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RESEARCH ARTICLE

Constant Step Stochastic Approximations Involving Differential
Inclusions: Stability, Long-Run Convergence and Applications

Pascal Bianchi®®), Walid Hachem®, and Adil Salim(®)*
(Received 00 Month 200z; in final form 00 Month 200z)

We consider a Markov chain (z,) whose kernel is indexed by a scaling parameter v > 0,
referred to as the step size. The aim is to analyze the behavior of the Markov chain in the
doubly asymptotic regime where n — oo then v — 0. First, under mild assumptions on the
so-called drift of the Markov chain, we show that the interpolated process converges narrowly
to the solutions of a Differential Inclusion (DI) involving an upper semicontinuous set-valued
map with closed and convex values. Second, we provide verifiable conditions which ensure
the stability of the iterates. Third, by putting the above results together, we establish the
long run convergence of the iterates as v — 0, to the Birkhoff center of the DI. The ergodic
behavior of the iterates is also provided. Application examples are investigated. We apply
our findings to 1) the problem of nonconvex proximal stochastic optimization and 2) a fluid
model of parallel queues.

Keywords: Differential inclusions; Dynamical systems; Stochastic approximation with
constant step; Non-convex optimization; Queueing systems.

AMS Subject Classification: 34A60,47N10, 54C60,62L20.

1. Introduction

In this paper, we consider a Markov chain (z,,n € N) with values in E = RV,
where N > 1 is an integer. We assume that the probability transition kernel P, is
indexed by a scaling factor -y, which belongs to some interval (0,7p). The aim of
the paper is to analyze the long term behavior of the Markov chain in the regime
where 7 is small. The map

0y () = / L a.dy). (1)

assumed well defined for all z € RY, is called the drift or the mean field. The
Markov chain admits the representation

Tp41 = Tp + 'Yg'y(fcn) +vUn+1, (2)

(&) LTCI, Télécom ParisTech, Université Paris-Saclay, 75013, Paris, France

46, rue Barrault, 75634 Paris Cedex 13, France.

(2) ONRS / LIGM (UMR, 8049), Université Paris-Est Marne-la-Vallée

5, Blvd. Descartes, Champs-sur-Marne, 77454, Marne-la-Vallée Cedex 2. France.

E-mails: pascal.bianchi,adil.salim@telecom-paristech.fr,walid.hachem@u-pem.fr

(x) Corresponding author.

This work was supported by the Agence Nationale pour la Recherche, France, (ODISSEE project, ANR-
13-ASTR~0030) and by the Labex Digiteo-DigiCosme (OPALE project), Université Paris-Saclay.

ISSN: 1744-2508 print/ISSN 1744-2516 online
© 2009 Taylor & Francis

DOI: 10.1080/1744250Y Y XXXXXXXX
http://www.informaworld.com



November 18, 2019

cesses

revised 'dicst

18:56 Stochastics: An International Journal of Probability and Stochastic Pro-

2 Taylor € Francis and 1.T. Consultant

where U, 41 is a zero-mean martingale increment noise ¢.e., the conditional expec-
tation of U,41 given the past samples is equal to zero. A case of interest in the
paper is given by iterative models of the form:

Tpyl = Tp + ’Yh'y(gn—i-l; mn) s (3)

where (&,,n € N*) is a sequence of independent and identically distributed (iid)
random variables indexed by the set N* of positive integers and defined on a prob-
ability space = with probability law p, and {hy},c(,) is @ family of maps on
Z x RV — RY. In this case, the drift g~ has the form:

g (@) = / o (5, ) pu(ds) . (4)

Our results are as follows.

(1) Dynamical behavior. Assume that the drift g, has the form (4). Assume
that for p-almost all s and for every sequence ((7x, zx) € (0,70)xRY, k € N)
converging to (0, z),

hy, (8, 21) = H(s, 2)

where H (s, z) is a subset of RV (the Euclidean distance between h., (s, zx)
and the set H(s,z) tends to zero as k — o00). Denote by x,(t) the
continuous-time stochastic process obtained by a piecewise linear inter-
polation of the sequence z,,, where the points x,, are spaced by a fixed time
step v on the positive real axis. As v — 0, and assuming that H(s, ) is a
proper and upper semicontinuous (usc) map with closed convex values, we
prove that x, converges narrowly (in the topology of uniform convergence
on compact sets) to the set of solutions of the differential inclusion (DI)

(1) € / H (s, x(t) u(ds) (5)

where for every x € RY, [ H(s,z)u(ds) is the selection integral of H (-, z),
which is defined as the closure of the set of integrals of the form [ ¢du
where ¢ is any integrable function such that ¢(s) € H(s,x) for p-almost
all s.

(2) Tightness. As the iterates are not a priori supposed to be in a compact
subset of RV, we investigate the issue of stability. We posit a verifiable
Pakes-Has minskii condition on the Markov chain (z,,). The condition en-
sures that the iterates are stable in the sense that the random occupation
measures

1 n
Ap = ”“kz_oé” (n € N)

(where ¢, stands for the Dirac measure at point a), form a tight family
of random variables on the Polish space of probability measures equipped
with the Lévy-Prokhorov distance. The same criterion allows to establish
the existence of invariant measures of the kernels P,, and the tightness of
the family of all invariant measures, for all v € (0,7p). As a consequence
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of Prokhorov’s theorem, these invariant measures admit cluster points as
v — 0. Under a Feller assumption on the kernel P,, we prove that every
such cluster point is an invariant measure for the DI (5). Here, since the
flow generated by the DI is in general set-valued, the notion of invariant
measure is borrowed from [18].

(3) Long-run convergence. Using the above results, we investigate the be-
havior of the iterates in the asymptotic regime where n — oo and, next,
~ — 0. Denoting by d(a, B) the distance between a point a € F and a
subset B C F, we prove that for all € > 0,

- RN
%in lim sup " Z Prob (d(z,BC) > ¢) =0, (6)

where BC is the Birkhoff center of the flow induced by the DI (5), and
Prob stands for the probability. We also characterize the ergodic behavior
of these iterates. Setting x,, = n%rl > r—o Tk, we prove that

lim lim sup Prob (d(Z,,, co(Lay)) >¢€) =0, (7)

720 nooo

where co(Lay) is the convex hull of the limit set of the averaged flow asso-
ciated with (5) (see Section 4.4).

(4) Applications. We investigate several application scenarios. We consider
the problem of non-convex stochastic optimization, and analyze the con-
vergence of a constant step size proximal stochastic gradient algorithm. The
latter finds application in the optimization of deep neural networks [23]. We
show that the interpolated process converges narrowly to a DI, which we
characterize. We also provide sufficient conditions allowing to characterize
the long-run behavior of the algorithm (see also [27]). Second, we explain
that our results apply to the characterization of the fluid limit of a system
of parallel queues. The model is introduced in [3, 20]. Whereas the narrow
convergence of the interpolated process was studied in [20], less is known
about the stability and the long-run convergence of the iterates. We show
how our results can be used to address this problem. As a final example, we
explain how our results can be used in the context of monotone operator
theory, in order to analyze a stochastic version of the celebrated proximal
point algorithm. The algorithm consists in replacing the usual monotone
operator by an iid sequence of random monotone operators. The algorithm
has been studied in [11, 12] in the context of decreasing step size. Our
analysis provide the tools to characterize its behavior in a constant step
regime.

Paper organization. In Section 2, we introduce the application examples. In Sec-
tion 3, we briefly discuss the literature. Section 4 is devoted to the mathematical
background and to the notations. The main results are given in Section 5. The
tightness of the interpolated process as well as its narrow convergence towards the
solution set of the DI (Th. 5.1) are proven in Section 6. Turning to the Markov
chain characterization, Prop. 5.2, who explores the relations between the cluster
points of the Markov chains invariant measures and the invariant measures of the
flow induced by the DI, is proven in Section 7. A general result describing the
asymptotic behavior of a functional of the iterates with a prescribed growth is pro-
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vided by Th. 5.3, and proven in Section 8. Finally, in Section 9, we show how the
results pertaining to the ergodic convergence and to the convergence of the iterates
(Th. 5.4 and 5.5 respectively) can be deduced from Th. 5.3. Finally, Section 10 is
devoted to the application examples. We prove that our hypotheses are satisfied.

2. Examples

Example 2.1 Non-convex stochastic optimization. Consider the problem
minimize E¢(¢(¢,2)) +r(z) wrt 2 € RY, (8)

where £(&,-) is a (possibly non-convex) differentiable function on RY — R in-
dexed by a random variable (r.v.) &, E¢ represents the expectation w.r.t. £, and
r : RY — R is a convex function. The problem typically arises in deep neural
networks [30, 32]. In the latter case, x represents the collection of weights of the
network, £ represents a random training example of the database, and ¢(§,x) is
a risk function which quantifies the inadequacy between the sample response and
the network response. Here, r(x) is a regularization term which prevents the oc-
curence of undesired solutions. A typical regularizer used in machine learning is
the ¢;-norm ||z||; that promotes sparsity or generalizations like || Dz||;, where D is
a matrix, that promote structured sparsity. A popular algorithm used to find an
approximate solution to Problem (8) is the proximal stochastic gradient algorithm,
which reads

Tny1 = Prox,, (v, — YVe(Eny1,2n)), 9)

where (§,,n € N*) are i.i.d. copies of the r.v. &, where V represents the gradient
w.r.t. parameter x, and where the proximity operator of r is the mapping on

RY — RY defined by

prox., : x +— arg min (yr(y) + M )
" yeRN 2
The drift g, has the form (4) where h(§,z) = ’Y_l(proxw(x — V¢, ) — x) and

1 represents the distribution of the r.v. £&. Under adequate hypotheses, we prove
that the interpolated process converges narrowly to the solutions to the DI

X(t) € =VaEe(€(&,x(t))) — or(x(t)) ,
where Or represents the subdifferential of a function r, defined by
or(x) := {u e RV . Yy € RV, r(y) > r(x) + (u,y — x}}

at every point € R™. We provide a sufficient condition under which the iter-
ates (9) satisfy the Pakes-Has minskii criterion, which in turn, allows to character-
ize the long-run behavior of the iterates.

