduct I" on T:

4.1 (T = Z T eT/T.

TT

The sum runs over topologies T’ which are T-admissible, i.e

e finer than 7,
e such that J), = Ty for any subset Y C X connected for the topology J’,
e such that for any x,y € X,

(42) X ~gi30 ¥ — X ~gr 37 Y.

E Fauvet, L. Foissy, and D. Manchon in [8] show that I" and A are compatible.
On the other hand, we notice that I" and A\ are not compatible. In fact:

A\(O):/\®.+1®<> +0®1

F(Q):V.®é+/\.®@ +ZII®+....®O
Ve ®

then

(Id®A\)F(<>): V.g[.8® +1®é) +é)®1]
+ Ne@[O . +1®G? +QP®1]
+2llg[@e® +1®+ ®1]
- I PAN-E +1®<> +<>®1]
Vo @a1+16®)

On the other hand
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m13(F®F)A\(<>): V.®[1®é9 +G§®1]
+ Ne@[®e. +1®@ +@®1]

+2 II®[1®+ ®1]

T I AN +1®O +<>®1]

+<>®[@®1+1® @]
+I..®[Qr§®. +@®-]

then (Id ® A\)I'( 0 Y+ mBPI® DA ( O ). Then I' and A~ are not compatible.

4.2. Relation between x and A« . In this subsection, we prove that there exist relations between
the Grossman-Larson product x and the coproduct A« _.

Let G be a group acting on X. For every x € X, we denote by G - x the orbit of x and we denote
by G, the stabilizer subgroup of G with respect to x. The group action is transitive if and only if
it has exactly one orbit, that is if there exists x in X with G - x = X (i.e. X is non-empty and if for
each pair x,y € X there exists g € G such that g - x = y). This is the case if and only if G - x = X,
for all x in X.

If G and X is finite, then the orbit-stabilizer theorem, together with Lagrange’s theorem [21](theorem
3.9), gives

|G
4.3 G-xl=[Gx : G] = ,
(4.3) |G - x| = [Gx ] G|
that implies that the cardinal of the orbit is a divisor of the group order.

Definition 4.1. For any topology T on a finite set X, we denote by Aut(7T) the subgroup of per-
mutations of X which are homeomorphisms with respect to J. The symmetry factor is defined by
o (T) = |Aut(T)|. We define the linear map es : Ty — K by:

er(T) = o(T), if T =7, and 0 if not.

Definition 4.2. We define the graft operator B : T — T by, B(T) = T N\ {x}, for any topology
J on X, this is the topology on X Ul {*} obtained by keeping the preorder and X and by putting
* < x for any x € X.

Theorem 4.2. Let T, € Ty,, T, € Tx, and T’ € Ty, then

<eg * 672,7, >=< eq, ®€§]'2,A\((.T,) > .
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P}"OOf: Let ‘Il S TXI, 72 S TX2 and T’ € Tx.
Case 1; 7T, is connected, we have

< eg, X eq,, T > =< €T, BT, > BT >

= Z < e\, BT,> BT >

veXpLI{x}

Z o (BT).

veXUfx}
BT =T \wBT>

Let us consider the set B = {v € X, U {x}, BT = T, \,, BT,}, we show that Aut(BT,) acts
transitively on B. We define the map

@, : Aut(BT,)xB — B
(@, v) — o).

Letv e B, ifv= *, then (,D(V) = v. If not then (.T] \up(v) .BTQ = (.T] \(,0(\/) SD(BTQ) = h((.T] \v 'B(.TQ),
where hjy, = Id andif v € X, LI{x}, h(v) = ¢(v), where ¢ € Aut(BT,). Itis clear that 1 € Aut(BJ"),
then T} Ny BT2 = h(BT’) = BT’. Then @, is well defined.

Moreover for all v € B, Id(v) = v, and for all ¢, ¢’ € Aut(BT>), ®1(p, ¢'(v)) = (¢’ (v)) = (p¢")(V).
Then @, is an action.

Now to show that @, is transitive, let u, v € B, and let us define f : X U {«x} — X U {x} by

f(u) =v, f(v) = u, and for all w € X U {=}\{u, v}, f(w) = w, it is clear that f € Aut(BT").

