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A CLT FOR LINEAR SPECTRAL STATISTICS OF LARGE RANDOM
INFORMATION-PLUS-NOISE MATRICES

MARWA BANNA, JAMAL NAJIM, AND JIANFENG YAO

ABsTrACT. Consider a matrix Y, = ﬁxn + A,, where 0 > 0 and X,, = (zfj) is a N X n random

matrix with i.i.d. real or complex standardized entries and A,, is a N X n deterministic matrix with
bounded spectral norm. The fluctuations of the linear spectral statistics of the eigenvalues:

N
Trace f(YoY) = Z F(X\i), () eigenvalues of Y, Y,
i—1

are shown to be Gaussian, in the case where f is a smooth function of class C® with bounded support,
and in the regime where both dimensions of matrix Y,, go to infinity at the same pace.

The CLT is expressed in terms of vanishing Lévy-Prohorov distance between the linear statistics’
distribution and a centered Gaussian probability distribution, the variance of which depends upon N
and n and may not converge. The proof combines ideas from Bai and Silverstein [3], Hachem et al.
[18] and Najim and Yao [32].

1. INTRODUCTION

The model. Consider a N x n random matrix Y, = (y;;) given by:
o
Yn=—
vn
where o > 0 and X,, is a N x n matrix whose entries (z; ;4,j,n) are real or complex, independent and
identically distributed (i.i.d.) with mean 0 and variance 1. Matrix A, has the same dimensions and is

deterministic. Matrix Y,, is sometimes coined as "Information-plus-noise" type matrix in the literature.

The purpose of this article is to study the fluctuations of linear spectral statistics of the form:

Xn+An7

Tr f(YaY;) = Zf(m : (1.1)

where Tr (M) refers to the trace of M, the \;’s are the eigenvalues of Y,,Y;,, and f is a smooth function,
under the regime where the dimensions n and N = N(n) go to infinity at the same pace:

N,n— oo and 0 < liminfﬁ < limsupﬂ < 00. (1.2)
n n

This condition will simply be referred to as N,n — oo in the sequel.

Large information-plus-noise matrices, and more generally large non-centered random matrices, have
recently attracted a lot of attention. Under mild conditions over the moments of the entries of X,, and the
spectral norm of matrix A, the asymptotic behavior of the empirical distribution of Y, Y ’s eigenvalues
(also called spectral distribution of Y, Y;,) defined as:

* i, \i € B .

FYr¥n (B) = 7#{17 J\; € B} for B a Borel set in R, (1.3)
has been studied by Girko [16, chapter 7], Dozier and Silverstein [13], Hachem et al. [21], etc. Following
these results, various properties of the asymptotic spectrum were studied, see for instance [12, 29, 1, 8].

From an applied point of view, information-plus-noise matrices are versatile models in many contexts,
from Rice channels in wireless communication to noisy data and small rank perturbations [31, 15, 19, 20].

From a theoretical standpoint, hermitian non-centered models of the type
o o
—X, —zI —X,, —zI
(ﬁ " N) (ﬁ " N)
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are a key device to understand the spectrum of large N X N non-hermitian matrices %Xn via Girko’s
hermitization trick.

While fluctuations of functionals of large random covariance matrices have attracted a lot of attention,
see for instance [26, 25, 7, 17, 3, 22, 18, 33, 5, 11, 30, 34, 32] and the references therein, there seems to be
very few results (in fact one to the authors’ knowledge) for large information-plus-noise type matrices. In

the specific case of a non-centered matrix with a separable variance profile, i.e. ¥, = ﬁD}/QXnﬁ}L/Q +A,,

with Dy, D,, deterministic diagonal matrices, the fluctuations have been described for the specific functional
(known as the mutual information in wireless communications)

N
log det (I, + £, X7) = Y log (1 4+ Xi(E.37)) (1.4)

i=1
first at a physical level of rigor by Moustakas et al. [31] for complex Gaussian entries, then for general
entries by Hachem et al. in [18]. This shortage of results might be related to the fact that the addition of

a deterministic component A, to a large random matrix %Xn substantially increases the complexity of
the computations needed to establish the CLT. Equation (3.20) in [18] illustrates this fact.

Fluctuations and representation of linear spectral statistics. We now present the main object of
interest:

as N,n — oo. In the case where f is a function of class C**! with compact support, denote by Di(f) :

Ct — C its so-called almost analytic extension defined as ®x(f)(z + iy) = Z’;:O %f“) (z)x(y), where
x: R — RT is a smooth, compactly supported function with value 1 in the neighbourhood of 0 and
0 = 1(9. +10,). Helffer-Sjostrand’s formula yields that:

N

DOFICORD SEFICHEES S / 90 {Tr Qu(2) — TrBQu ()} £(d2) (L5)

i=1

where Q,(2) = (YnY — zIn)"" stands for the resolvent of Y, Y}, and ¢(dz) = dxdy for the Lebesgue
measure over CT. Tt is clear from (1.5) that in order to describe the fluctuations of L,(f), a natural
approach is to study the fluctuations of the process (Tr(Qn(z) — EQn(2)) ;2 € ') where I' C C is some
given compact set. In order to proceed, we define

M, (2) :=Tr Qn(z) — ETr Qn(2) (1.6)

and handle this term by martingale techniques, a strategy successfully applied in [3, 33, 22, 27, 18, 32, 5].

Entries with non-null fourth cumulant and a family of Gaussian random variables. It is well
known since the paper by Khorunzhiy et al. [28] that if the fourth moment of the entries differs from its
Gaussian counterpart, then other terms may appear in the variance of the trace of the resolvent, one being
proportional to the fourth cumulant s of the entries:

k=Elzh|* = 9> -2 where o =E(z})*. (1.7)

The same phenomenon will occur here but the convergence of these additional terms may fail to happen
under usual assumptions such as the convergence of the spectral distribution FA»AL of matrix ALA} to a
probability measure as N,n — oo.

As we shall see later, the reason for this lack of convergence lies in the fact that these additional terms
not only depend on the spectrum of A,, A%, but also on the spectrum of A, AT and on A,A%’s eigenvectors.
In order to avoid cumbersome assumptions enforcing the joint convergence of these quantities, we shall
express our fluctuation results in the same way as in [32] and prove that the distribution of the linear
statistics Ln(f) becomes close to a family of centered Gaussian distributions, whose variance might not
converge. Namely, we shall establish that there exists a Gaussian random variable N(0, ©,(f)) such that:

dep (Ln(f),N(0,04(f))) ——— 0, (1.8)

N,n—o0

where d;p denotes the Lévy-Prohorov distance (and in particular metrizes the convergence of laws).
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A simple expression for the variance (for real A, and real or circular x;;’s). We first introduce
some key quantities whose properties will be recalled and studied in Section 2. The following equations
admit a unique solution (,,0,) in the class of Stieltjes transforms of nonnegative measures with supports

8, and 8, in R (see for instance [21, 18], see also [16, Section 7.11]).
. - AnAar L
5n(z) = ETI‘ (72’(1 —+ O'(sn(Z))IN + m) e (C+ (1 9)
- . A*A, -1 o . .
Su(z) = ZTr (72(1 + 060 () + 1_+5T<>)
Associated to ¢,, and Sn are the N x N and n X n matrices:
- AAr )
Ta(2) i= (—2(1+ 08u()y + 2 ) = [t (2)] w10
~ A*A, -1 - ) .
Tn(2) = (—z(l + 060 (2))In + HT()) = [t (2)]
and the quantity }
sn(2) = 2(1 4+ 06, (2))(1 4 06n(2)) . (1.11)

With these quantities at hand, the variance O, (f) which appears in (1.8) takes a remarkably simple form,
to be compared with [3, Eq. (1.17)] and [32, Eq. (4.7)], if matrix A, is real and the x;;’s are real (¥ = 1)
or circular! (¥ = 0).

~

sn(x) — sn(y
sn (@) = sn(y)

:2:2 ZZ( s (@) (2 tii (2)25(2)) dx) . (L12)

i=1 j=1

onf) = IV / (@) f ()l dady

272

2
n

+

The quantities s, (z),ti(z),;;(x) are the limits of the corresponding quantities sn,ti,1;;, evaluated at
2z € C", as 2 — = € R. In the case where matrix A, is not real or ¥ ¢ {0, 1}, then the term proportional
to ¥ above is substantially more complicated.

While the heart of the computations needed to establish the CLT is a (substantial) variation of those
performed in [18], the identification of the variance is an important contribution of this article. In particular
one may notice that the quantity s, defined in (1.11) is central to express the variance in (1.12) while it
does not appear in the formula of the variance of the mutual information (1.4).

Organization of the paper. The main results of the paper are introduced in Section 2. Central Limit
Theorems are stated in Theorem 1 for the trace of the resolvent and in Theorem 2 for general linear
statistics. Simplified expressions for the variance are provided in Theorem 3. Sections 3 and 4 are devoted
to the proofs. Useful estimates are recalled in Appendix A.