Example 2.2 Fluid limit of a system of parallel queues with priority. We consider
a time slotted queuing system composed of N queues. The following model is
inspired from [3, 20]. We denote by y* the number of users in the queue k at time
n. We assume that a random number of Affb 11 € N users arrive in the queue k at
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time n+ 1. The queues are prioritized: the users of Queue k can only be served if all
users of Queues £ for £ < k have been served. Whenever the queue k is non-empty
and the queues ¢ are empty for all £ < k, one user leaves Queue k with probability
n, > 0. Starting with y§ € N, we thus have

k _ .k k k
Yn+1 = Yn + An+1 - Bn+1ﬂ{yfb>07yfﬁlz--.:y}l:o} )

where Bﬁ 11 is a Bernoulli r.v. with parameter 7, and where 1g denotes the indi-
cator of an event S, equal to one on that set and to zero otherwise. We assume that
the process ((AL,..., AN B} ... BN) n € N*) is iid, and that the random vari-
ables AF have finite second moments. We denote by )\ := E(AX) > 0 the arrival
rate in Queue k. Given a scaling parameter v > 0 which is assumed to be small,
we are interested in the fluid-scaled process, defined as wfl = 'yyﬁ. This process is
subject to the dynamics:

Tpi1 =T+ Y Appr = Bria Lo ab 1o o) - (10)

The Markov chain z,, = (z1,...,2)) admits the representation (2), where the drift
g~ is defined on ANV and is such that its k-th component glj(ac) is

g,];(x) =\ — nkﬂ{xk>0, xh—l=...=21=0} » (11)
for every k € {1,...,N} and every z = (x!,...,2") in YN Introduce the vector
ug = (A1, Ak—1, Ak — ks Met1, - - -, Ay) for all k. Let Ry := [0, +00), and define
the set-valued map on Rﬁ

 fw if 2 > 0
He) = {Co(ub...,uk) ifz! =... =21 =0and 2¥ >0, 12)

where co is the convex hull. Clearly, g (z) € H(z) for every x € yN¥. In [20, § 3.2,
it is shown that the DI x(t) € H(x(¢)) has a unique solution. Our results imply the
narrow convergence of the interpolated process to this solution, hence recovering a
result of [20]. More importantly, if the following stability condition

N

Zﬁa (13)

iy Tk

holds, our approach allows to establish the tightness of the occupation measure
of the iterates x,, and to characterize the long-run behavior of these iterates. We
prove that in the long-run, the sequence (z;,) converges to zero in the sense of (6).
The ergodic convergence in the sense of (7) can be also established with a small
extra effort.

Example 2.3 Random monotone operators. As a second application, we consider
the problem of finding a zero of a maximal monotone operator A : RN — oR™.

Find z s.t. 0 € A(z). (14)

We recall that a set-valued map A : RV — 28" is said monotone if for every
z, y in RV, and every u € A(z), v € A(y), (u — v,z —y) > 0. The domain
and the graph of A are the respective subsets of RY and RY x RY defined as
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dom(A) := {z € RN : A(z) # 0}, and gr(A) := {(x,y) € R¥N xRN : y € A(z)}.
We denote by zer(A) := {x € RV : 0 € A(x)} the set of zeroes of A. The operator
A is proper if dom(A) # (). A proper monotone operator A is said maximal if
its graph gr(A) is a maximal element in the inclusion ordering. Denote by I the
identity operator, and by A~! the inverse of the operator A, defined by the fact
that (z,y) € gr(A™!) & (y,2) € gr(A). It is well know that A is maximal monotone
if and only if, for all v > 0, the resolvent := (I +~A)~! is a contraction defined on
the whole space (in particular, it is single valued).

Problem (14) arises in several applications such as convex optimization, varia-
tional inequalities, or game theory. The celebrated prozimal point algorithm [28]
generates the sequence (u,,n € N) defined recursively as u,11 = (I + yA) " (uy).
The latter sequence converges to a zero of the operator A, whenever such a zero
exists. Recent works (see [12] and references therein) have been devoted to the
special case where the operator A is defined as the following selection integral

Ale) = [ Als,a)n(ds).

where 1 is a probability on = and where {A(s,-),s € E} is a family of maximal
monotone operators. In this context, a natural algorithm for solving (14) is

Tn+1 = (I + VA(&%H? ))_l(xn) (15)

where (&,,n € N*) is an iid sequence of r.v. whose law coincides with p. The
asymptotic behavior of (15) is analyzed in [11] under the assumption that the step
size 7 is decreasing with n. On the other hand, the results of the present paper
apply to the case where v is a constant which does not depend on n. Here, the
drift g, has the form (4) where the map —h(s,z) = v 1(z — (I +~vA(s, )" (z))
is the so-called Yosida reqularization of the operator A(s,-) at . As v — 0, it is
well known that for every x € dom(A(s,)), —h(s,x) converges to the element of
least norm in A(s,-) [4]. Thanks to our results, it can be shown that under some
hypotheses, the interpolated process converges narrowly to the unique solution to
the DI

ﬂwe—/Awmmmw» (16)

and, under the Pakes-Has’minskii condition, that the iterates x,, converge in the
long run to the zeroes of A.

3. About the Literature

When the drift g, does not depend on v and is supposed to be a Lispchitz continu-
ous map, the long term behavior of the iterates z,, in the small step size regime has
been studied in the treatises [5, 6, 10, 15, 22] among others. In particular, narrow
convergence of the interpolated process to the solution of an Ordinary Differential
Equation (ODE) is established. The authors of [19] introduce a Pakes-Has’minskii
criterion to study the long-run behavior of the iterates.

The recent interest in the stochastic approximation when the ODE is replaced
with a differential inclusion dates back to [7], where decreasing steps were con-
sidered. A similar setting is considered in [17]. A Markov noise was considered in
the recent manuscript [31]. We also mention [18], where the ergodic convergence is
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studied when the so called weak asymptotic pseudo trajectory property is satisfied.
The case where the DI is built from maximal monotone operators is studied in [11]
and [12].

Differential inclusions arise in many applications, which include game theory
(see [7, 8], [29] and the references therein), convex optimization [12], queuing the-
ory or wireless communications, where stochastic approximation algorithms with
non continuous drifts are frequently used, and can be modelled by differential in-
clusions [20].

Differential inclusions with a constant step were studied in [29]. The paper [29]
extends previous results of [9] to the case of a DI. The key result established in [29]
is that the cluster points of the collection of invariant measures of the Markov chain
are invariant for the flow associated with the DI. Prop. 5.2 of the present paper
restates this result in a more general setting and using a shorter proof, which we
believe to have its own interest. Moreover, the so-called GASP model studied by
[29] does not cover certain applications, such as the ones provided in Section 2, for
instance. In addition, [29] focusses on the case where the space is compact, which
circumvents the issue of stability and simplifies the mathematical arguments. How-
ever, in many situations, the compactness assumption does not hold, and sufficient
conditions for stability need to be formulated. Finally, we characterize the asymp-
totic behavior of the iterates (z,) (as well as their Cesard means) in the doubly
asymptotic regime where n — oo then v — 0. Such results are not present in [29].

4. Background

4.1 General Notations

The notation C(E, F') is used to denote the set of continuous functions from the
topological space E to the topological space F'. The notation Cy(FE) stands for the
set of bounded functions in C'(E,R). We use the conventions sup() = —oco and
inf ) = +oo. Notation |z stands for the integer part of x.

Let (E,d) be a metric space. For every x € E and S C E, we define d(z,S) =
inf{d(z,y) : y € S}. We say that a sequence (z,,,n € N) on E converges to S, noted
Xy —p S or simply z, — S, if d(z,,S) tends to zero as n tends to infinity. For
e > 0, we define the e-neighborhood of the set S as S; := {x € E : d(x,S) < €}. The
closure of S is denoted by S, and its complementary set by S¢. The characteristic
function of S is the function 1g : E — {0,1} equal to one on S and to zero
elsewhere.

Let £ = R for some integer N > 1. We endow the space C(R, E) with the
topology of uniform convergence on compact sets. The space C(R, E) is metrizable
by the distance d defined for every x,y € C(R4, E) by

d(x,y) =) 27" (1 A Sup] [Ix(t) — Y(t)l) : (17)

neN telo,n

where || - | denotes the Euclidean norm in FE.

4.2 Random Probability Measures

Let E denote a metric space and let #(E) be its Borel o-field. We denote by M (E)
the set of probability measures on (F,%Z(F)). The support supp(v) of a measure
v € M(FE) is the smallest closed set G such that v(G) = 1. We endow M (E) with
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the topology of narrow convergence: a sequence (v, n € N) on M(E) converges to a
measure v € M(E) (denoted v, = v) if for every f € Cp(E), vp(f) = v(f), where
v(f) is a shorthand for [ f(z)v(dz). If E is a Polish space, M(FE) is metrizable by
the Lévy-Prokhorov distance, and is a Polish space as well. A subset G of M(E)
is said tight if for every € > 0, there exists a compact subset K of E such that for
all v € G, v(K) > 1 — e. By Prokhorov’s theorem, G is tight if and only if it is
relatively compact in M(E).