If we take ¢ : X, U {*} — X, Ul {x}, defined by ¢ = fix,+}, SO we have, ¢ € Aut(BT;), and
¢(u) = v, then @, is transitive. Then B = Aut(BT,) - v, for all v € B.

For all v € B, we call the stabilizer of v the set:

Aut(BTy), = {p € Aut(BT>), p(v) = v}
|Aut(BT,)

And since |[(Aut(BT,)| is finite, then |B| = |Aut(BT,) - v| = m, forall v € B.
Then
lo(T2)]
|B| = —————, for all v € B\{x}.
|Aut(T2), ]
On the other hand

<eq, ®er,, A\ (T)>= Z <eq, Ty >< e, Ty >
YeT
- Z o(T)o(T2).
YeT”

T :T{Y’ T2 :r‘T\,X\Y

Let us consider the set
A = {v € X, the cut above v give the term of A\ (T”) isomorphic to T; ® T,},

we notice that A N B\{x} # @.
We show that Aut(J”) acts transitively on A. We define the map

D, Aut(T)xA — A
(o, v) +— o).
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Let v € A then T}y isomorphic to J; and T/, isomorphic to 75, then for all ¢ € Aut(J"), ¢(T}y )

isomorph to T3, i € {1, 2}, and A\ (¢(7")) isomorphic to A (T"),

then for all ¢ € Aut(J”), the cut above ¢(v) give the term of A\ (7”) isomorphic to T; ® T, then

¢(v) € A. Then @, is well defined.

Letv e A, and ¢, ¢’ € Aut(7”), then Id(v) = v and ®,(p, ¢’ (v)) = ¢(¢’(v)) = (¢¢')(v). Then @, is

an action.

Letu,v e A, we defined f : X — X by: f(u) =v, f(v) = u, and for all w ¢ {u, v}, f(w) = w, itis

clear that f € Aut(J”), then @, is transitive. And since |Aut(J”)| is finite, then

_ AuT)

Al = —— - 7
A |Aut(J"),|

, forall v € A.
Let v € A, then |Aut(7”),| = |Aut(T))Aut(T5),| = |Aut(T7)||Aut(T,),|. Then

|Aut(J")|

Aut(To),| = ——2_
T = AT

forallv e A,

that since A N B\{*} # @, there exists v € A N B\{*} such that

|Aut(T)]  _ |Aut(J>)|

|Aut(T2),| = AlAut(T)l — |B|
then
(T _ o(7T3)
|Alo(T7) 1Bl -
then

1Blo(T") = |Alo(T)o(T2).

We define A" = {Y,YeT", T, =T}, 7T, = T}, we notice that |A| = |A’|. Then

IX\Y
<eg *xe5, T >= Z o (BT
veXo U}
BT'=T) \,vBT>
= |Blo(BT")
= |Blo(T")

= |A"|o(T1)o(T2)
= ) o))
yeT”
T1=Ty T2=Tpy

=< ey, Qe7,, A\(T,) > .

Case2; T, not connected.

Let T, = J1,4...71,, € Tx,, where T, is connected for all i € [n]. And let T, € Ty,, J" € Ty, we
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have

’ ’
<eg * €g’2,(.T > =< eg'l\gg'z,'B(.T >

= Z < eg, \wBT2> BT >

v=(V1,....,v)EX2

= Z o (BT).

V=(V1,..,Vn)EX2
BT =T1,0 Ny (T1.2 N\ - (T1.0 Ny BT2)...)

Let us consider the set B = {v = (vi, ..., v,) € Xo U {*}, BT =T} \,, BT,}.
Aut(7,) acts transitively on B by the action. (In the same way that we used to show that @, is a
transitive action.)
(I)3 : Aut(‘J'Q) X E — E
(p,v) — o).

o(72)

And since |Aut(J;)] is finite, then |B| = ————
|Aut(T2), |

On the other hand

, where v € B.

< ey, ®er,, A\ (T)>= Z <eq, Ty ><eq,, Ty >

YeT’

= > oT)oT.
YeJ’

T ={J'|'y’ T2 =T\IX\Y
Let us consider the set
A={y=(v,...,v) €X, the cut above v give the term of A\ (J”) isomorphic to T} ® T>}.
We notice that A N B,y # 2.
Aut(J") acts transitively on A by the action. (In the same way that we used to show that @, is a
transitive action.)