2. STATEMENT OF THE CENTRAL LIMIT THEOREM

2.1. Notations and assumptions. Throughout the paper, i = /=1, RT = {z € R : = > 0} and

C* = {2z € C: Imz > 0}. Denote by =% (resp. 2 £>) the almost sure convergence (resp. in
probability, in distribution). Denote by diag(a:;1 < i < k) the k x k diagonal matrix whose diagonal
entries are the a;’s. Element (i, ) of the matrix M will be denoted by ms; or [M];;.

For a matrix M, denote by M its transpose, M* its Hermitian adjoint, M its entry-wise conjugate,
det(M) its determinant and vdiag(M) the vector whose entries are the diagonal elements (m;;). When
dealing with vectors and matrices, ||.|| refers to the Euclidean and the spectral norm respectively.

We shall denote by K a generic constant that does not depend on N,n but whose value may change
from line to line. Function 14 denotes the indicator function of the set A.

Notations u, = O(vy) and u, = o(v,) stand for the usual big O and little o notations when N,n — co.
We might also use O, or O, to underline the dependence of the constant in O on z or . If X,, and Y,, are
sequences of random variables, X,, = op(Yx) stands for the fact that there exists a sequence Z, such as
X, = Z,Y, and Z, converges to zero in probability.

Denote by dzp(P, Q) the Lévy-Prohorov distance between two probability measures P, Q defined as:

dep(P,Q) =inf{e > 0: P(A) < Q(A°) + ¢ for all Borel sets A C R%},

where A° is an e-blow up of A (see [0, Chapter 1, Section 6] for more details). If X and Y are random
variables with distributions £(X) and £(Y), we simply write (with a slight abuse of notations) dcp(X,Y)

1By circular, we mean that x;; has decorrelated real and imaginary part, each with the same variance 1/2, i.e. E|x;; |2 =
1 and ¥ = ]E(x.;j)2 =0.
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instead of dgp(L(X),L(Y)). It is well-known that the Lévy-Prohorov distance metrizes the convergence
in distribution (see for instance [14, Chapter 11]).

The set CF (R) denotes the class of functions with k continuous derivatives and compact support.

We now state the main assumptions of the article. Recall the fact that N = N(n) and the asymptotic
regime (1.2) where N,n — oo and denote by

N N
Cpi=—, c—:=liminf — and c¢4 :=limsup— .
n

Assumption 1. The random wvariables (z7; ; 1 < i < N(n),1 < j < n,n > 1) are real or complex,
independent and identically distributed (i.i.d.). They satisfy

Ez;; =0, Elz};* =1 and E|z}]" < oo .

Remark 2.1. The 16th moment assumption above could be relazed to an optimal 4th moment assumption
as in |3, 32], with extra work involving the improvement of some estimates from [23]. We do not pursue in
this direction here.

Associated to these moments are the quantities introduced in (1.7). We mention two important special
cases: The case where ¥ = 1 corresponding to real z;;’s and the case where ¥ = 0, corresponding to
complex x;;’s with decorrelated real and imaginary part of equal variance.

Assumption 2. The family of deterministic N X n complex matrices (Arn) is bounded for the spectral
norm:

Gmax = SHPHAnH < 0.
n>1

2.2. Resolvent, canonical equations and deterministic equivalents. Denote by Q,(z) and Q,(z)
the resolvents of matrices Y, Y, and Y Y,:

Qn(z) = (YnuY5 —2In)"" Qn(z) = (YiY, —2L) 7" . (2.1)

Their normalized traces %Tr Qn(z) and %Tr Qn(z) are respectively the Stieltjes transforms of the empirical
distribution of Y, Y;,’s eigenvalues and of Y, Y, s eigenvalues.

Recall the definition of the Stieltjes transforms 4, and Sn as solutions of the canonical equations (1.9)
and those of matrices T,, and Tp:

- N Anar 7! -
bu(z) = ZTr (—z(1+a5n(z))IN+m) = ZTrT,.(2) L ech
~ * —1 - ) .
bu(2) = ZTr (fz(1+aan(z))1n+%) = ZTrT,(2)

The measures associated to d, and &, have respective total masses given by

lim —iydn(dy) = ﬁa and  lim —iydn(iy) =0 .

y—00 n Yy—roo

Matrix Ty (z) defined in (1.10) is a deterministic equivalent of the resolvent Q, in the sense that for
z € C\R":

lTr(Qn(z) —Tn(z)) =220 and uiQuun —upTho, —>—0,
N N,n—o00 N,n—o0
where u, and v, are deterministic N x 1 vectors with uniformly bounded euclidian norms (in n), see for
instance [13, 23]. A symmetric result holds for Qn and T,,.
We will often drop the subscript n and when dealing with 8, &,, T,, and T,,, we may emphasize the
z-dependence by writing ., d-, T» and T. instead.

Remark 2.2. In the sequel, we will handle T, T., T! and T%. Beware that these quantities are a priori
different. Definition (1.10) yields

< AA* \ 7!
T-zr = (72(1+05Z)IN+TU5Z)

hence the identities T = Tz and T, = T;
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2.3. Expression of the variance and statement of the main results. In order to express the variance,
we need to introduce a number of auxiliary quantities. Let

2 * 2 2
o TrT,, AA*T,, o B o -
— =—TrT,, T, ~(z, =—TrT,,T,,. 2.2
n (1 621)(1 522) ) 7(21722) r 1 2 (Zl 22) n r 1 2 ( )

The following quantity will be instrumental in the sequel.

v(z1,22) =

An(z1,22) = (1 = v)? — 212277 . (2.3)
Consider now
2 o? TrTLAA*T.
t - 2 T t = — 2 L
v (Z17Z2) - TLTrTZlTZZ ) v (21722) n (1+U(521)(1+0’5z2) ’
(2.4)
2 2 TpT
S TrT.,AA'T
1, 20) = T, TP Al _ 9 2 0
v ( b 2) n LoE20 v (ZI7Z2) n (1+O’521)(1+0522)
and the following counterpart to A,
AP (21, 20) = (1 — 191/*) (1 — ﬁﬂf) — 9 21227157 (2.5)
Proposition 2.3 (Properties of s,, A, and AZ). The following properties hold:
(1) Function s, : Ct — C" is analytic and if 21,22 € CT and 21 # 22 then sn(21) # sn(22).
(2) Function Ay : CT x CT — C never vanishes and the following identity holds:
An(zy, 29) = — 21— 22 (2.6)

sn(z1) — sn(z2)
(3) Function A : CT x Ct — C never vanishes.

Proposition 2.3 follows from Proposition 3.1 below.

Remark 2.4. Formula (2.6) is a non-trivial representation of A, which seems to first appear here (to the
authors’ knowledge). It plays a key role in this paper (a) at a technical level to establish stability conditions
when proving the CLT (see proof of Lemma 3.10-(ii)) and (b) to obtain important formulas for the variance
(see (1.12) and (2.7)). The absence of such a representation for AY prevents us from obtaining a good
representation formula for ©2.n(k, f,g) (see Theorem 3 and Remark 2.7).

Remark 2.5 (Simplifications). Simplifications may occur depending on the values of A and ¥:
(1) If matriz A has real entries, then TI =T, , v =41, ¥ =4 Moreover

o> TrT.,,AATT.,

n (1+06,)(1+068.,)

(2) In the case where 0 = 1 (real entries (x:;)) and A has real entries then A, = AY .
(8) In the case where ® =0 then A =1.

l/T(Zl,Zg) = DT(zl,ZQ) =

We are now in position to introduce the covariance function. Denote by ©,, the quantity:

@n(zl, Zg) = @oyn(zl, 22) + @1771(19, 21, Zg) + eg,n(ﬂ, 21, 22) s 21,22 € (C+ (27)
where
7] 1 0A, s (1) 80 (22) 1
n(21, = —— | — = - s 2.
Oo.n(21,22) Oz2 (An 0z1 ) (sn(z1) — sn(22))? (21 — 22)? (2:8)
o (1 0AY
@1,n(197217z2) = _8_2;2 (A_z 8—21> s (29)

82 042’12’2 N i ~ ~

ezm(K,ZhZQ) = K8Z18Z2 { 2 Ztii(Zl)tii(ZQ)thj(z1)tjj(22) . (2410)
i=1 j=1

Consider the following subsets of C, with A > 0

D [0, A] +4[0,1] , D* {ze DT}u{ze D},
Dt = [0,A]+14(0,1], D. [0,A] +ile,1], (¢>0).

We first study the Gaussian fluctuations for the trace of the resolvent.

(2.11)

Theorem 1 (CLT for the trace of the resolvent). Recall the definition of M, in (1.6) and let Assumptions
1 and 2 hold. Then for every e > 0,
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(1) There exists zo € CT such that

E|M, — M, 2
sup E| M, (z0)|* < oo and sup [ M (21) ;(z2)|
n>1 21,20€D0,n>1 |21 — 22|

<00 .