We denote by d, the Dirac measure at the point ¢« € FE. If X is a random
variable on some measurable space (2,.%#) into (E,%(E)), we denote by dx :
Q — M(E) the measurable mapping defined by dx(w) = dx (). If A: (2, F) —
(M(E), B(M(FE))) is a random variable on the set of probability measures, we
denote by EA the probability measure defined by (EA)(f) := E(A(f)), for every

feCy(E).

4.3 Set-Valued Mappings and Differential Inclusions

A set-valued mapping H : £ = F is a function on E into the set 2 of subsets
of F. The graph of H is gr(H) := {(a,b) € E x F' : y € H(a)}. The domain of H
is dom(H) := {a € E : H(a) # 0}. The mapping H is said proper if dom(H) is
non-empty. We say that H is single-valued if H(a) is a singleton for every a € E
(in which case we handle H simply as a function H: E — F).

Let H: E = E be a set-valued map on E = RY, where N is a positive integer.
Consider the differential inclusion:

x(t) € H(x(t)) . (18)

We say that an absolutely continuous mapping x : R4 — FE is a solution to the
differential inclusion with initial condition a € E' if x(0) = a and if (18) holds for
almost every ¢t € R;. We denote by

dy: FE = C(Ry, E)

the set-valued mapping such that for every a € E, ®y(a) is set of solutions to (18)
with initial condition a. We refer to @y as the evolution system induced by H. For
every subset A C E, we define ®4(A) = (J,c4 PH(a).

A mapping H : E = F is said upper semi continuous (usc) at a point ay € F
if for every open set U containing H(ag), there exists n > 0, such that for every
a € E, |la— apl| < n implies H(a) C U. It is said usc if it is usc at every point [1,
Chap. 1.4]. In the particular case where H is usc with nonempty compact convex
values and satisfies the condition

de >0, Va € E, sup{[|b]| : b € H(a)} < (1 + |al]) (19)

then, dom(®y) = E, see e.g. [1], and moreover, ®y(E) is closed in the metric space

(C(Ry4, E), d).

4.4 Invariant Measures of Set-Valued Evolution Systems

Let (E,d) be a metric space. We define the shift operator © : C(R4,E) —
C(R4,C(R4, E)) s.t. for every x € C(R4, E), O(x) : t — x(t + ).

Consider a set-valued mapping ® : £ = C(R4, E). When & is single-valued
(i.e., for all a € FE, ®(a) is a continuous function), a measure 7 € M(FE) is called
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an invariant measure for ®, or ®-invariant, if for all ¢ > 0, 7 = 7P, 1 where
&, : E — E is the map defined by ®:(a) = ®(a)(t). For all ¢ > 0, we define the
projection p; : C(R4, E) — E by p(x) = x(¢).

The definition can be extended as follows to the case where ® is set-valued.

Definition 4.1: A probability measure 7 € M(FE) is said invariant for ® if there
exists v € M(C(R4, E)) s.t.

(i) supp(v) C ®(E);

(ii) v is O-invariant;

(iif) vpy = 7.

When @ is single valued, both definitions coincide. The above definition is bor-
rowed from [18] (see also [24]). Note that ®(FE) can be replaced by ®(E) whenever

the latter set is closed (sufficient conditions for this have been provided above).
The limit set of a function x € C'(R4, E) is defined as

Ly := [ x([t, +00)) .

>0

It coincides with the set of points of the form lim,, x(¢,) for some sequence t,, — cc.
Consider now a set valued mapping ® : £ = C(R4, E). The limit set Lg(q) of a
point a € E for ® is

and Lo = J,cp Lo A point a is said recurrent for @ if a € Ly (q). The Birkhoff
center of ® is the closure of the set of recurrent points

BCs := {CLE E :ac€ Ld)(a)}~

The following result, established in [18] (see also [2]), is a consequence of the cele-
brated recurrence theorem of Poincaré.

Proposition 4.2: Let ® : E = C(R4, E). Assume that ®(E) is closed. Let
m € M(E) be an invariant measure for ®. Then, m(BCg) = 1.

We denote by Z(®) the subset of M(FE) formed by all invariant measures for ®.
We define

I (®) = {m € M(M(E)) : VA € BM(E)), I(®) C A = m(A) =1} .

We define the mapping av : C(Ry, E) — C(R4, E) by

av(x) : t — 1/0 x(s)ds,

and av(x)(0) = x(0). Finally, we define av(®) : £ = C(R4+, E) by av(®)(a) =
{av(x) : x € ®(a)} for each a € E.

4.5 The Selection Integral

Let (2,9, 1) denote an arbitrary probability space. For 1 < p < oo, we denote by
LP(2,9, u; E) the Banach space of the measurable functions ¢ : = — E such that
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J llelPdp < oo. For any set-valued mapping G : E =% E, we define the set

S¢ = {p € LAE, G, 1 E) : p(€) € G(E) p—ae}.

Any element of 61G is referred to as an integrable selection. If 65 # (), the mapping
G is said to be integrable. The selection integral [25] of G is the set

/Gd,u::{/ggodu : goeeg}.

5. Main Results

5.1 Dynamical Behavior

From now on to the end of this paper, we set E := R™ where N is a positive
integer. Choose vy > 0. For every v € (0,79), we introduce a probability transition
kernel P, on E x A(E) — [0,1]. Let (£,¥, 1) be an arbitrary probability space.

(RM). There exist a ¥ ® B(F)/%(E)-measurable map hy : = x E — E and
H : = x E = FE such that:
i) For every z € E,

/y;va(a:,dy) = /hy(s,w)u(dS)-

ii) For every s p-a.e. and for every converging sequence (un,7,) — (u*,0) on
E x (0770)7

he, (s, un) — H(s,u").
iii) For all s p-a.e., H(s,) is proper, usc, with closed convex values.
iv) For every z € E, H(-,z) is pu-integrable. We set H(z) := [ H(s,z) pu(ds).
v) For every T' > 0 and every compact set K C E,

sup{||x(¢)|| : t € [0,T],x € Pn(a),a € K} < o0.

vi) For every compact set K C E, there exists ex > 0 such that

y — 1+6K
sup sup /H Py(z,dy) < o0, (20)
€K 0<y<vo v
sup sup /\hv(s,w)\lﬁk p(ds) < oo (21)
ze K 0<v<7vo

Assumption i implies that the drift has the form (1). As mentioned in the intro-
duction, this is for instance useful in the case of iterative Markov models such as
(3). Assumption v requires implicitly that the set of solutions ®y(a) is non-empty
for any value of a. It holds true if, e.g., the linear growth condition (19) on H is
satisfied.

On the canonical space Q := EN equipped with the o-algebra .7 := Z(FE)®N,
we denote by X : Q — EN the canonical process defined by X, (w) = w,, for every
w = (wg, k € N) and every n € N, where X,,(w) is the n-th coordinate of X (w). For
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every v € M(FE) and v € (0,7p), we denote by P*7 the unique probability measure
on (,.7) such that X is an homogeneous Markov chain with initial distribution v
and transition kernel P,. We denote by E**7 the corresponding expectation. When
v = 6, for some a € E, we shall prefer the notation P%Y to P97,

The set C(R4, F) is equipped with the topology of uniform convergence on
the compact intervals, who is known to be compatible with the distance d de-
fined by (17). For every 7 > 0, we introduce the measurable map on (Q,.%) —
(C(Ry, E),#Z(C(R4, E))), such that for every z = (z,,n € N) in Q,

Xo(@) st = wpe) + @y = [E/7 ) (@20 —2)2)).

The random variable X, will be referred to as the linearly interpolated process. On
the space (C(R4, E), Z(C(R4, E))), the distribution of the r.v. X, is P”*VX;l.

Theorem 5.1:  Suppose that Assumption (RM) is satisfied. Then, for every com-
pact set K C E, the family {P“’VX;1 ca € K,0<~vy <} is tight. Moreover, for
every € > 0,

sup P*7 (d(X,, Py(K)) >e) — 0.
aeK =0

5.2 Convergence Analysis

For each v € (0,70), we denote by
I(Py) :={mre M(E) : m=7P,}

the set of invariant probability measures of P,. Letting P = {P,,0 < v < 7o}, we
define Z(P) = U, ¢(0,4,) Z(P). We say that a measure v € M(E) is a cluster point
of Z(P) as v — 0, if there exists a sequence 7; — 0 and a sequence of measures
(mj,5 € N) s.t. m; € Z(P,,) for all j, and 7; = v.

We define

#(P,) = {m € M(M(E)) : supp(m) C Z(P,)},

and I (P) = U, ¢(0,4,) 7 (P5). We say that a measure m € M(M(E)) is a cluster
point of #(P) as v — 0, if there exists a sequence 7; — 0 and a sequence of
measures (mj,j € N) s.t. m; € Z(P,,) for all j, and m; = m.

Proposition 5.2:  Suppose that Assumption (RM) is satisfied. Then,
i) As vy — 0, any cluster point of Z(P) is an element of Z(Py);
it) Asy — 0, any cluster point of .7 (P) is an element of .7 (Py).
In order to explore the consequences of this proposition, we introduce two sup-

plementary assumptions. The first is the so-called Pakes-Has’'minskii tightness cri-
terion, who reads as follows [19]:

(PH). There exists measurable mappings V : E — [0,+00), ¥ : E — [0,+00)
and two functions a : (0,7v9) — (0, 400), 8: (0,7) — R, such that

B(7)

sup —= < o0 and lim ¢(x) = +o0,
7e(0.70) (V) | —-+o0
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and for every v € (0,7),
PV <V —a()v+B(7).

We recall that a transition kernel P on E x #(E) — [0,1] is said Feller if the
mapping Pf : z — [ f(y)P(x,dy) is continuous for any f € Cy(E). If P is Feller,
then the set of invariant measures of P is a closed subset of M(FE). The following
assumption ensures that for all v € (0,v9), P, is Feller.