DOy Aut(T)xA — A
(@, v) — o).

(J"/
And since |Aut(J”)| is finite, then |A| = ﬁ(f’))zl’ where v € A.
If v € A, then |Aut(T"),| = |Aut(T)Aut(T),| = [Aut(T)||Aut(T,),l,
|[Aut(T")|
then |[Aut(7,),| = ————=— forall v € A,
22 ANAuT) =
then
|Aut(T")] |Aut(T,)|
|[Aut(7,),| = = , forallve AN BNX,,
2T ANAuT) 18] ==
T’ T
then o(T) _ ol 2). Then |Blo(T") = |Alo(T1)o(T3).

Alo(Ty) ~ IB|
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We define A’ = {Y,YeT", T, = ‘Il’y and T, = T/

|X\y}, we notice that |A| = |A’|. Then

< eg, * eq,, T > =< €T, BT,> BT >

= Z < eT, \uBT2s BT >

= > T (BT")
V=(V15eVn)EXD

BT =T\ (T12 N0 - (T1n Ny BT2)...)
= |Blo(T")
= |A"lo(T1)o(T2)
= )o@

,YE‘T’ ,

TIZTW’TZ:‘ID(\Y

= Z < ef]'l,‘JTY >< 672"I|/X\Y >

YET
=< ey, Q@ ey,, A\(T’) > .

5. RELATION BETWEEN \, AND

In this part we define the law ,” on V by: For all T = (X, <7) and 8§ = (¥, <g) be two finite
connected topological spaces,

T8 = j(j(T) \ J(S)),

where j is the involution which transforms < into >. In other words, open subsets in J are closed
subsets in j(7T) and vice-versa. In particular, it is obvious that (V, /) is a twisted pre-Lie algebra
due to the fact that (V, ) is a twisted pre-Lie algebra.

Definition 5.1. For any finite set A and for any pair of parts Ay, A, of A with Ay N A, = @, we
define W4, o, : Tao — Ta, as follows: for any topology T € Ta, Wi, 4,(7) = (A, L), where <
defined by

o I[fac Ay, and b € A, then a and b are uncomparable,

e otherwise, we have a < b if and only if a <y b.

Proposition 5.1. For any finite set A and for any pair of parts Ay, A, of A with Ay N A, = @, and
let T € T4 then

1) Y4, 4,(T) = (A, L) is a finite topological space.

2) W4, 4, is a projector.

Proof. 1) LetA = A UA,, withA; NA, = @, and let T € T4, we must show that < is a preorder
relation on A:
Reflexivity; Let x € A, then x € A; or x € A;.
If x € A;, we have x <7 x then x < x, same thing if x € A;.
Transitivity; Let x, y,z € A such that x < y and y < z. So we have two possible cases:

e First case; x,y,z€ A, and (x < yand y < z), then (x <y y and y <7 7).

Since <+ is transitive, then x <+ z, then x < z.
e Second case; x, y, z € Ay, likewise the first case.
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2) Let T € T,, we must show that ¥y, ,(T) = ¥5 , (7).

If not 77 = (A, <') = Wy, 4,(7), then ‘I’f\l’Az(‘D =Wy, 4,(T") = (A, <), where < defined by
e Ifa e Ay, and b € A, then a and b are uncomparable,
e otherwise, we have a < b if and only if a <’ b.

And since we have, a <’ b if and only if a <5 b, then < defined by

e Ifa €Ay, and b € A, then a and b are uncomparable,
e otherwise, we have a < b if and only if a <5 b.