In particular, the process (Myn(z),z € D.) is tight.

(2) There exists a sequence (Gn(z),z € Di) of centered Gaussian processes such that for any z1,z2 €
D*:
cov(Gn(z1), Gn(22)) = On (21, 22) and cov(Gn(21), Gn(22)) = cov(Gn(z1),Gn(Z2)) ,

where O, is defined in (2.7). Moreover, (Gn(2),z € D) is tight.
(8) For any continuous and bounded functional F from C(D.;C) to C, EF(M,)—EF(G,) —— 0.

N,n— o0

Theorem 1 is an extension of Bai and Silverstein’s master lemma [3, Lemma 1.1] to the non-centered
case. The proof? is postponed to Section 3.

Having the CLT for the trace of the resolvent at hand, we can now extend it to non-analytic functions
via Helffer-Sjostrand’s formula (1.5).

Theorem 2 (CLT for general linear statistics). Let Assumptions 1 and 2 hold. Let fi,..., fr € C2(R)
and let Ly (f) = (Ln(f1), ..., Ln(fx)) with

Ln(f) =T f(YY") —ETr f(YY"), fe{fi,-- fe}
Then there exists an RF-valued sequence of centered Gaussian vectors
Zn(£) = (Zn(f1),-- -, Zn(fr)) (2.12)

with covariance given by

Cov (Zn(f), Zn(g)) = %Re /(c+)2 02 (f)(21)0P2(g)(22)On (21, Z2)4(d21)€(dz2)

™

2 _ _
#ZRe [ 50a(1)(2)00a(g) (2100 1. 22)(d0) ()
™ (C+)2

for fog € {fi,..., fx}. Moreover, the sequence (Zn(f),n > 1) is tight and

dLP(Ln(f), Zn(f)) S 07

N,n—oco
or equivalently for every continuous bounded function F : R¥ — C,
IEF(Ln(f)) — IEF(Zn(f)) m 0.
Proof of Theorem 2 is skipped as it closely follows the proof of [32, Theorem 2|. It relies on [32, Lemma
6.3] and on the following estimates of the variance
Var Tr Q. (2) = O (|Imz|_4) and VarTrG,(z) =0 (|Imz|_4) .

which is a variation of [32, Proposition 6.4].
Due to the decomposition of ©y(z1,22) in (2.7), the covariance Cov (Zn(f), Zn(g)) can be split into
three terms

Cov (Zn(f)7 Zn(g)) = eO,n(fy g) + el,n(@ f7 g) + @2%(%7 f7 g)
where (we drop the dependence in 9, k), for i = 0, 1, 2,

Oin(f g) = %Re/ P2 (f)(21)0P2(g)(22)Oi,n (21, 22)E(d21)E(d22)

(ch)?

+ %Re/ 02 (f)(22)0P2(9)(21)Oin (21, 22)l(dz1)l(d22) .
(©)2

™
In order to provide simplified formulas, we evaluate various quantities defined on CT along the real axis.
Proposition 2.6 (cf. Theorem 2.1 in [12]). Let x € R\ {0}, then the following limits exist
sn(z) = 181151 sn(x+1e), tu(z):= lelﬁjlt“(x +ig), itj(z) = leiﬁ)lfjj (z+1e) .
Recall that 8, denotes the support of the measure associated to the Stieltjes transform d,(z). Alterna-

tively, 8, is the support of the probability distribution P,, associated to the Stieltjes transform N~ Tr T, ().
We can now express simplified formulas.

2Proofs of the tightness of the processes (M, (z),z € D.) and (G, (z),z € D.) are left to the reader as the arguments
are standard. For the latter (tightness of (Gr)), a meta-model argument can be used, see [32, Section 5.2.2].
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Theorem 3 (Alternative expression for the covariance formula). Let Assumptions 1 and 2 hold and
f,9 € C3(R). Then

B U P P B ) Az 9)|
Ounlho) = 5 [ S| Sty D325 gy,

where Ay (z,y) 1= limejo An(x + te,y + t€) and A, (z,y) := lim o An(ac + e,y — i€), and

Ol fog) = LSS [ # @ et @) de [ o)t (utuw)inw) v

=1 j=1 Sn

Proof of Theorem 3 is postponed to Section 4.
Remark 2.7 (about the term ©1 (9, f, )) We have not succeeded so far to establish the natural formula:
Al(zy)

O1.1(0, f,9) - /f S

We could only prove the following boundary value representation in Proposition 4.2:

dzdy .

1 . .

O1n(V, f,9) = =15 lim Zi (1) | f@)g(u)Orn(0,x £1 i,y 2 ic)dady,
17 2

where £1,+2 € {+,—} and £112 is the sign resulting from the product £11 by +21.

Remark 2.8 (more simplifications). The following simplifications occur:
(1) If 9 =0, then
O1,n (9, f,9) lv=0=0.
(2) If K =0 (Gaussian moments of order 1, 2, 4) then

@27”(’{7 £ g) |n:O: 0.
(3) For real entries (x:;) (corresponding to ¥ = 1) and real matriz A, then
O1,.(, f,9) ls=1 = Oon(f,g) and Cov (Zn(f),Zn(g)) =260n(f,g9) +O2.n(k, f,9g) .

Remark 2.9 (relaxing the support compactness of test functions). Let the framework of Remark 2.8-(1)
or (3) holds, so that an explicit expression of the variance as provided in Theorem & is available. Then
combining Theorem 2 and an argument of spectrum confinement (see for instance [1], [9, Theorem 5.2|),
one can obtain the following fluctuation result: let f € C3(R) (notice that f has no longer a bounded
support) and let h : R — [0,1] a CZ(R) function with value 1 on 8y, then

dep <Z fO) = BRI Zn(f)) Nes’ 0

where Zn(f) is a Gaussian random variable with variance given by 20¢ .. (f, f) + O2,n(k, f, f). A similar
extension for a different matriz model is available in [32, Corollary 4.3].

2.4. Remarks concerning the bias. We have provided so far fluctuation results for quantities Zf\;l Fx)—

E SN, f(\i). Let P,, be the probability distribution associated to the Stieltjes transform +Tr T}, ().
The study of the biases

ETrQn(z) — TrTn(z)  and EZ fOw) =N . FVP,(dN)

is an interesting question, computationally challenging, that we only superficially address hereafter, for the
simple case of complex standard Gaussian entries.

Proposition 2.10. Assume that the random variables (x;5,1 < i < N,1 < j < n) are i.i.d. complex
standard Gaussian entries, that is x;; = 27 (Us; + iVi;) where Uj and Vi; are real standard Gaussian
entries. Assume moreover that Assumption 2 holds. Then

ETr Qn(2) — Tr Tn(2) = %nl(m)n2 <ﬁ) ,

where I11 and Il are polynomials with fized degree independent from m. Denote by ko the degree of 1la.
Let f € CFOTL(R), then

ES 100 =N [ jopan =o ()

R+
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The first part of the proposition can be proved as in [15, Theorem 2|, [10], [29, Lemma 4] and one can
track down the minimal value of ko by carefully following these proofs. The second part of the proposition
is a mere application of Helffer-Sjostrand formula.

Remark 2.11 (relaxing the support compactness of test functions - continued). Combining the previous
proposition and Remark 2.9, one obtains the following fluctuation result for an information-plus-noise
matriz with standard complex Gaussian entries: let f € C*F(R) then

der (Z FO) =N [ FOPa@N) Zn(f)> 0,

Sn

where Zy(f) is a centered Gaussian random variable with variance given by Oo n(f, f).

3. Proor or THEOREM 1: THE CLT FOR THE TRACE OF THE RESOLVENT

3.1. General properties of s,, A, and AY. Recall the definitions of s, v, 7, v and A introduced in
(1.11), (2.2)-(2.3). We provide hereafter various important properties from which Proposition 2.3 follows.

Proposition 3.1. Let § and & be the Stieltjes transforms solution of (1.9) and recall that
5. =z2(1406,)(1+06,), zeCT.
(1) Function s : CT — C" is analytic.
(2) Let z,21,22 € CT, then
= o(l—cn)

6z = 6z+
z

In particular, if s., = S., then z1 = z2.
(3) Let 21,22 € CT with 21 # 22, then the following identities hold

82y — 02y 3 62y — b2y
v(21, 22) = o — 5, Y(21, 22) = o — 5,
1+06.,) — 22(1 + b -
1_’/(z17z2):21( +U zl) Z2( +U 22) s A(Z17Z2):M A
Szy — Sz, Sz — Sz,

(4) Let z € Ct and A # 0 then the following inequalities hold
0 < v(z,z2)<1, Az,z) > 0, 0 < |2*7(2,2)7(2,2) < 1. (3.1)
(5) Let z€ Ct. Ifc, <1 then

(2, 2) < L and |0.] < Ven .
|2 VIz|
If e, =1 then ¥(2,2) = 9(2, 2) and 7(z,2) < |z|7*.
Recall the definition of A in (2.5).