(FL). For every s € =, v € (0,70), the function h.(s,-) is continuous.

Theorem 5.3: Let Assumptions (RM), (PH) and (FL) be satisfied. Let ¢ and
V' be the functions specified in (PH). Let v € M(E) s.t. v(V) < oo. Let U =
UﬂeI(q)) supp(w). Then, for all e > 0,

. 1
lim sup

n—oo T +1 v—0

D PUA(Xe U) > e) — 0, (22)
k=0
Let N' € N* and f € C(E,RN"). Assume that there exists M >0 and ¢ : RN —
Ry such that lim ) o w(a)/||al| = 0o and

Va c B, ¢(f(a)) < M(1+¢(a)). (23)

Then, the set Sy :={m(f) : m € Z(Pn) and 7(|| f(-)||) < oo} is nonempty. For all
n €N, v € (0,7%), the r.v.

is P¥7Y-integrable, and satisfies for all € > 0,

limsup d(E"7(F,),Sf) — 0, (24)
n—00 7—0

limsup P (d(F,,Sf) >¢) — 0. (25)
n—o00 v—0

Theorem 5.4: Let Assumptions (RM), (PH) and (FL) be satisfied. Assume that
Oy (E) is closed. Let v and V' be the functions specified in (PH). Let v € M(E)
s.t. v(V) < oco. Assume that

v

lall=so0 [lall
For alln € N, define X, := %H > p—o Xk . Then, for all e > 0,

limsup d (EV’W(Yn) ’CO(Lav(CP))) —0,
v—0

n—o0

limsup P (d(YH,CO(La‘,(@))) > 5) — 0,

n—00 ¥—0

where co(S) is the convex hull of the set S.
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Theorem 5.5: Let Assumptions (RM), (PH) and (FL) be satisfied. Assume that
Oy(E) is closed. Let v and V be the functions specified in (PH). Let v € M(E)
s.t. v(V)) < co. Then, for all e > 0,

> P (d(Xy,BCg) > e) — 0.

n—oo N +1 =0 7—0

6. Proof of Theorem 5.1

The first lemma is a straightforward adaptation of the convergence theorem |1,
Chap. 1.4, Th. 1, pp. 60]. Hence, the proof is omitted. We denote by Ar the
Lebesgue measure on [0, 7.

Lemma 6.1: Let {F¢ : £ € E} be a family of mappings on E = E. Let T > 0
and for all n € N, let uy, : [0,T] = E, v, : E X [0,T] — E be measurable maps
w.r.t B([0,T)) and G @ B([0,T)) respectively. Note for simplicity L' = L*(Z x
[0,7],9 @ A([0,T]), p @ Ar;R). Assume the following.

i) For all (&,t) p® Ap-a.e., (un(t),vn(&,t)) —n gr(Fe).

it) (un) converges Ap-a.e. to a function u:[0,T] — E.

iii) For allm, v, € L' and converges weakly in L' to a function v : Zx[0,T] — E.
iv) For all & p-a.e., F¢ is proper upper semi continuous with closed convex values.

Then, for all (§,t) p® Ap-a.e., v(&,t) € Fe(u(t)).

Given T'> 0 and 0 < 0 < T, we denote by
w! (8) = sup{ [x(t) = x(s)[| : [t — 5| < 8, (t,5) € [0,T]2}

the modulus of continuity on [0,T] of any x € C(R4, E).

Lemma 6.2: For alln € N, denote by Jn F the o-field generated by the r.v.
{X),0 <k <n}. Forally € (0,%), define Z | =~ ' (Xn41— Xp). Let K C E
be compact. Let {P*7,a € K,0 < v <7} be a family of probability measures on
(Q, F) satisfying the following uniform integrability condition:

- At
sup B (12111 z54) = 0. (26)

neN*,ac K,v€(0,7o)

Then, {]5“’7X§1 ca € K,0 <~y <9} is tight. Moreover, for any T > 0,e > 0,

n

Z k+1 _EM Z +1|=/k))

sup P*" ( max
k=

acK 0<n< |_ J

>5> 2% 0. (27)

Proof: We prove the first point. Set T > 0, let 0 < § < T', and choose 0 < s <
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t<Tst.t—s<9. Let y€(0,7) and set n := L%j, m:= |2 ]. For any R >0,

[1X5(8) =X () \<72 IZN + &/ = )l Znga |+ ((m+ 1) = s/ )1 25,44l

k=m+2
n+1
<Aty —s/NR+7 Y NZI 7k -
k=m+1

Recalling that t — s < ¢ and using Markov inequality, we obtain

[T]+1
PO ({z s wl (8) > e}) <P [ v Y 12012155 > € — 0R
k=1

supgen- B (12011275 r)
e—0R ’

< (T + )

provided that Rd < e. Choosing R = £/(26) and using the uniform integrability,

sup ~ PTIX7 Yo wl () > e}) &= 200,

aeK,0<y<v0

As {PCWX 1po ,0 < v < 70,a € K} is obviously tight, the tightness of
{]—T"WX_1 a€ K,0<~vy <} follows from [13 Theorem 7. 3]

We prove the second point. We define M, := >0 (2, — E*V(Z], || F)).
We introduce

a,7,< . _ Rayy Y aT
Moyt = Znp Yz, 1<k — B (Zn+11||zz+1||s1%\fn>

and we define 7,/ ’7’

of the above equatlon. Clearly, for all a € K, M| nn’_z’l + nn’%> Thus,

in a similar way, by replacing < with > in the right hand side

Y IMEL] < NISErE 1+ 1Sei |

’% =) Onk’% and Sn’_:’l is defined similarly. Under P%?, the

random processes SS and S¥7> are Z,-adapted martingales. Defining qy =
L%J + 1, we obtain by Doob’s martingale inequality and by the boundedness of the

where S,

increments of S27'S that

_ E’a;y(HSa,’YKH) E’a,'y(HSa,%<H2)1/2 )
a,y a,7,< < 9y < Iy < /
P <12r711a<}§1'y 1521 > E) € € EIYR h

and the right hand side tends to zero uniformly in a € K as v — 0. By the same
inequality,

— 2 n
pa ay,> <z E&Y (1| Z7]|1 R) -
(1271?2; 15wl > 8) o ngfykseul\lla* (H ¢l 120> )

Choose an arbitrarily small § > 0 and select R as large as need in order that the
supremum in the right hand side is no larger than £§/(2T + 2vp). Then the left
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hand side is no larger than d. Hence, the proof is concluded. O

For any R > 0, define hy g(s,a) := hy(s,a)1l|q<g- Let Hg(s,z) := H(s, ) if
|lz|| < R, {0} if ||z]| > R, and E otherwise. Denote the corresponding selection
integral as Hgr(a) = [ Hg(s,a) p(ds). Define 7p(x) := inf{n € N : ||z,|| > R} for
all x € 2. We also introduce the measurable mapping Bp : {2 — €, given by

BR(x) N xn]ln<‘ra(z) + xTR(x)]anTR(x)

for all z € 2 and all n € N.

Lemma 6.3: Suppose that Assumption (RM) is satisfied. Then, for every com-
pact set K C E, the family {P‘WBI}IX;l,'y € (0,7),a € K} is tight. Moreover,
for every e > 0,

sup P*7 B! [d(Xy, Py, (K)) > ] — 0.
acK 7—0

Proof: We introduce the measurable mapping M, g : Q — EN st. for all x € Q,
M, r(z)(0) := 0 and

Mo @) () 1= (70 = 20) =7 Y [ s )
k=0

—

= > (Thg1— ) — V/hw,R(ka)M(dS)
k=0

for all n € N*. We also introduce the measurable mapping G, r : C(R4,E) —
C(R4, E) s.t. for all x e C(Ry, E),

Gn)(®) 1= [ [ honloxtaluf)) (s du.

We first express the interpolated process in integral form. For every z € EN and
t>0,

t
Xy (@)(t) :«’L’o+/0 v (@41 — 2pe) du.

We have the decomposition

n—1
=m0ty / o (5, 2)(ds) + My, p()(n).
k=0

Then, interpolating,
Xy(x) = x9+ Gy g o Xy(z) + Xy 0 My r(x). (28)
The uniform integrability condition (26) is satisfied when letting P®7 :=

P®7BL'. First, note that Br(z)(n + 1) = Bg(z)(n) + (#nt1 — Tn)Lyy(z)>n and
that 7r(z) > n < ||Br(z)(n)|| < R = z, = Br(x)(n). Note also that, w.r.t (%#,),
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Tr(X) is a stopping time and Br(X) is adapted. Then, using (RM)-i),

Xn+1 - Xn

E* (v Y (Br(X)(n + 1) — Br(X)(n))|Z,) = E* ( :

]]‘TR(X)>TL‘§H>

~rpon [ L (X )

= Loy [ (s Xa)n(ds)

— Lpymin | (s Ba(X)(n)a(ds)
— [ (s, Br(O) (s,

Moreover,

ar |[BRX)(n+1) = Br(X)(n) |7 | X1 — X ||1FF
gl v
].JrGK
y—X
:Ea,’y/H - n Pfy(Xnady)]er(an
1+€K

Py (X, dy) 1 x, <R

1+€K
Py(z,dy).

<Eav'Y/Hy_Xn
N Y

M=
< sup
lz|<R 7

The condition (26) follows from hypothesis (20). Thus, Lemma 6.2 implies that for
alle >0and T > 0,

sup P*" ( max || My gr(z)(n+1)| > 5) 25,
acK OSTLSL%J

It is easy to see that for all x € Q, the function X, o M, r(x) is bounded on every
compact interval [0, 7] by maxy<,<|z [|M,,r(z)(n + 1)||. This in turns leads to:

sup PV (||Xy 0 My glloor > €) === 0, (29)
acK

where the notation ||| 7 stands for the uniform norm of x on [0, 7.