— P2
Then \PAI,Az _\IlAlsAz. O

Theorem 5.1. Let T = (X, <73), 8§ = (¥, <g) and U = (Z, <y) be three finite connected topological
spaces, and let s € Y, u € Z. The following diagram is commutative:

id®\u

Vx®Vy®V, Vx® Vyz
/X@idl
Vxuy ® Vz -
|
Vixuruz ¥rs Vixuruz

Proof. Let T = (X, <7), 8 = (¥, <g) and U = (Z, <y() be three finite connected topological spaces,
andletse Y,ue Z,thenfor W=(XUYUZ <w)=(T 78\ U, we have

e forall x e X, x <y s,
eandforallye XU Y, u <y y,
then
o forall x € X, x <y, (w) s,
e and forally € Y, u <y, ,cw) ¥
then Wy (W) is connected.
moreover we have T /S =(XUY, Sll), with Sll defined on X LI Y by:
x,ye XU Yetxs,1 y if and only if:
e Either x,y € X and x <7y,
eorx,yeYand x <gy,
eorxeX,yeYands <gy,
then (T 7 8) \,, U = (X U Y U Z, <), with <y defined on X LI Y LI Z by:
X,y € XUYUZetx <y yif and only if:
e Either x,y € XU Y and x </ y,
e orx,ye Zand x <y y,
eorxeZ,yeXuUYandx <y u,
then x,y € XU Y U Z et x <y y if and only if:

Either x,y € X and x <7 y,
orx,ye€ Yand x <gy,
orxe X,yeYands <gy,
orx,y € Zand x <y y,
orxeZ,yeYand x <y u,
orxeZ,yeXand x <y u,
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if we apply Wy z to (T 7° 8) \u, U, we can eliminate the cases: x € Z, y € X and x <y u.
On the other hond
S\ U =(YUU, <), with <; defined on Y LI Z by:

x,y € YUZetx < yif and only if:

e Either x,y € Y and x <g y,

e orx,ye Zand x <y y,

eorxeZ,yeYand x <y u,
then T 7 (S \,, W) = (X U Y UZX), with < defined on X U Y U Z by:
x,y e XUYUZetx <yif and only if:

e Either x,y € X and x <7y,
eorx,yeYUZand x <; y,
eorxeX,yeYUZands <, y,

then x,y e XU Y U Zet x < yif and only if:

Either x,y € X and x <7 y,
orx,ye€ Yand x <gy,
orx,y € Zand x <y y,
orxeZ,yeYand x <y u,
orxe X,yeYands <gy.

Then the equality between
T /IS (S N u) = \PX,Z((('T /IS 8) N u)

O

Corollary 5.1. Let T = (X, <7), 8 = (¥, <s) and U = (Z, <y) be three finite connected topological
spaces, and let s € Y, u € Z. Then

TN 7MW =Wy z((T N\ 8) A W).

i.e, the following diagram is commutative:

V@V, @V, —27 v, ®Vyy,
\S®idl
Vxuy ® Vz s
o l
VXI_IY\_IZ \PX,Z VXI_IY\_IZ

Proof. Let T = (X, <7), 8 = (¥, <g) and U = (Z, <y() be three finite connected topological spaces,
andletse Y, ueZ.
We notice 7" = j(7), 8’ = j(8) and U = j(U), according to theorem 5.1, we have:

T N W) = Wx (T 7 8) N\ W,

then JT 75 N W) = jlPx z((T" 7 8) N\ W),

then JT) N J((8 N UN) = Py 2[J((T 7 87)) 7 j(UN],

then JT) N (&) 7 jU)) = Py [T N\ J(S)) 7 jUN].
Then

TN 7MW =Wy 2((T N\ 8) A W).
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Proposition 5.2. Let T = (X, <), 8 = (¥, <g) and U = (Z, <y) be three finite connected topologi-
cal spaces, then

T/ENW-¥xz2((T /HNW =8N (T /U -¥rz(SN\T) /U

Proof. Let T = (X, <7), 8 = (¥, <g) and U = (Z, <y() be three finite connected topological spaces,
then

T/ENW-Yxz((T /79N UW

DT /ENG W= D (T ) N\ W)

ueZ, seYUzZ uez, sy

DT /ENG W YT\ W

u,se€Z ueZz, s€Y

- \PX,Z(((-T /S S) \u u)]
=2 TN W

u,se€Z

= > 8N (T W

u,s€Z

DS @ W D SN\ (T W

u,se€Z seZ, ueX

- ¥rz(E N\ T) W]
DS T W= D WA N D W)

seZ, ueXzZ ueX, seZ

=SSN (T /W -Yrz(ENT) /W),

O
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