(6) Let z1,22 € CT then
|z1227(21, 22)7(21, 22)| < 1, |A(z1,22)| > 0, |AY (21, 22)] > 0 .

Proof. Function s is obviously analytic. The mere definition of § and & yields
dz

(52 e oy —1 g * —1
55— n r(—s. + ) and 4ol 7w r(—s. + ) (3.2)

from which we deduce that for all z € CT, s, does not belong to the spectrum of AA*. Taking the
conjugate and applying the resolvent identity, we obtain
Im(62)
|1+ 062
that is s, € CT. Item (1) is proved.
Comparing the spectra of AA* and A*A we obtain

= Im(s.) ZTr (—s. + AA") 1 (=52 + AA™) L,
n

%Tr(—sz FATA) T = %Tr (—s: +AA) T = T(1—cp),

Sz
hence using (3.2) we get
6z Sz g

= — — (1 — n
1+ 06, 1+O’(52+32( C)
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from which we deduce the desired identity. Applying (3.2) to z = 21 and z = 22 and substracting yields
T
1406, 1406,

from which we deduce that s., = s, implies that ¢,, = .,. Assume that §.; = 6., = 0" then

215 = 212(1 4062, ,) (1 + 082, ,) = 212(1 + 00")? — (1 — ¢a) (1 + 067) .

= (82, — SZQ)%Tr(—szl + AA) (=5, + AAT)TY (3.3)

Hence
Sz — 82y = (21 — 22) (1 +007)% .

Since z ~ §(2) is the Stieltjes transform of a positive measure with support in RT, so is [—z(1 + a8)] 7"
In particular, |2(1 + 06)|™" < Im(z)™! and |1 + ¢d| > Im(z)/|z|, which guarantees that (1 4 06*)? # 0.
Necessarily, z1 = z2. Item (2) is proved.

The first formula of item (3) immediatly follows from (3.3). The second formula can be obtained
similarly. We now apply the resolvent identity to §., — J., and obtain, after simplification
o  TrT., AA*T,,

O' ~ ~
by — 02y = E(z1(1+0621)722(1+05Z2))TrT21T22+(5Zl7522)7(1+05 Ao
z1 z9

= 2o maUb o) (5 g4 (6, — bayule22)

Sz, — Szg
If 6., # J., then we simply divide by 0., — 0., and obtain the third formula. If §,, = §.,, consider 21" # z;
with 27" — 2z1. Since the zeros of the analytic function w +— d,, — 0, are isolated, 52? # 0., for n large
enough and one obtains the desired formula for (27, z2) as previously. By continuity, the formula remains
true for (z1, 22).
Using the previously established formulas, we now express A(z1, 22).

Az1,22) = (1—w(z1,22))° — z1227(21, 22)7(21, 22) |
(Zl(l + 0821) - 22(1 + 0522))2 - 022122(521 - 622)(521 - 522)

(321 - 322)2

We focus on the numerator

~ ~ 2 2 ~
(z1(1 F0b.,) — 21+ 0—522)) e A (N (521 - 522)
= 25(1406.,)° 4 23 (1 4 06.,) — 2z120(1 + 062, ) (1 + 06.,)

—0%z12 (521 +(1- cn)zi1 — by — (1 cn)z%) (621 — 023) 5
= 2i(1406.,)° +25(1 + 06.,)* — 2z120(1 + 062, ) (1 + 66.,)
a1z (1408 — (14 USZZ))2 + 0% (1= en) (21 — 22) By — 623)
= 2214 08.,)2 + 22(1+ 08.,)° — 2120 ((1 t0d.)?+(1+ aSzQ)Q)
+0 (1= ca)(21 — 22) (821 — 025)
= (1 -2) (a0 +08.,)" + 0% (1— )1+ 03.,))

(21— 22) (22 (14 08.)° + 0°(1 = ca) (1 + 032,))
It remains to notice that
s:=2(1+06.)(1+06.) = 2(1 4+ 06.)° + 6°(1 — ¢n)(1 + 06.)

to conclude that the numerator writes (21 — 22) (sz; — Sz, ). The formula for A(z1, z2) immediatly follows,
and item (3) is proved.

Let z € C*, then the mere definition of v yields v(z,z) > 0 for A # 0. Recall that since 4 is the Stieltjes
transform of a measure with support in RT, then Im(2d,) > 0. By the formula established in (3),

Im(z) + oTm(24,)

Im(s.) >0

1-v(z,2) =
hence v(z,Z) < 1. Similarly,
-z I
Alzz)= 2=2 = m)
s —35. Im(s.)

from which we deduce that

0 < |2°v(z,2)7(2,2) < (1—v(z,2)* < 1.
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Proof of item (4) is completed.
Using the relation between §, and §., we obtain

— o(l—cn)  o(l—cn) . 0%(1 = ¢p) Im(2)
(5. -7 gt ) ot S

- o
Va2 = ——

In particular, v(z,2) < 4(z,2) if ¢ < 1 and ¥(z,2) = A(z,2) if ¢, = 1. Plugging this into the last
inequality of (3.1), we get |2|?v%(z,2) < 1 which is the desired inequality. Finally, we use the elementary

inequality |Tr (AB)| < v Tr AA*V/Tr BB* to obtain

VTN _ Ve
CRVIE]

16.] = ‘ETrTz
n

< V(2 2)

Item (5) is proved.
Using the mere definition of ~, we have

0_2 1/2 0_2 1/2
<(Zmrm) (Snrm) - VA

Similarly, using the definition of ¥, we get that |9(z1, 22)| < \/5(z1,%1)\/7(22, 22) and hence

2
g
)] = [T LT,

21227 (21, 22) (21, 22)| < V21 Pr(21, )7 (21, 70) [V |22 (22, 2)F (22, 22) | < 1
by (3.1) and the first inequality of item (6) is proved. We now prove that
|A(z1, 22)] 2 V/A(21,71)V A22, 72) (34)
where the last quantity is positive by item (4). We have

1 —v(z1,22)] > 1—|v(z1,22)] > 1—/v(z1,20)Vv(22,%2) > 0.

Hence
A=) > (1= Vil vl m))
—VIz Pz, 2032 2D [V 2202y (22, 22) (22, 22)] - (3.5)
We now rely on elementary inequalities (for a proof see [23, Proposition 6.1]) to conclude:
Proposition 3.2. (1) Let a1,a2 > 0, then

(17\/a1a2)2 > (17&1)(170,2) .
(2) Assume moreover that b; > 0 and (1 — a;)*> —b; > 0 fori = 1,2, then
(1—\/a1a2)2—\/b1bg > \/(1—a1)2—b1\/(1—a2)2—b2 .

Using the second inequality of the previous proposition in (3.5) yields (3.4).
In order to handle A?, notice that

' (21, 22)] < V(21,70 VA (22, 2) W' (21, 22)| < V/v(z1,70) Vv (22, 72)
HT(zth)l < \/'?(z17z_1)\/r7(z275)7 |5T(Z17Z2)| < \/V(Z17Z_1)\/V(Z27Z_2) .

Hence
A% z)| > (1= PV Vi)
—VIaPy(e1, 7)1, )V 2227 (22, 22) 3 (22, 22) |- (3.6)
Since |¥| < 1, we obtain the same lower bound as in (3.5), from which we can conclude as previously. Item
(6) is proved. Proof of Proposition 3.1 is completed. a

3.2. Technical means and outline of the proof. We first prove that under Assumptions 1 and 2 M,,(z)
defined in (1.6) can be written as the sum of martingale increments:

M, (2) = Z Pj(z) 4+ 0p(1), (3.7)

see (3.12)-(3.14) below. This decomposition allows to establish its Gaussian fluctuations via powerful CLTs
for martingales such as [6, Th. 35.12] and [32, Lemma 5.6]. For the reader’s convenience, we recall the
latter.
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Lemma 3.3 ([32], Lemma 5.6). Suppose that for each n, (Ynj;1 < j < ) is a C?-valued martingale
difference sequence with respect to the increasing o-field {Fn,;;1 < j < rn} having second moments. Write
T 1 d
Ynj = (Ynj7 e 7Ynj) .