As a second consequence of Lemma 6.2, the family {P‘WX; L0 <y <v,ac
K} is tight. Choose any subsequence (an,7,) s.t. v, — 0 and a, € K. Us-
ing Prokhorov’s theorem and the compactness of K, there exists a subsequence
(which we still denote by (an,7n)) and there exist some a* € K and some
v € M(C(Ry, E)) such that a, — a* and P7"XJ! converges narrowly to v.
By Skorokhod’s representation theorem, we introduce some r.v. z, {x,,n € N} on
C(R4, E) with respective distributions v and pa"’V"Xj}, defined on some other
probability space (€,.%#',P’) and such that d(x,(w),z(w)) — 0 for all w € Q.
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By (28) and (29), the sequence of r.v.

xn = Xn(0) = Gy, R(xn)

converges in probability to zero in (€, #',P’), as n — oo. One can extract a
subsequence under which this convergence holds in the almost sure sense. Therefore,
there exists an event of probability one s.t., everywhere on this event,

2(t) - +hm// %0 (/7)) i ds) du (v > 0).

n—oo

where the limit is taken along the former subsequence. We now select an w s.t. the
above convergence holds, and omit the dependence on w in the sequel (otherwise
stated, z and x,, are treated as elements of C(R4, F) and no longer as random
variables). Set T' > 0. As (x,,) converges uniformly on [0, 7], there exists a compact
set K’ (which depends on w) such that x, (v, |t/vn]) € K’ for all t € [0,T], n € N.
Define

Un(s,t) := h%,R(&Xn('Yn Lt/')’nj)) .

By Eq. (21), the sequence (v,,n € N) forms a bounded subset of L!T¢x" :=
Lire (2 x [0,T),9 @ B([0,T)), n ® Ar; E). By the Banach-Alaoglu theorem, the
sequence converges weakly to some mapping v € £17¢x" along some subsequence.
This has two consequences. First,

—|-/0 /Ev(s,u) p(ds)du, (Vte0,T]). (30)

Second, for p ® Ap-almost all (s,t), v(s,t) € Hg(s,z(t)). In order to prove this
point, remark that, by Assumption (RM),

vn(s,t) = Hp(s,z(t))

for almost all (s,t). This implies that the couple (xn(yn|t/Vn]), vn(s,t)) converges
to gr(Hg(s,-)) and the second point thus follows from Lemma 6.1. By Fubini’s
theorem, there exists a negligible set of [0,77] s.t. for all ¢ outside this set, v(-,t)
is an integrable selection of Hr(-,z(t)). As H(-,x) is integrable for every = € E,
the same holds for Hr. Equation (30) implies that z € &y, (K). We have shown
that for any sequence ((an,vn),n € N) on K x (0,70) s.t. v, — 0, there exists a
subsequence along which, for every ¢ > 0, P4 Bl (d(X,,, ®n,(K)) > ) — 0.
This proves the lemma. U

End of the proof of Theorem 5.1.

We first prove the second statement. Set an arbitrary 7' > 0. Define dr(x,y) := ||z —
Ylloo,r- It is sufficient to prove that for any sequence ((an,vn),n € N) s.t. v, — 0,
there exists a subsequence along which P (dp(X,,, ®y(K)) > ) — 0. Choose
R > Ry(T), where Ry(T) := sup{||x(¢)|| : t € [0,T],x € Py(a),a € K} is finite by
Assumption (RM). It is easy to show that any x € @y, (K) must satisfy ||x||cor <
R. Thus, when R > Ry(T), any x € &y, (K) is such that there exists y € &y(K)
with dr(x,y) = 0 i.e., the restrictions of x and y to [0, T'] coincide. As a consequence
of the Lemma 6.3, each sequence (ay,y,) chosen as above admits a subsequence



November 18, 2019 18:56 Stochastics: An International Journal of Probability and Stochastic Pro-
cesses revised 'dicst

18 Taylor € Francis and 1.T. Consultant

along which, for all € > 0,
P (dp(X,, © Br, PH(K)) >¢) = 0. (31)

The event dp(X, o Br,Xy) > 0 implies the event [|X, o Bgl|/cs,r > R, which in
turn implies by the triangular inequality that Ro(7") + dr (X, o Br, PH(K)) > R.
Therefore,

P (dp(Xy, © Br,Xy,) > €) < P(dr(Xy, o Br,®u(K)) > R— Ro(T)). (32)

By (31), the right hand side converges to zero. Using (31) again along with the
triangular inequality, it follows that P*7(dp(X,, , ®u(K)) > €) — 0, which proves
the second statement of the theorem.

We prove the first statement (tightness). By [13, Theorem 7.3], this is equivalent
to showing that for every T' > 0, and for every sequence (an,7,) on K x (0,7),
the sequence (Pa"W"X;nlpO_ 1) is tight, and for each positive € and 7, there exists
§ > 0 such that limsup,, P*7 X1 ({z : wl'(8) > ¢e}) <.

First consider the case where v, — 0. Fixing T' > 0, letting R > Ry(T') and
using (32), it holds that for all e > 0, P (dp(X,, 0Bg,X,,) > €) —y 0. Moreover,
we showed that P n B}ng;nl is tight. The tightness of (Pam%X;nlpa 1 follows.
In addition, for every x,y € C(R4, E), it holds by the triangle inequality that
wl'(6) < wg(é) + 2dp(x,y) for every § > 0. Thus,

P Xt ({a wl () >e}) < Pa"’%BélX;}({x cwl(0) > /2})
+ P (dr (X, 0 Br, Xy,) > €/4),
which leads to the tightness of (P%+7X_1) when ~, — 0.

It remains to establish the tightness when liminf,, v, > n > 0 for some 1 > 0.
Note that for all v > 7,

. (0) < 26 .
Wxr(2)(0) < k:g,ﬁ%ﬁjﬂ”xk”

There exist ng such that for all n > ng, v, > n which implies by the union bound:

T /n)+1
Po X ({x:wl (8) > e}) < > Pl(a,B(0,(20) 7)),
k=0

where B(0,7) C E stands for the ball or radius r and where Pf stands for the
iterated kernel, recursively defined by

Pha) = [ Pr(adn)PE () (3)

and P(a,-) = d,. Using (20), it is an easy exercise to show, by induction, that
for every k € N, Pf(a,B(O,T)C) — 0 as r — oo. By letting § — 0 in the above
inequality, the tightness of (P“"’V"X;nl) follows.
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7. Proof of Proposition 5.2

To establish Prop. 5.2-i, we consider a sequence ((m,,7vn),n € N) such that
™ € Z(Py,), v7o» — 0, and (m,) is tight. We first show that the sequence
(v = P”"’%X;nl, n € N) is tight, then we show that every cluster point of (vy,)
satisfies the conditions of Def. 4.1.

Given € > 0, there exists a compact set K C F such that inf,, m,(K) > 1 —¢/2.
By Th. 5.1, the family {P“’”V"X;"1 , a € K,n € N} is tight. Let C be a compact set
of C(Ry, E) such that infoex nen P‘W"X;n1 (C) > 1 — /2. By construction of the
probability measure P77 it holds that P™(.) = [, P%"(-) m,(da). Thus,

vn(C) > /K P XN (C) ma(da) > (1 —£/2)> > 1 -,

which shows that (vy,) is tight.

Since T, = vppy ! and since the projection pg is continuous, it is clear that
every cluster point 7 of Z(P) as v — 0 can be written as m = Upal, where v is
a cluster point of a sequence (v,). Thus, Def. 4.1-ii is satisfied by 7 and v. To
establish Prop. 5.2-i, we need to verify the conditions i and ii of Definition 4.1.
In the remainder of the proof, we denote with a small abuse as (n) a subsequence
along which (v,,) converges narrowly to v.

To establish the wvalidity of Def. 4.1-i, we prove that for every n > 0,
Un((PH(E))y) — 1 as n — oo; the result will follow from the convergence of (vy,).
Fix € > 0, and let K C E be a compact set such that inf, m,(K) > 1 —e. We have

Un((u(E))y) = P (d(X,,, Bu(E)) < 1)
> P (d(X,,, Bu(K)) < 1)
> [ Pk, @) < ) o (da)
K

> (1 —¢) inf PP (d(X,,, Pp(K)) < 7).

aeK

By Th. 5.1, the infimum at the right hand side converges to 1. Since € > 0 is
arbitrary, we obtain the result.

It remains to establish the O-invariance of v (Condition ii). Equivalently, we need
to show that

/ F) v(dx) = / £ 0 0u(x) v(dx) (34)

for all f € Cy(C(R4, E)) and all ¢ > 0. We shall work on (v,,) and make n — oo.
Write 1, :=t — 7, [t/vn]. Thanks to the P, —invariance of 7, Oy, (X(7n [t/ +-))
and O(x) are equal in law under v, (dx). Thus,

/f © O4(x) vn(dx) = /f © Oy, (X(Yult/vn] ++)) vn(dx)
= /f 0 Oy, (x) vy (dx). (35)

Using Skorokhod’s representation theorem, there exists a probability space
(', F,P’') and random variables (x,,n € N) and X over this probability space,
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with values in C'(R4, E), such that for every n € N, the distribution of X, is vy,
the distribution of x is v and P’-a.s,

d(;(na ;() —>n—>+oo 07

i.e, (Xp) converges to X as n — oo uniformly over compact sets of R. Since
T —n—s+oo 0, P'-a.s, d(©y, (Xn),X) —rn—s+o00 0. Hence,

[ o000 —— [ 16ud.

Recalling Eq. (35), we have shown that [ f o ©(x) vy (dx) — J f o 0¢(x) v(dx).