Assume moreover that (©n(k,()), and (0On(k,£))n are uniformly bounded sequences of complex numbers,
for 1<k 0<d. If

in«: (Y:jﬁfj | :fw-_l) —On(k,t) =250  and in«: (ijij | :fw-_l) — O, (k) —2—0,
j=1 j=1

n—r o0 n— 00
(3.8)
and for each € > 0, the following Lyapunov condition holds true:
ZE(HYnjH21HYn,jH>E) — 0. (39)

n—oo
j=1

Then dcp (Z;Ql Yo ,Zn) —= 0, or equivalently for any continuous bounded function f: C* — R:

n— o0

Ef(iYnj) —Ef(Zn) —=0,
j=1

where Zy, is a C%-valued centered Gaussian random vector with parameters
EZ.Z: = (On(k,O))ke  and  EZ,Z) = (On(k,0))n -
Lemma 3.3 can be strengthened with the following lemma:

Lemma 3.4 (cf. Lemma 5.7 in [32]). Let K be a compact set in C and let X1, X2,... and Y1,Y2,... be
random elements in C(K,C). Assume that for alld > 1, z1,...,2z4 € K, f € C(C%,C) we have:

Ef(Xn(z1),...y, Xn(zd)) —Ef(Yn(z1),..., Yn(z4)) — 0.

Moreover, assume that (X) and (Y,) are tight, then for every continuous and bounded functional F :
C(K,C) — C, we have:
EF(X,) —EF(Y,) —— 0.

n— oo
We can now provide an outline of the proof:

(1
(2
(
(

The martingale decomposition My (2) = >_7_, P;(2) +op(1) is established in Section 3.3.
Lyapunov’s condition (3.9) is established for Y,; = (P;(21), -+ , Pj(za)) in Section 3.3.
Convergence (3.8), the more demanding part of the proof, is performed in Sections 3.4 and 3.5.
The tightness for (M,(z), z € D:) and of the Gaussian process (Gn(z), z € D.) rely on standard
arguments and computations and are thus skipped.

)
)
3)
4)

3.3. Sum of martingale increments and Lyapunov’s condition. We introduce now some notations.
Denote by y;, aj, x; and r; the 4" columns of the matrices Yo, An, X, and ﬁXn respectively and let

YY; =YY — vy = yevi
LF#j
Recalling that Q. = (Y,Y}, — zIn) ™", we denote by Q..; == Q;(z) = (Y;Y] — 2zIy) "' and by Q.,; =

Qj(z) = (Y;Y; — 2I,)"" and finally note that the diagonal entries g ;; = [Q.];; of the co-resolvent are
given by

- -1
Gi = 27 T ovy o
? Z(l‘i’yJ'Qz,jyj)
where this formula is obtained by combining formulas for the inverse of a partitioned matrix [24, Section
0.7.3] and Woodbury’s formula [24, Section 0.7.4]. We now introduce several notations that will be used
all along this paper. Denote by:
-1
bz; = ) )
2(1+ TTI"EQ%J' + a;EQz,jaj)
- —1
by =

02 * ?
2(1+ 2-TrQ.,; +a;Q: ;)
2
* g *
Tei = YiQej¥i— WTFEQz,j - a;[EQ.,jay,
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2

A~ * g *
Tog = ¥ Qesys — - TrQe — 2;Q: 53,
2 o’ 2 2
* *
az; = ¥;jQ:;¥5— ;Ter,j —a;Q; ;a.
When no confusion occurs, we drop the variable z and write §. j; := §;;(2), t.j; := t;;(2), T := T(2),

etc.
Let Eg = E denote the expectation and E; the conditional expectation with respect to the o-field Fy ;
generated by {x;, 1 < ¢ < j}. By the rank-one perturbation formula

Q- Qj = 24;;Qy;¥; Q) (3.10)
and the definition of M, in (1.6), we have

My =Y (E; —Bj)Tr (Q— Q) = Y _(B; — Ejm1)2G;5y; Qly; -
j=1 j=1
Note that
djj = by + 2d5;b75 = by + 20,75 + 2°0i77 455 (3.11)
and develop M, (z) as follows

n ~ . — . 0-2 .
M, = ZZ(EJ —E;—1)(b; Jer?Tj +z2b?7'j2qjj) (aj + FTI‘Q? +a; Q?aj) ZP Zl ( ), (3.12)
=

j=1
where
2
Pi(z) = 2K (bjaj + 2057 (%TYQ? +3;Q§aj)> ;
2
Pi(z) = z(E; —E;-1) [Zbifjaj + 22057 g0 + 2037055 (%TrQi + a;‘%?%)] :

Since ¢.,;; and Z)Z,j are Stieltjes transforms of probability measures, we have

max (‘(j%jj‘, ‘I;z’j’) < (Im(z))_1 . (3.13)
We decompose PJ{ into three termes. By orthogonality, Cauchy-Schwarz’s inequality and the estimates
provided in Lemma A.2, we have

E’ Z [zb Tja]]

2 2

I

= ZE’ [zb Tja]]
e > )0 ()

In the same way, we control the other terms and prove that

) 2 =0. (%) . (3.14)

This implies that for any z € DT U D+, M, (2) verifies (3.7).
We now prove Lyapunov’s condition (3.9). First note that E|P;(2)|* = 0.(n™?) by Lemma A.2. Thus
for any z1,...,2q € CT,

d 2 n d
1 d
S (D ILTEVEITRISN -5 9 oETVR I 9) LRl wemy.
J=1 j=1 J=1 =1 N,

Lyapunov’s condition is hence verified.

3.4. Computation of the covariance: some preparation. Recall the decomposition of My (z) in (3.7).
We shall prove that (P;,1 < j < n) satisfies (3.8) with ©,, defined in (2.7). It is sufficient to prove that:

ZEj_lpj(Z1)Pj(22) — @n(ZhZQ) L) 0 and ZEj_lpj(Zl)Pj(Zg) — @n(zl,Eg) # 0.

N,n—o00 N,n—oo

Due to the expression

2
B - .
Pi(z) = E; {sz,jaz,j +2°02 725 (;TrQﬁ,j + aj Qﬁ,ﬁy)} ,
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we have Pj(z) = P;j(Z). As D' U D+ is stable under conjugation, it suffices to prove the convergence of
S Ej—1Pj(21)Pj(22) for any 21,22 € DY U D+.

We introduce

2
7 * g * 7 ~
Lj(z) = zb:; (yj Qejyi — - TrQz; — a; Qz,jaj) = zb:;7z,
An(z1,22) = > Ejo1 {E;T;(21)E;T(22)} - (3.15)
j=1

Since 5 5
&(?Z,j) =a;; and &(zbz,j) =202 ;(y; Q2 jyi — =)

we can easily prove that
82
321822

An(zl,ZQ) = ZEjflpj(Zl)Pj(Zg). (316)

By the same arguments as in Bai and Silverstein [3, page 571] and [4, page 273|, it is sufficient to study
the convergence in probability to zero of
2

—Tn
8Z1822 (

and the uniform boundedness (in n) of T,, (the latter being easy to establish by Lemma 3.10 and similar
results). We now slightly simplify the study of An(z1,22) and prove that:

An(z1,22) — Tn(z1,22) where 21,22) = On(z1, 22)

- - - . . P
An(21,22) = Y 2120ty jsten 5By -1 {EByay BTy 5 } ——= 0. (3.17)
j=1
In the following computations, we shall use repeatedly the fact that t;; and £;; are bounded, as Stieltjes
transforms. Indeed, by Lemma A.4, E|b; — £;;|> < 2E|b; — G;;|* + 2E|G;; — £;;]* = O(n™'). Using Cauchy-
Schwarz inequality and Lemma A.2, we obtain

E ‘Ej—l {Ej [b21,5%21 5 E; [%ﬁnu‘]} - le,jjsz,jj]Ej—l{]Eﬁzl,jEﬁzZ,j}‘
E ‘Ej—l{Ej [(B2y.5 = Fo153) Tor g ) B (b e ] b+ ey i By o1 {B [Py 5JB [(B2y s — sz,jj)fzz,j]}‘ :
= Omn?.

Summing over j, we prove the convergence (3.17). Notice that E;(Q., ;) is Fn,j—1 measurable. By ap-
plying [18, Equation (3.20)] to M = E;(Q.,,;) and P = E;(Qz,,;) (the random vector being (z1;,...,ZnN;)),
we obtain

> mzstey gite, i By [Bitey sBifang] = Y (G + &oy + &y + 35 + Euy)
j=1 Jj=1
where
HO’4 N
& = ?le?tzl,jjtzzd'jZEJ[Qzl,j]iiEj[sz,j]iiv (3.18)
=1
O'3 ~ ~ 2
2 = zmzata gite iE(lnl 2n)
o a?(Eij,j)Vdiag(Ejsz,j)+a;(EJQZZ,j)Vdiag(EjQzl,j) 7 (3.19)
vn vn
, o 2
&; = 7Z1Z2tz1,jjtzz,ij(|$11| Z11)
vdiag(E;Qz,,) " (E;Q-y,5)a; | vdiag(EiQ=, ;) (E;Qz,,5)ay
X + , (3.20)
vn Vn
o? - - o?
&35 = 72122121,]‘1%,11(WTI”(EJ'QZhJ‘Eij)
+ ajE;Q:, jE;Qz, 525 + a;]EjQZZ,j]EjQ21,jaj) ; (3.21)
o’ s t 1 g2 2 T
&aj = ;Z1Z2tzl,jjt22,jj(g|?9| o Tr(E;Q-, ;E;Q:, ;)

+ ﬂajEjQZZ,jIEjQ;’jéj + ﬁa]TIEjQ;’jEjQZZ’jaj) . (322)
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In the following series of lemmas, we describe the behaviour of each sum. Recall the formula of the
covariance in (2.7), then 377, £1; is associated to the term ©2,, while 377, &35 and 377, €4; correspond to
Oo,n and O1,, respectively. The terms Z;;l &2 and Z;;l &5; have no contribution in the final expression.

In [18], the terms above have been studied in the case where z1 = 22 = —p € (—00,0) and many
computations performed there can be established for general z1,z2 € CT by mere book keeping. A
technical issue however remains: the invertibility of systems of equations that appear when studying the
terms Z]. &35 and Zj &4j. In this case, the generalization from z; = z2 = —p € (—00,0) to general
21,22 € C* is not trivial and is carefully developed hereafter, cf. Lemma 3.10-(ii).

Lemma 3.5. Let Assumptions 1 and 2 hold, then

n 4 N n

RO 2122 ~ ~ P
E 511'*7712 E tzmﬁq,iii Uayjjteeis ——— 0.
j=1 i=1 j=1

N,n—oo

Proof of Lemma 3.5 is similar to the proof of [18, Lemma 4.1] and is omitted.

Lemma 3.6. Let Assumptions 1 and 2 hold, then
N,n—o0 N,n—o0

Yo —— 0 and Y &; ——— 0.
j=1 Jj=1

Proof of Lemma 3.6 is similar to the proof of [18, Lemma 4.2| and is also omitted.

Lemma 3.7. Let Assumptions 1 and 2 hold, then

. s (21)8n (22) 1 P
8218Z2 ;£3j N T 07

(Sn(zl) — 8n(Z2))2 (Z1 — Z2)2 n— oo

where sn(z) = z(1+ 06.)(1 4 06.).
Proof of Lemma 3.7 is provided in Section 3.5.
Lemma 3.8. Let Assumptions 1 and 2 hold, then

H? = P
021022 Z&j ~Oun m 0,
=1

where ©1,, is defined in (2.7).
Proof of Lemma 3.8 is very close to the proof of 3.7 and is thus omitted.

3.5. Proof of Lemma 3.7. We first recall the definition of £3; and introduce an auxiliary quantity égj:
2 2
o ~ ~ g * *
&35 = o A122tzy jite g (WTI“(EJ'QZI,J']EJQZM') + a;E;Qz, ;E;Qz a5 + aj]EjQZZ,j]Ejszaj) ;
: o o? . .
ST L (WTI“]E {E;Q:E;jQz} + ajE{E;Qz iE;jQzs 5} a5 + @S E{E; Q2 i Ej Q2 5} aj) :

By rank-one perturbation and Lemma A.5, we easily prove that
n n _ P
¢ — . e .
21531 21531 n‘_mO) 0
i= j=

Consider the following notations:

2 2
wj(ZhZ?) = %TTE{(EjQzl)(EJQZ2)} = %TTE{(EJQzl)QZ2}7
Crj(z1,22) = oE{ai(E;Q:,)(E;Q:p)an} = oE{ag(E;Q:,)Qzar},
Orj(z1,22) = oB{ap(E;Q. x)(E;jQsi)art = oB{ap(E;Q. k)Qzyk akt,
J
¢j(21,22) = % kz_lzlz2£zl,kk£zz,kk‘9kj(zl7 22). (3.23)

If clear from the context, we simply write 9;, Cxj, Ok; and ¢; instead of 1;(z1, 22), Ckj(21, 22), Ok (21, 22)
and ¢;(z1, z2) respectively. With these notations at hand, £3; writes

~ 1 - -
€si(21,22) = Ezlzﬁjj(Zl)tjj(z2)(02¢j(Z17 22) + 00;;(21, 22) + 00j;(22, 21)) -

The following part of the proof is inspired from [18]: Since it seems difficult to obtain a direct expression for
the quantities v¥;, Cxj, Ok; and ¢;, we establish in the following lemma a system of (perturbed) equations
which describes the structural links between these quantities.
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Lemma 3.9. Let Assumptions 1 and 2 hold and recall that v = y(z1,22) = ”;TrTz1 T.,. Then

J

* * j
oa; T, ara; T, a 3 % 1 . - )
. e . T, T - t. ts

Chs %(ZH 1+ 00.)(1 08, 7 dini=dey ZH F17aba telzg bt

+UaZT21Tzzak + UaZTle@ak(bj + O21&2 (n71/2) 3
ca;T. ara;T.,ax
(1+0d.,)1+00.,)

Coj = z122tey wklegin(l+ 002 ) (14 062,)0k; + ;4 0., 2y (012,

2

J * 2 J 2
o a,T,, T, a o ~ ~ o _
b %‘(7 E ( (e B + WT E Z1Z2tzl,ut22,u) + FTrTleZQ +9¢; + 0z 20 (R 1/2) .
=1 =1

1+06:,)(1 4 062,)

Lemma 3.9 is a generalization of computations performed in [18, Section 5] for z1 = 22 € (—00,0) to
general z1, z2 € CT. Its proof is omitted.

Combining the two first equations of Lemma 3.9, we get

0231?;TZ1 T.,a 0231?;TZ1 T.,ax
T+ 00 )(1+005) + (14 00.)(1 + 002,)

J 2 % * 2 % 2 J
o ap T, ara; T, ak o ap T, T.,ay o ~ ~
i — t t
+ 7/11 <; (1+O’(521)2(1+U(522)2 + (1+0’(5z1)(1+0'(522) " ;21122 21,06V z5 00

JQaZTzlaka,’;TZ2 ak
(14 08.,)2(1+ 062,)?

In order to simplify the notations, we introduce the following quantities:

02122tz kktzo, kkOkj

o

— Py

+ 0.2 (0. (3.24)

J
v . v (z Z) (T Z CLszlTZ2CLk
o= vz, z2) = — '
n (1+0d.,)1+00.,)
J
o? ~ ~
nj = ni(z,22) = FE Z122lzy eetzs 00
=1
2 J J
i w; (21, 22) o a; T, aca;T.,a
o= Wik, e2) = T 2 2
n 1400 1400
oS 1+ 002)2(1 +002,)

Notice that for j = n the notation v; is consistant with the definition (2.2). Eq. (3.24) yields
(1= v3)5 — (w5 + vyms)s = Vi + Oy 55 (n7?)
and the last equation of Lemma 3.9 writes

—ys + (L= vy —mi); = + Oz 2y (0 ?).

We finally end up with a system of two perturbed linear equations for ¢; and ;:

(L= vi)gj = (Wi +vmdi = vi+0s5(n" %),
iy (3.25)
=0+ A —vi =)y = Y40z 7).
We study hereafter the properties of the determinant of the system D; given by
Dj = (1= v;)* = (05 +wj).- (3.26)

Lemma 3.10. Let Assumption 2 hold and recall the definition of Ay, given in (2.3). The determinant D;
satisfies the following properties:

(i) for any z1,2z2 € CT, we have for j =n

TrT., AA*T.,
1+06.,)(14 06,

2 2
D"(Z17Z2) = A"(Z1722) = <1_ U_( )> _leQ’Yﬁﬁ

(ii) for any 21,20 € CT,

liminf inf |Dj(zl,z'2)| >0.
n 1<5<

Proof. For 1 < j <n denote by A1.; the N X n matrix defined by Ai.; := [a1,...,a;,0,...,0] and write

2 TrAl ]TzlAl ]Al JTZ2A1 g O’_ ZJ: aszlakakTZZak
n

wi= 7 (14 062,)%(1+ 002,)2 (14 06.4)2(1 +065.,)2 "

=1
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Using a standard identity [24, Section 0.7.4] applied to T. and T. yields the identity
- 1 1
T, = — A'T, A 3.27
(0100, 2(1408.)2 (3.27)

from which we obtain (14 ¢6,) ?a;T.ax = (1 + ¢d.)"" + 2tk and thus

0_2 i a; T, aga;T.,ax _ 0_2 iz . 7
n A (1400.,)2(1+00.,)2  n a ™ mkiiekt
n U_QZJ: thzl kk U_QZJ: apT.,ax
14062,  n = (14+06:)(1+0062,)°
Introduce

—ZTLJ' (Z) = (1 + 062)_111;1' — (1 + Uéz)_QA;jTZAlzj
where I1.; := 327, exep and (e;) is the canonical basis of R™, one can check that

2
g Z122

’I]j —|— (Uj = TTI‘(TLJ' (Zl)Tl;j(ZQ)) . (328)
In particular 7, + w, = 21227 hence the identity D, = (1 — v»)? — 212275 = A,, and (i) is established.
We now prove (ii) and start by showing that for any z € C,
lim inf mf Dj(z,z) > 0. (3.29)

n 1<5<

It is straightforward to check that

(a)
0<vj(z,2) <wvn(z,2) < 1 and 0<w;(z,2)+n(z2) <wn(z,2) + nn(z2),
where (a) follows from Proposition 3.1-(3). Hence D;(z, Z) > Dn(z, Z). Since by (i) we have proved that
Dn(z,2) = An(2,2) = (1-va(2,2))" = (2,2) (1 (,2) + wn(z, 2))
we obtain the following estimate

inf Dj(z,2) > An(z,%). (3.30)

1<j<n

Recall that §,, and Sn are Stieltjes transforms associated to measures with respective total mass oV nt

and o hence ) ,
No o
n < 14+ —-7 1+ ——) < K,
@ < 14 (14500 ) (14 ) <

uniformly in n > 1. By Proposition 3.1-(3),
Im(z) N Im(z)A

An(z,2)| =

A2 = 05y 2 K.