Since [ f(x) vy (dx) — [ f(x) v(dx), the identity (34) holds true. Prop. 5.2 is
proven.

We now prove Prop. 5.2-ii. Consider a sequence ((my,,7,),n € N) such that
m, € J(P,,), 7n» — 0, and m,, = m for some m € M(M(E)). Since the space
M(E) is separable, Skorokhod’s representation theorem shows that there exists a
probability space (Q',. %', P’), a sequence of ' — M(FE) random variables (A;,)
with distributions m,,, and a Q" — M(F) random variable A with distribution m
such that A,(w) = A(w) for each w € Q. Moreover, there is a probability one
subset of €' such that A,(w) is a P,, ~invariant probability measure for all n and
for every w in this set. For each of these w, we can construct on the space (EN,.7)
a probability measure P27 as we did in Sec. 5.1. By the same argument as
in the proof of Prop. 5.2, the sequence (PA"(‘”)’V"X;:,n € N) is tight, and any
cluster point v satisfies the conditions of Def. 4.1 with A(w) = vpal. Prop. 5.2 is
proven.

8. Proof of Theorem 5.3

8.1 Technical lemmas
Lemma 8.1: Given a family {K;,j € N} of compact sets of E, the set
U:={ve M(E) : ¥j e N,v(K;)>1-277}

is a compact set of M(E).

Proof: The set U is tight hence relatively compact by Prokhorov’s theorem. It
is moreover closed. Indeed, let (v,,n € N) represent a sequence of U s.t. v, = v.
Then, for all j € N, v(Kj;) > limsup,, v,(K;) > 1 — 277 since K; is closed. O

Lemma 8.2: Let X be a real random vartable such that X < 1 with probability
one, and EX >1—¢ for somee > 0. Then P[X > 1—/e] > 1— /.

Proof: 1 —¢ < EX < EXTy ;s +EXlys, z< (1—vE)(1-PX >1-
Ve]) + P[X > 1 — y/e]. The result is obtained by rearranging. O

For any m € M(M(E)), we denote by e(m) the probability measure in M(FE)
such that for every f € Cy(E),

e(m): f— /V(f)m(du).
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Otherwise stated, e(m)(f) = m(7y) where Ty : v — v(f).

Lemma 8.3: Let L be a family on M(M(E)). If {e(m) : m € L} is tight, then
L is tight.

Proof: Let € > 0 and choose any integer k s.t. 27*T1 < . For all j € N, choose
a compact set K; C E s.t. for all m € £, e(m)(K;) > 1 —27% . Define U as the
set of measures v € M(E) s.t. for all j >k, v(K;) > 1—279. By Lemma 8.1, U is
compact. For all m € £, the union bound 1mphes that

m(E\U) < im{v v( <1-277}
j=k

By Lemma 82, m{r : v(K;) > 1 — 277} > 1 — 277, Therefore, m(E\U)
D27 = 27k+1 < ¢ This proves that £ is tight.

m  OIA

Lemma 8.4: Let (m,,n € N) be a sequence on M(M(E)), and consider m
M(M(E)). If my, = m, then e(m,) = e(m).

Proof: For any f € Cy(F), Tf € Co(M(E)). Thus, m,(T;) — m(T5). O

When a sequence (m,,n € N) of M(M(FE)) converges narrowly to m €
M(M(E)), it follows from the above proof that mn’7}_1 = 1117}_1 for all bounded
continuous f. The purpose of the next lemma is to extend this result to the case
where f is not necessarily bounded, but instead, satisfies some uniform integrability
condition. For any vector-valued function f, we use the notation || f|| := ||f(-)||-

Lemma 8.5: Let f € C(E,RYN') where N' > 1 is an integer. Define by T} :
M(E) — R the mapping s.t. T¢(v) := v(f) if v(||f]]) < oo and equal to zero
otherwise. Let (m,,n € N) be a sequence on M(M(E)) and let m € M(M(E)).
Assume that m,, = m and

A sup e(mn) (113 7>5) = 0. (36)

Then, v(]|f]|) < oo for all v m-a.e. and m,ﬂ;fl = 1117;?1

Proof: By Eq. (36), e(m)(||f|]) < oo. This implies that for all v m-a.e., v(||f]|) <
o0. Choose h € Cy(RYN') s.t. h is L-Lipschitz contlnuous We must prove that
mn7}_1( ) — m’7}_1( ). By the above remark, m7} = [h(v (v), and by

Eq (36), mn'T_ = [ h(v(f))dm,(v). Choose ¢ > 0 By Eq. (36)7 there exists
Koy > 0s.t. for all K > Ko, sup, e(m,) (|| f||1)5>x) < &. For every such K, define

the bounded function fr € C(E,RN") by frx(z) = f(x)(1 A K/||f(x)|). For all
K > Ky, and for all n € N,

Ty ) = ma T 0] < [ () = (i) dma )
<L / v(1f — fcl)dmn(v)
<L [ w1ty ) v) < Le.

By continuity of Ty, , it holds that mn7};1(h) — m7};1(h). Therefore, for every
K > Ky, limsup,, |mn7}_l(h) — m7}:{1(h)] < Le. As v(||f]]) < oo for all v m-a.e.,
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the dominated convergence theorem implies that v(fx) — v(f) as K — oo, m-
a.e. As h is bounded and continuous, a second application of the dominated con-
vergence theorem 1mphes that [ h(v fK))dm — [ h(v(f))dm(v), which reads
m7}K( ) = mT; L(h). Thus, limsup,, mn T L(n ) w7, ( )| < Le. As a conse-

quence, mn7}71(h) — m771(h) as n — oo, which completes the proof. O

8.2 Narrow Cluster Points of the Empirical Measures

Let P : E x #B(F) — [0,1] be a probability transition kernel. For v € M(E), we
denote by P** the probability on (£2,.%) such that X is an homogeneous Markov
chain with initial distribution v and transition kernel P.

For every n € N, we define the measurable mapping A,, : @ — M(E) as

M) = —— 35, (37)

n—i—lk:O

for all = (z1 : k € N). Note that
EYPA, = —— Z vP*.

where E¥FPA, = e(P” PA-D), and PF stands for the iterated kernel, recursively
defined by P¥(z,-) = [ P(z,dy)P* (y,-) and P°(x,-) = 6.

We recall that J (P) represents the subset of M(M(FE)) formed by the measures
whose support is included in Z(P).

Proposition 8.6: Let P : E x B(E) — [0,1] be a Feller probability transition
kernel. Let v € M(E).

(1) Any cluster point of {EV"F'A,,, n € N} is an element of Z(P).
(2) Any cluster point of {PV"FA,t, n € N} is an element of ¥ (P).

Proof: We omit the upper script »*. For all f € Cy(E), EA,(Pf) —EA,(f) — 0.
As P is Feller, any cluster point 7 of {EA,,, n € N} satisfies 7(Pf) = m(f). This
proves the first point.

For every f € Cp(E) and x € Q, consider the decomposition:

Pf(xn) — f(z0)
n+1 '

An(2)(Pf) = An(x)

Pf (k) — f(Tht1)) +
k:

Using that f is bounded, Doob’s martingale convergence theorem implies that the
sequence < Z_é kY Pf(Xy)— f(XkH))) converges a.s. when n tends to infinity.

By Kronecker’s lemma, we deduce that Z;é(Pf(Xk) — f(Xg41)) tends a.s.

to zero. Hence,

n+1

Ay(Pf)—Ap(f) = 0 as. (38)

Now consider a subsequence (A, ) which converges in distribution to some r.v.
A as n tends to infinity. For a fixed f € Cy(E), the mapping v — (v(f ) v(Pf))
on M(R) — R? is continuous. From the mapping theorem, Ay, (f) — Ay, (Pf)
converges in distribution to A(f)—A(Pf). By (38), it follows that A(f)—A(Pf) =0
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on some event £ € # of probability one. Denote by Ci(E) C Cy(E) the set
of continuous real-valued functions having a compact support, and let Cx(E) be
equipped with the uniform norm || - ||s. Introduce a dense denumerable subset S
of Ci(F). On the probability-one event £ = Nycs€y, it holds that for all f € S,
A(f) = AP(f). Now consider g € Ci(E) and let € > 0. Choose f € S such that
If — glleo < e. Then, almost everywhere on &, |[A(g) — AP(g)| < [A(f) — A(g)| +
|AP(f)—AP(g)| < 2e. Thus, A(g)—AP(g) = 0 for every g € C(FE). Hence, almost
everywhere on &, one has A = AP. O

8.3 Tightness of the Empirical Measures

Proposition 8.7: Let P be a family of transition kernels on E. Let V : E —
[0,4+00), ¥ : E — [0,400) be measurable. Let o : P — (0,400) and 5 : P — R.

Assume that suppep% < o0 and Y(x) — oo as ||z]| — oco. Assume that for
every P € P,

PV <V —a(P))+ B(P).

Then, the following holds.

i) The family Upcp Z(P) is tight. Moreover, sup czp) m(¢) < +00.
i) For every v € M(E) s.t. v(V) < oo, every P € P, {E¥TA,,, n € N} is tight.
Moreover, sup,,ex VT A, (1) < oo

Proof: For each P € P, PV is everywhere finite by assumption. Moreover,

znjp’f“v < ijpkv —a(P) znjp’w +(n+1)8(P).
k=0 k=0

k=0

Using that V' > 0 and a(P) > 0,

1 & % 1%
n—l—lkzop = a(P)(n+1)

+c,

where ¢ := suppcp (P)/a(P) is finite. For any M > 0,

1 &, 1 &,
n_i_lkZZ()P(@ZJAM)g(mZPw)/\M

k=0

§<a(mg/n+1)+c>/\M. (39)

Set m € Z(P), and consider P € P such that 7 = wP. Inequality (39) implies that
for every n,

ﬂWAM)SW((a(HE/MH)AM) .