Combining this estimate with (3.30) yields (3.29). To conclude the proof, we show that for z1, 20 € CT,
|D;(z1,22)| > (Dj(21,%1)D; (22, 22)) /2. (3.31)

Starting from (3.28), we have

2
DJ‘ (2:1, 22) = (1 — Vj(zl, Z2))2 — YR1Z2 %TI‘ lej (Zl)TT;j (ZQ) .

From this identity, we can conclude as in the proof of Proposition 3.1-(6). ]
We now go back to the proof of Lemma 3.7. By the above lemma, the system (3.25) has the solution

¢j] 1 [Vj(l—Vj —m;) + (Wi +vin;) ~1/2
[ + 02,25 (0 . 3.32
L/}j D, i +y(1—v;5) vea( ) (3:32)
Notice that since T., and T., commute v(z1,22) = v(22,21). Dividing by n and plugging the solution
(3.32) in (3.24) yields:

o ~ ~
—2122tey b i (055(z1, 22) + 05 (22, 21))

=25 = vj—1) + 2= (W5 = wym1) + 205 (v — v4-1))
J
1 —
gy (5 = v ) (1 (1= 1) +9w;) + Oz ey (077,
J

B|H

(205 — i) (1 = v5) + y(ws — wj—1)) + Oz 2y (077,

J
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where by convention we set wo = o =10 = 0 and Do = 1. Therefore, we get

1 - -
—2122tzy jtas s (0Wj(21, 22) + 005 (21, 22) + 0055 (22, 21))

_ 20—y ) = v) + (= mi1) +y(ws —wi)

+ 02,2 (072,

D;
Moreover, going back to the definition (3.26) of D;, we have
Dj-1=D;j = 2w —v-1)2 = v —v) + (0 —mi-1) + (W) —wji-1),
= 20y —vj—1) (1= v3) + (05 = 0j-1) +(w; —wjm1) + Oz 2y (7).
Then
5N Food (o2 0. 0. - ~Dj-1-D; —1/2
n Zzlz?tn,ntw,n (U ¥;(21,22) +00;; (21, 22) + 0 11(22721)) = Z T+0217272(” ), (3.33)
j=1 j=1 J
and
Do =1 and [Djo1 —Dj| = sy 2n(n™h) for 1<j<mn. (3.34)

For a sufficiently large fixed constant K and for any 1 < j < n, we denote by B; := B(D;, K/n) the ball of
center D; and radius K/n and we let [D;,D;_1] C B; be the segment joining D; and D;_;. We suppose
that n is large enough so that K/n < |D;|/2. Thus for any z € [D;, D,_1],

D; K K
%<|z|§|®j|+; and |z—®j|§;4 (3.35)

1

As z — 27" is analytic over B := Uj_; B;, we write

D1 —D. 1 n 1 1 - D;
Dol f b=y f (p-2)e= = | e = 0.0 (0070
D, (D;,D;_1] # =m0 NDi 2 (;.0,_1) #Dj

where the last equality follows from (3.34) and (3.35). We finally obtain

3 D= _/1 La.
D]' Anz

j=1

= 021,z (n_l)‘

Using Lemma 3.10-(ii), one can prove that the r.h.s. above is uniformly bounded and apply [4, Lemma
2.14] to obtain the convergence of the derivative. Differentiating with respect to z2, we get
o [t1. 1 0A,
An 822 '

022 Ja, #

Differentiating again with respect to z1 and relying on the identity of Proposition 3.1-(4), we conclude the
proof of Lemma 3.7.

4. PROOF OF THEOREM 3: ALTERNATIVE EXPRESSION FOR THE COVARIANCE

We first recall some properties of s, useful in the sequel. Recall that 8, is the support of the measure
whose Stieltjes transform is §,, and denote by S a the support of the empirical distribution of the eigenvalues
of A, A},

Proposition 4.1 (Properties of s, near the real axis). The following properties hold

(1) The limit sn(x) := lime o sn(z + ie) exists and is continuous for all x € R\ 0.
(2) = € 85, implies that sn(z) € 8.

(8) Ifcn =5 <1 then 0 € S5,.

(4) The quantity sn(z) is bounded for |z| <n for some n >0 and z # 0.

Proof. Items (1), (2) follow from Theorems 2.1 and 3.3 in [12]. Item (3) can be found in [8, Theorem 1.3].
To prove item (4), write

sn(2) = 2(1400.(2)1+06n(2)) = 2(1+06,(2)> —0(1—cn)(1+00,(2)).

The first part of the r.h.s. is bounded by Proposition 3.1-(5). If ¢, = 1, the second part vanishes; if ¢, < 1
then 0 ¢ 8, and d,(z) is analytic in a small neighbourhood of zero. O
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4.1. A boundary value representation for the covariance.

Proposition 4.2. Let (Z,(f), Zn(g)) be the Gaussian process defined in Theorem 2, and ©., the covariance
defined in Theorem 1, then the covariance of (Zn(f), Zn(g)) admits the following representation:

1 . . . .
cov(Zn(f), Znl(g)) = 47r2 s\o g f(@)g(y) (On(z + i,y +ic) + On(x — ic,y — ic))dady
47r2 5\0/ f(z On(z +1ie,y —ie) + On(x — i,y + 'La))dxdy ,
1 . . .
e il\r‘% (£142) / f(z On(x 1 1e,y 2 ie)dady ,

where £1,+2 € {+,—} and £112 is the sign resulting from the product £11 by +21.
For a proof, see [32, Proposition 4.1].

4.2. Proof of Theorem 3. Notice that due to the symmetry of equations (1.9), we only need to consider
the case where ¢ < 1, which we now assume. Recall the definition of the quantity
A, (z,y) = hfg Ap(z+ e,y — ie).

The covariance ©,(z1, 22) splits into three parts ©, (21, 22) = Oo,n(21,22) + O1,n(21, 22) + O2,n(21, 22), cf.
(2.7). We first prove that

1
i il\l‘% (£1+£2) / f(2)g9(y)Oo,n(x 1 te,y +2 ic)dzdy
+1,%2
1 N A, (z,y)
= 1 T dzd
2 [, 1 @90 |2 ey
Taking advantage of formula (2.8) and performing a double integration by parts yields
1
~ i il\r‘% (£1£2) / F(@)g(y)Oo,n(z L1 ie,y L2 ie)dzdy
+1,%2
= Liim 3 )/ F@)g(y) 2 L O A1 de,y £ ic) b dad
4?2 N0 ., R S gy@y An(z+1de,y £21ie) Oz ey v
- Ly > (Fike) [ f(2)g' () L 4 n(T +de,y + ie)dxd
- 4m? N0 R 9 yA(:v+zsy+u—:)8x Y v

@ 1 lim (£1+£2) F(2)g' (y) log (An(z £1 ig,y %2 ic)) dady ,
n 2

O Lim 3 i) [ £ @0 ) A (e iy i) dady
4 2

Ap(z + e,y + i€)
Ap(z + e,y — ie)
sn(x + 1e) — sn(y — i€)
Sn(x + ie) — sn(y + i€)

dxdy ,

@ 1 o)’
@ L ;g% RN

@ 1 £/ ()9 () In

271'2 5\0 R2

xdy ,

where log(+) is any branch of the complex logarithm in (a), where (b) follows from the fact that the
covariance being real, the argument part of the complex logarithm necessarily vanishes and where (¢) and
(d) follow from the representation formula for A, (cf. Proposition 3.1-(3)) and the fact that

~ - .\ Z1 — 22 — —
An(zl,zz) = m = An(zl,zz) .
Write now
In sn(x + 1) — sn(y — i€) _ lln Sn(x 4 i€) — sn(y — i) |
sn (T + 1) — sn(y + 1€) 2 | su(z+1e) — sn(y +ie)|
_ 1 In (1 N 4Imsn(x'+iz-:)lmsn(y-+ zs))
2 |sn(x + i) — sn(y + i€)|?

In order to apply the dominated convergence theorem, we need to majorize the right hand side above by an
integrable function of (z,y) € [~ K, K]*> where K is sufficiently large to contain the supports of functions f
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and g. Let €9 > 0. Function s being continuous on a rectangle [0, K] x [0, g0}, it is bounded. In particular,
Im(s(z + i¢)) < |s(z + i¢)| is also bounded on [0, K] X [0, €o].
Let z1 =z + 4¢ and z2 = y + 4c. Then by the definition (2.3) of A,,

(1+ Vv(z1,70)Vv(22, 22) ) + V2P (21, 703z, 20 [V 222 (22, 22) (22, 22)|
5

[An(z1,22)] <
<
by Proposition 3.1-(4). By the representation of A,, provided in Proposition 3.1-(3), we have

|21 — 22)? 1 25 25

An(z1, ) = ———F—= <25 = _ .
R e e DI R P e PR FRE
sn(x + i) — sn(y — i€)

K/
: N <14 ——
sn(@ + i) — sn(y + i) |z — yl?
which is integrable. It remains to apply the dominated convergence theorem to conclude and obtain (?7).
We now prove that

In the end,
In

412 111% (£1+£2) / f(2)g9(y)O2,n(x 1 ie,y +2 ic)dzdy
T4 e\ £11,
4otk & , -
s ZZ @ (@ ta(@)k (@) de | g @) (L)) dy.
=1 j=1 n

By the mere definition of O3 ,, we have

1
*4_%2;1\% (£142) / F(x)g(y)Oz2,n(x 1 de,y 2 ic)dxdy
_7na4 lim iiz f (:c:tz)t(x:l:z)t(:c:tz)
= 4n272 6\0 < 1T2 12€) 14€)tj; L i
1 2
X 3_y(y +2 de)tii(y 2 92)t55(y 2 de)dudy,
= ngﬂ_g ;I\T‘%Z/f Mm {(z + ie)tii(x + ie)t;; (x + ig) } do

X /Rg'(y)lm {(y +ie)tuly + ie)t;;(y +ie) } dy .

It remains to prove that

ii\r‘% /}R [ (@)Im {(z + ie)ti(x + ie)tj;(x + ie) } do = /Rf'(x)lm {wtii(x)t;;(2)} da. (4.1)

Let = > 0, then by [12, Theorem 2.1]
(ac + ’LE)t”(x + ’I:E)Ejj(l' + ’LE) v xtii(x)fjj (ac) .

In order to apply the dominated convergence theorem, we handle separately the cases cn =1 and ¢n < 1.
If ¢, = 1, then 6, = 4. (apply Prop. 3.1-(2) for instance), | T;|| = ||T:| and

T < Y and Tl < Y forall 2 C*
o/I2| o/I2|

In fact,

ITo] = Ve (ToT2) < VITTE = Vao (57 < Y,
ay/lz]
where the last inequality follows from Proposition 3.1-6. Now
~ ~ n
|2t (2)tj5(2)] < [l I T=NHIT: < —5
We therefore apply the dominated convergence theorem and prove (4.1) in the case where ¢, = 1.
Assume now that ¢, < 1 then 0 ¢ 8,,, where 8,, denotes the support of the measure associated to the
Stieltjes transform d,. In particular, there exists n > 0 such that (—n,n) N8, = 0. In the sequel, we will
alternatively bound |zti;(2)t;;(2)| on the sets

D={lzl<n/2}  and Dl ={lz| >n/2}N[n/2,A] x [0, 4],
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where A > 0 is an arbitrary constant. This will enable us to apply the dominated convergence theorem
and prove (4.1).
Let z € D. One has

N n
5.=2 E tii(2) and 5.=2 E tj(2)
n n
pt j=1

hence Im(tii(2)) < ZIm(d.) and Im(f;;(2)) < %Im(gz). We deduce from these inequalities that the
probability measure p;; associated to the Stieltjes transform ¢;; has a support included in 8, hence

)| = | [ L)

By Proposition 3.1-(2), the support of the measure associated to . is {0} US,. Let fi;; be the probability
distribution with Stieltjes transform ¢;;, then supp(fi;;) C {0} US,. Otherwise stated, fi;; has a Dirac
component at zero and a component fij; with support included in §8,, hence

<2 for z € D.
n

~ - (A . 2
tjj(z):f%+/s % and \thj(z)\éaﬂrg forz€D.

combining the two previous estimates yields a bound for |2t;;(2);;(2)| for z € D.
Let z € D’y. By Proposition 3.1-(5), we have

2
Il < Vio=32,2) </ 51

Recall the identity (3.27):

- 1 1

T, =— A"T,A.

(0 +00.) 2(1+00.)2

We now use the fact that for any set [/2, A] x [0, A], the function z — 14 04 is continuous [12, Theorem
2.1] and does not vanish. In fact, if z € C* then 1+ ¢4, € Ct and if = € [/2, A] then Re(1 + 06;) > 0
by combining Lemma 2.1 and Theorem 2.1 in [12]. Finally
1

|1+ 06.|?

+ 1A |

~ 1
170 < g
is bounded over D’;. This finally yields a bound for |zt;;(2)t;;(2)| for z € D’;. As a consequence of these
bounds and the dominated convergence theorem, we obtain (4.1). Proof of Theorem 3 is completed.
APPENDIX A. USEFUL IDENTITIES AND ESTIMATES
By a simple application of the classical identity for the inverse of a perturbated matrix:
(A+ XRY) ' =A' —AT'X(RT'+YA'X)'vA™!,

we obtain
Q;y;y;Qj Qy;y;Q
1+y:Q)y; 1-y;Qy;

We recall a result by Bai and Silverstein [2] that allows the control of the moments of quadratic forms.

Q=Qj— and  Q; =Q+

Lemma A.1. [2, Lemma 2.7] Let x = (z1,- -+ ,Zn) be an n X 1 vector where x; are centered i.i.d. complex
random variables with unit variance. Let M be an n x n Hermitian complex matriz. Then for any p > 2,
there exists a constant K, depending only on p for which

Elx*Mx — TrM|? < K, ((Ela1|*TeMM*)?/? 4 E|z:1 | Tr(MM*)?/?).
The above lemma is the key for the following estimates:

Lemma A.2. Letx be defined as in Lemma A.1. Let M,, be an nxn Hermitian complex matriz independent
of Xn and having a uniformly bounded spectral norm. Then for p € [2, 8]
P\ _ o (IMa]”
)=o(5r)

E[#;(2)[" = 0- (n—m) and E|a;(2)|P = O, (n—p/z) 4

P
, E

1. 1 . 2 .
max <IE‘ —x,Mpx, — —TrM, YaMpyn — U—TrMn —a,M,a,
n n n

In particular,

Recall the definition of D. = [0, A] + i[e, 1], for A > 0 and ¢ € (0, 1) fixed.
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Lemma A.3. Assume that Assumptions 1 and 2 hold. Let k1,k2 € N and, for any z1,z2 € D., define
M; =M, (21, 22) = Q' (21)Q}? (22) -
Then for any p € [2,8],

sup Q;(2)[I" < 7",
z€D,

sup E|7;(2)[ = 0:(n""/?),
z€D,
sup Ely;M;(2)y|” = 0(e” "),
z€D,
0'2 2
* * 4 —
sup E’ijjyj — FTer — aijaj’ = 0O:n v/ ).

z1,22€ D¢

The estimates in Lemmas A.2 and A.3 mainly follow from Lemma A.1 and thus their proof is omitted.
For more details on the estimate sup, . ,_E|7;(2)[" = O (n"?/?), one can check Appendix A.2 in [18].

Lemma A.4. [18, Theorem 3.3| Let (u,) and (vy) be two sequences of deterministic complex N X 1 vectors
bounded by
sup max([[un ], [lval)) < oo,

and let (Uy) be a sequence of deterministic N X N matriz with bounded spectral norm

sup ||U, || < oo.
n>1

Then, in the setting of Theorem 2:
(1) there exists a constant K such that

> EhuiQjalff < K,
j=1
(2) there exists a constant K such that
K
o

‘lTrU(T —EQ)‘ <
n

(3) there exists a constant K such that
E[TrU(Q - EQ)I” < K,
(4) for any p € [1,2], there exists a constant K, such that

* K
max {E[u,(Q — T)val”, Ejup(Q; — Ty)val? } < =2,

(5) for any p € [1,4], there exists a constant K such that

- ~ ~ ~ K
max {E|ij — b; [, Blg;; — ta‘j|2p} S e
The next result is a counterpart of [18, Lemma 5.1] and is used for the computation of the asymptotic
covariance.

Lemma A.5. For any N X 1 vector a with bounded Euclidean norm, we have
* 1
mJaXVar{a (EjQzl)(Ejsz)a} = O21722 <E> and mjaxvar{Tr(EjQzl)(Ejsz)} = 021,22(1) .
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