By Lebesgue’s dominated convergence theorem, 7(¢) A M) < c. Letting M — oo
yields 7(¢)) < ¢. The tightness of Z(P) follows from the convergence of 1)(x) to oo
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as ||z|| = oo. Setting M = 400 in (39), and integrating w.r.t. v, we obtain

EV’PAn(z/J) < V(V)

SrDame) ¢

which proves the second point. O
Proposition 8.8: We posit the assumptions of Prop. 8.7. Then,

(1) The family S (P) := Upep & (P) is tight;
(2) {P*"FAY, n € N} is tight.

Proof: For every m € #(P), it is easy to see that e(m) € Z(P). Thus, {e(m) :
m € Z(P)} is tight by Prop. 8.7. By Lemma 8.3, .#(P) is tight. The second
point follows from the equality E¥FA,, = e(P*»TA-1) along with Prop. 8.7 and
Lemma 8.3. O

8.4 Main Proof

By continuity of h,(s,-) for every s € =, v € (0,70), the transition kernel P, is
Feller. By Prop. 8.7 and Eq. (23), we have sup,, E7A,,(¢ o f) < oo which, by de
la Vallée-Poussin’s criterion for uniform integrability, implies

A sup BT AL ([ f[L) k) = 0. (40)
—00 n

In particular, the quantity EV7A,,(f) = E*7(F),) is well-defined.

We now prove the statement (24). By contradiction, assume that for some
d > 0, there exists a positive sequence ; — 0, such that for all j € N,
limsup,, .o, d(E"A,(f),Sf) > . For every j, there exists an increasing se-

quence of integers (7, n € N) converging to 400 s.t.
Vi, d <Evm A (f) ,sf> >4, (41)

By Prop. 8.7, the sequence (E*7 A%,n € N) is tight. By Prokhorov’s theorem and
Prop. 8.6, there exists 7; € Z(P,,) such that, as n tends to infinity, E* Ay =
along some subsequence. By the uniform integrability condition (40), m;(||f||) < oo
and E"VA , (f) — m;(f) as n tends to infinity, along the latter subsequence. By
Eq. (41), for all j € N, d(m;(f),Sf) = §. By Prop. 8.7, supczpy m(¢)) < +o0.
Since p o f < M(1+ 1), de la Vallée-Poussin’s criterion again implies that

sup (|| f11)p>r) < 00 (42)
T€L(P)

Also by Prop. 8.7, the sequence (7;) is tight. Thus 7; = 7 along some subsequence,
for some measure m which, by Prop. 5.2, is invariant for ®y. The uniform integra-
bility condition (42) implies that 7 (|| f||) < oo (hence, the set Sy is non-empty) and
7j(f) = 7(f) as j tends to infinity, along the above subsequence. This shows that
d(m(f),Sf) > 0, which is absurd. The statement (24) holds true (and in particular,
Sy must be non-empty).

The proof of the statement (22) follows the same line, by replacing f with
the function 1;-. We briefly explain how the proof adapts, without repeating all
the arguments. In this case, Sy,,. is the singleton {0}, and Equation (41) reads
EYA, (US) > 6. By the Portmanteau theorem, lim sup,, E¥% Ay (UE) < mi(Ue)
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where the lim sup is taken along some subsequence. The contradiction follows from
the fact that limsup m;(US) < m(UE) = 0 (where the limsup is again taken along
the relevant subsequence).

We prove the statement (25). Assume by contradiction that for some (other)
sequence y; — 0, limsup,,_,., P"7% (d(An(f),Sf) >€) > 0. For every j, there
exists a sequence (¢4, n € N) s.t.

Vn, PY (d (A% (f) ,5f> > s) >4, (43)

By Prop. 8.8, (P”"YJ'A;},n € N) is tight, one can extract a further subsequence

(which we still denote by ((pfl) for simplicity) s.t. P A;g converges narrowly to
a measure m; as n tends to infinity, which, by Prop. 8.6, satisfies m; € #(P,,).
Noting that e(P* A;g;l) = E"VA , and recalling Eq. (40), Lemma 8.5 implies that
V' (|If]l) < oo for all v/ mj-a.e., and P”’VJ'A;%’G_I = mﬂ}_l, where we recall that
T (V) =V (f) for all V' s.t. V(|| f]|) < 0o. As (Sy)¢ is a closed set,

m; Ty ((87)2) 2 lm sup P2 AT H((S7)z)
— Jim sup P* (d (A@% f) ,Sf) > a) >4,

By Prop. 8.7, (m;) is tight, and one can extract a subsequence (still denoted by
(m;)) along which m; = m for some measure m which, by Prop. 5.2, belongs to
S (®y). For every j, e(m;) € Z(P,,). By the uniform integrability condition (42),
one can apply Lemma 8.5 to the sequence (m;). We deduce that /(|| f||) < oo for
all v/ m-a.e. and mﬂ?l = m7}71. In particular,

T (S)9) = limsupm, 77 (Sp)9) > 0.
J
Since m € .#(®y), it holds that m7}_1((8f)§) = 0, hence a contradiction.

9. Proofs of Theorems 5.4 and 5.5

9.1 Proof of Theorem 5.4

In this proof, we set L = Ly (g) to simplify the notations. It is straightforward
to show that the identity mapping f(z) = x satisfies the hypotheses of Th. 5.3
with ¢ = 1. Hence, it is sufficient to prove that Sy is a subset of ¢6(L), the closed
convex hull of L. Choose g € Sy and let ¢ = [ zdr(z) for some 7 € Z(®) admitting
a first order moment. There exists a O-invariant measure v € M(C(R4, E)) s.t.
supp(v) C ®(E) and vp, ' = 7. We remark that for all ¢ > 0,

q=v(po) = v(pr) = v(proav), (44)

where the second identity is due to the shift-invariance of v, and the last one
uses Fubini’s theorem. Again by the shift-invariance of v, the family {p;,t > 0}
is uniformly integrable w.r.t. v. By Tonelli’s theorem, sup,.qv(||p: o av||ls) <
sup;so U(||pt]|1s) for every S € #B(C(R+, E)). Hence, the family {p; o av,t > 0}
is v-uniformly integrable as well. In particular, {p; o av,t > 0} is tight in
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(C(Ry, E),B(C(R+, E)),v). By Prokhorov’s theorem, there exists a sequence
tn, — oo and a measurable function g : C(R4, E) — E such that p; o av con-
verges in distribution to g as n — co. By uniform integrability, v(p;, o av) — v(g).
Equation (44) finally implies that

q=v(g).

In order to complete the proof, it is sufficient to show that g(x) € L for every x
v-a.e., because ¢o(L) C co(L). Set € > 0 and > 0. By the tightness of the r.v.
(pt, o av,n € N), choose a compact set K such that v(p;, o av) 1 (K¢) < § for all

C .
n. As L. is an open set, one has

vg (L") < limwv(py, oav) (L) < limwv(py, oav) N (LN K) +4.
n n

Let x € ®(£) be fixed. By contradiction, suppose that 17—, (pz, (av(x))) does not
converge to zero. Then, p;, (av(x)) € L. N K for every n along some subsequence.
As K is compact, one extract a subsequence, still denoted by t,, s.t. py, (av(x))
converges. The corresponding limit must belong to the closed set L¢, but must also
belong to L by definition of x. This proves that 1r.nx(ps, o av(x))) converges to
zero for all z € ®(E). As supp(v) C ®(E), 1 (pt, 0av) converges to zero v-a.s.

By the dominated convergence theorem, we obtain that vg~'(L.") < . Letting
—C

§ — 0 we obtain that vg~1(L. ) = 0. Hence, g(x) € L for all x v-a.e. The proof is
complete.

9.2 Proof of Theorem 5.5
Recall the definition I/ := Uﬂez(q,) supp(m). By Th. 5.3, for all € > 0,

lim sup EV7A,, (US) —— 0,
v—0

n—oo

where A,, is the random measure given by (37). By Theorem 4.2, supp(w) C BCsy
for each m € Z(®). Thus, U, C (BCsp).. Hence, lim sup,, E¥"7A,,(((BCg):)¢) — 0 as
~ — 0. This completes the proof.

10. Applications

In this section, we return to the Examples 2.1 and 2.2 of Section 2.

10.1 Non-Convex Optimization

Consider the algorithm (9) to solve problem (8) where {: Ex E - R, r: E - R
and £ is a random variable over a probability space (€2,.7,P) with values in the
measurable space (2,%) and with distribution p. Assume that £(¢, -) is continuously
differentiable for every & € Z, that (-, z) is u-integrable for every x € E and that r
is a convex and lower semicontinuous function. We assume that for every compact
subset K of F, there exists ex > 0 s.t.

sup / ||V€(s,:17)\|1+eKu(ds) < 00. (45)
zeK
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Define L(x) := E¢(¢(§, x)). Under Condition (45), it is easy to check that L is dif-
ferentiable, and that VL(z) = [ V{(s, z)p(ds). From now on, we assume moreover
that VL is Lipschitz continuous. Condition (45) and the Lipschitz continuity of VL
are satisfied under the following assumption : there exists ¢ > 0 such that V(¢ -) is
C(¢)-Lipschitz continuous for p-a.e s, where C'(£)!¢ is u-integrable and there ex-
ists o, € E such that || V(£ z4)||'T¢ is p-integrable. Note that Lipschitz conditions
of this type are usually unavoidable regarding the so-called explicit part (or forward
part) of the proximal gradient algorithm (9). Letting H (s, x) := —V{(s,z) — 0r(x),
it holds that H (-, x) is proper, p-integrable and usc [26], and that the corresponding
selection integral H(x) := [ H (s, z)u(ds) is given by

H(z) = =VL(z) — dr(z) .

By [16, Theorem 3.17, Remark 3.14], for every a € E, the DI x(t) € H(z(t)) admits
a unique solution on [0, +00) s.t. x(0) = a.

Now consider the iterates x, given by (9). They satisfy (3) where hy(s,z) :=
v~ H(prox,,.(# — yVi(s,z)) — x). We verify that the map h, satisfies Assumption
(RM). Let us first recall some known facts about proximity operators. Using [4,
Prop. 12.29], the mapping = ~— v~ '(x — prox,(z)) coincides with the gradient
Vr, of the Moreau enveloppe 7, :  +— ming, r(y) + ||y — z||?. By [4, Prop. 23.2],
Vry(x) € dr(prox.,,.(z)), for every x € E. Therefore,

hy(s,x) = =Vry(x —yVi(s,x)) — VI(s, ) (46)
€ —0r(prox.,. (v —YVL(s,1))) — VI(s, 1)

€ —0r(x —yhy(s,z)) — VL(s,x) (47)
In order to show that Assumption (RM)-ii) is satisfied, we need some estimate on

|hy(s,z)||. Using Eq. (46) and the fact that Vr, is v~ !-Lipschitz continuous (see
[4, Prop. 12.29]), we obtain that

1 (s, 2)|| < 1V ()] 4 2[[VE(s, 2)|
<10 (@)l + 2(VE(s, )], (48)

where 9°r(x) the least norm element in Jr(z) for every x € E, and where the
last inequality is due to [4, Prop. 23.43]. As d°r is locally bounded and Jr is usc,
it follows from Eq. (47) that Assumption (RM)-ii) is satisfied. The estimate (48)
also yields Assumption (RM)-vi). As a conclusion, Assumption (RM) is satisfied.
In particular, the statement of Th. 5.1 holds.

To show that Assumption (PH) is satisfied, we first consider the so-called
Kurdyka-Lojasiewicz (KL) inequality. The general (KL) inequality is used in [14]
to study descent methods in optimization, including the proximal gradient algo-
rithm. The inequality (49) below can be shown to be an instance of the general
(KL) inequality and is used in [21] to rederive some results of [14]. Assume that L
is differentiable with a C-Lipschitz continuous gradient. Denote

C
Dpy(z,C) := =2Cmin |(VL(z),y = 2) + 5 [ly = 2 + r(y) - r(2)
y

Consider § > 0, the papers [14, 21] consider problems where the following inequality
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holds : for every x € E,
1
§DL’7«(1’, C) > B(L+7r)(x)—min(L+r)]. (49)

In our stochastic setting, we consider a stochastic version of inequality (49) : for
every x € E|

5 [ Do (02 ) a9 = 1L+ (@) < minz ). (50)

for all v < 5. Note that inequality (50) is satisfied if for every s € E, (s, ) and
r satisfy inequality (49) with constant §. In the sequel, we assume that for every
x € E, the random variable ||{(x,&)|| is square integrable and denote by W (z) its
variance.

Proposition 10.1:  Assume that (50) holds, that v < 5 and that
B(L(x) +r(x)) = W(Z) — |z +00 T00-

Then (PH) is satisfied.

Proof: Using (sub)differential calculus, it is easy to show that for every n € N,

1
@ +7hy(s,2) = argmin |[(VL(s,z),y — z) + o~ [ly — z[|* +r(y) —r(2)] .
yEE 2y

Since VL is C-Lipschitz continuous, recalling that W%C -3< -3,

(L4 1)@ +7hs (5,2)) = L@ +7hs (5,2)) + 7(2) + (2 + 7ho(5,2)) — r(2)
< (L+7)(@) + (VL) vho(5,2)) + ;Y\wws,m)\?

+(5 - 5 ) P + a4 2ty 5,2 — r(2)

< (L 1)(@) + (V85 2). e (5,2) + 51 (s,)
+ (VL(z) — VL(s,x),vhy(s,2)) + r(z + vhy(s,2)) — r(x)
LGl

< (L+1)(@) = 5 Dygoy r(@,1/7) = Ty (s,2) 2
— (VA(s,2) = VL(x), by (5.2)). (51)

Using [(a,b)| < [|la]|? + 1[|b]|* in the last inner product, we finally have

(Ltr)(z+7hy(s,2)) < (L+T)($)_%D£(s,-),r(x7 1/7)+Ve(s, 2)=VL()[*. (52)
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Integrating with respect to u, we obtain

/ (L + 1) + vy (5, 2))p(ds) < (L +7)(x) + 2 (2)

=78 ((L+7)(z) —min(L +7)).

Finally, the condition (PH) is satisfied with a(y) = v, B(y) =0,V = L +1r —
min L 4+ r and ¢ = gV — W.
]

Note that the assumptions of Proposition 10.1 are satisfied if (50) holds, L(z) +
7(Z) —*||z]|>+o0c 00 and the "variance” function W is bounded.

Besides, the condition (FL) is naturally satisfied.

10.2 Fluid Limit of a System of Parallel Queues

We now apply the results of this paper to the dynamical system described in
Example 2.2 above. For a given v > 0, the transition kernel P, of the Markov
chain (z,,) whose entries are given by Eq. (10) is defined on 7NV x 29", This
requires some small adaptations of the statements of the main results that we keep
confined to this paragraph for the paper readability. The limit behavior of the
interpolated process (see Theorem 5.1) is described by the following proposition,
which has an analogue in [20]:

Proposition 10.2: For every compact set K C RN, the family {P“’VX;l,a €
KNAyNYN 0 < v < v} is tight. Moreover, for every e > 0,

sup P (d(Xy, Px(K)) >e) — 0,
a€KNyNN 7—0

where the set-valued map H is given by (12).

Proof: To prove this proposition, we mainly need to check that Assumption (RM)
is verified. We recall that the Markov chain (z,) given by Eq. (10) admits the rep-
resentation (2), where the function g, = (g%, . ,gév) is given by (11). If we set
hy(s,x) = gy(z) (the fact that g, is defined on YN* instead of RY is irrelevant),
then for each sequence (uy,,y,) — (u*,0) with u, € v,NV and 2* € Rf , it holds
that g,, (un) = H(u*). Thus, Assumption (RM)-i) is verified with H(s,z) = H(x).
Assumptions (RM)—ii) to (RM)-iv) are obviously verified. Since the set-valued map
H satisfies the condition (19), Assumption (RM)-v) is verified. Finally, the finite-
ness assumption (20) with ex = 2 follows from the existence of second moments
for the A®, and (21) is immediate. The rest of the proof follows word for word the
proof of Theorem 5.1. O

The long run behavior of the iterates is provided by the following proposition:

Proposition 10.3: Let v € M(RY) be such that v(|| - ||*) < oco. For each v > 0,
define the probability measure v, on NN s

vy (it iz, - yin}) = V(31— 1/2,010 4+ 1/2] x -+ x Alin = 1/2,ix +1/2]).
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If Condition (13) is satisfied, then for all € > 0,

1 n
lim su P77 (d(X),0) >¢e) —— 0.
n—)oop n+1k20 ( ( k )_ )’Y—m

To prove this proposition, we essentially show that the assumptions of Theo-
rem 5.5 are satisfied. In the course of the proof, we shall establish the existence
of the (PH) criterion with a function 1 having a linear growth. With some more
work, it is possible to obtain a (PH) criterion with a faster than linear growth for
1, allowing to obtain the ergodic convergence as shown in Theorem 5.4. This point
will not be detailed here.

Proof: Considering the space yYN¥ as a metric space equipped with the discrete
topology, any probability transition kernel on yN¥ x 2N g trivially Feller. Thus,
Proposition 8.6 holds when letting P = P, and v € M(yN"). Let us check that
Assumption (PH) is verified if the stability condition (13) is satisfied. Let

N

2

V:RY SRy, z=(.. . 2V)— (Z:v’“/nk) :
k=1

Given 1 < k,f < N, define f(z) = 2*z* on yN2. Using Eq. (10), the iid property
of the process ((AL,..., AN Bl ... BN) n € N) and the finiteness of the second
moments of the A¥, we obtain

(PWf)(x) < xklj - ka (7’1611{:1:‘5>07 rt-l=..=g1=0} — )\é)
92 (1L 0, phormmizey — XF) +92C,

where C is a positive constant. Thus, when z € YNV,

N N
(P,YV)(Q;) <V(x)—2y ka/nk Z (:ﬂ-{ml>0,ml*1:...:1120} - )‘6/776) + 7207
k=1 /=1

after modifying the constant C' if necessary. If  # 0, then one and only one of the
Dyyes0, zt-12.mg1—0} is equal to one. Therefore, (P,V)(z) < V() —yip(x) ++*C,
where

N N
i) =2(1= 3N /") Yot
=1 k=1

As a consequence, when Condition (13) is satisfied, the function v is coercive,
and one can straightforwardly check that the statements of Proposition 8.7-i) and
Proposition 8.7-ii) hold true under minor modifications, namely, |Jpcp Z(P) is
tight in M(RY), since Suprez(p) T(¥) < 400, where P = {Py} (). More-
over, for every v € M(RY) s.t. v(|| - |?) < oo and every P € P, {E"PA,,, v €
(0,70),n € N} is tight, since sup. e (g.,)nen EY Py Ay, (1)) < oo. We can now follow
the proof of Theorem 5.5. Doing so, all it remains to show is that the Birkhoff
center of the flow ®y is reduced to {0}. This follows from the fact that when Con-
dition (13) is satisfied, all the trajectories of the flow ®y converge to zero, as shown
in [20, § 3.2]. O
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