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Abstract

The aim of this paper is to study the asymptotic expansion in total variation in the Central
Limit Theorem when the law of the basic random variable is locally lower-bounded by the Lebesgue
measure (or equivalently, has an absolutely continuous component): we develop the error in powers
of n=1/2 and give an explicit formula for the approximating measure.
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1 Introduction

The aim of this paper is to study the convergence in total variation in the Central Limit Theorem
(CLT) under a certain regularity condition for the random variable at hand. Given two measures u, v
in RV, we recall that the distance in total variation is defined as

drv (1, v) :sup{\/fdu—/fdu1 fle <1}

Let F be a centred r.v. in RV with identity covariance matrix and let Fj,, k € N, denote independent
copies of F'. We set

1 n
S, = — Fi.
w‘z,; g

We also define j,, the law of S,, and T' the standard Gaussian law in RV,

The problem of the convergence in total variation for the CLT, that is dpy (un,I)) — 0 as n — oo,
is very old. Prohorov [14] in 1952 proved that, in dimension 1, a necessary and sufficient condition
in order to get the result is that there exists ng such that the law of ) ;°, Fj, has an absolutely
continuous component (see next Definition 2.T]). Then, many related problems have been considered
in the literature, such as the generalization to the multidimensional case, the study of the speed of

*Université Paris-Est, LAMA (UMR CNRS, UPEMLV, UPEC), MathRisk INRIA, F-77454 Marne-la-Vallée, France.
Email: bally@univ-mlv.fr

tDipartimento di Matematica, Universita di Roma - Tor Vergata, Via della Ricerca Scientifica 1, I-00133 Roma, Italy.
Email: caramell@mat.uniroma2.it


http://arxiv.org/abs/1407.0896v1

convergence, the convergence and the development of the density of .S,,, if it exists, or the case of a
r.v. F whose law has not necessarily an absolutely continuous component, the latter implying the use
of a different distance, which is similar to the total variation one but defined on a special class of test
functions, typically indicator functions of special sets.

A first class of results has been obtained by Rao [16] and then improved by Battacharaya [5]: in [16]
one proves that the convergence in the CLT holds when the test function is the indicator function
of a convex set D. This result is improved in [5] where D is no more a convex set but a set with a
boundary which is small in some sense. An overview on this topic is given in [6]. But it turns out
that one is not generally able to extend the above mentioned results to a general set D (and so to
general measurable and bounded test functions), because, thanks to the Prohorov’s result, one needs
to assume a little bit of regularity on the law of the basic random variable F' which comes on in the
CLT. In such a case, Sirazhdinov and Mamatov [15] prove that if I € L3(2) then the density of
the absolutely continuous component of the law p, converges in L'(RY) to the standard Gaussian
density, and therefore the convergence of the CLT holding in total variation distance, at speed 1/4/n.
This is done in the one dimensional case, but it works as well in the multi dimensional case. The
second part of the book [6] gives a complete view on the recent research on this topic, mainly on the
the development of the density of S,, around the standard Gaussian density. Results concerning the
convergence in the entropy distance (under the same type of hypothesis) has been recently obtained
in [7].

This paper contributes in this direction by giving the precise expansion of the CLT in total variation
distance. More precisely, we assume that the law of F' is locally lower bounded by the Lebesgue
measure Leby on RY in the following sense: there exists an open set Dy and g9 > 0 such that for
every Borel set A one has

]P)(F € A) > eg X LebN(AﬂDQ). (1.1)

We will show that this is equivalent to the request that the law of F' has an absolutely continuous
component (and moreover, we can construct such absolutely continuous measure in order that the
associated density is a non negative lower semi-continuous function, see Appendix [A]). So it is clear
that our hypotheses overlaps the assumption of the existence of the density but one cannot reduce one
to another (if the law of F' gives positive probability to the rational points then it is not absolutely
continuous; and doing convolutions does not help!). Let us give a non trivial example: consider
a functional F' on the Wiener space and assume that F' is twice differentiable in Malliavin sense:
F € D?>P with p > N where N is the dimension of F. Let o be the Malliavin covariance matrix of
F. If P(detop > 0) = 1 then the celebrated criterion of Bouleau and Hirsh ensures that the law of
F is absolutely continuous, so we are in the classical case (in fact it suffices that F' € D'2). But if
P(det o > 0) < 1 this criterion does no more work (and one may easily produce examples when the
law of F'is not absolutely continuous). In [2] we have proved that if P(det o > 0) > 0 then the law
of F has the property (L.I]). Notice also that in the one dimensional case (N = 1) the fact that F is
not constant immediately implies that P(c > 0) > 0. Indeed, in this case o = |[DF|? and if this is
almost surely null, then F' is constant.

Let us present our results. We consider a random variable F' € L2(R") which satisfies (IT]), such that
E(F) = 0 and the covariance matrix of F' is the identity matrix. We take a sequence Fj,k € N of
independent copies of F' and we denote by u, the law of S,, = # > p—q1 Fr and by I' the standard
Gaussian law on RY. Under these hypothesis we first prove that lim, o drv (i, ') = 0 where dry
is the total variation distance. Then we give the asymptotic development, that we are able to find
according to additional requests on the existence of the moments of F'. More precisely, we get that, for
r>2,if F € L"1(Q) and if the moments of F up to order r agree with the moments of the standard



Gaussian law then under (ILI]) one has

1

dry (jin, T) € C(1+ E(F[ I o

In the general case, we obtain the following asymptotic expansion. For » > 2 and n > 1, we define a

measure on R through
[r/3]
1
FTL’I‘ - 1 —m I\m 5 1.2
#dr) = (@) (14 Y —Kn(a) ) da (1:2)

m=1 n

where ~ denotes the probability density function of a standard normal random variable in RY and
Km(z) is a polynomial of order m ([-] standing for the integer part). Note that for r = 2 one gets
Iy (dz) = y(z)dz = T'(dx). So, we prove that if F' € L™1(Q) with r > 2 then there exist polynomials
K (z), m=1,...,[r/3] (no polynomials are needed for r = 2), such that, setting I';, , the measure in
(C2) and py, the law of Sy, under (L)) one has

drv (i, Tay) < O+ B(ET )03V o (1.3)

(Ir/3]+1)/2
where C' > 0 depends on r and N. So, in order to improve the development (and the rate of
convergence) one needs to pass from the request F € L3 to F € L33 k> 1.

The development given in (L3)) is analogous to the one obtained in Theorem 19.5 pg 199 in [6]. But
our development is explicit: in [6] the result is obtained using the Fourier transform and consequently
the coefficients in the development involve the inverse of the Fourier transform, whereas here we give
an explicit expression for the polynomials K, (), as a linear combination of the Hermite polynomials
(see next formula (L38)).

The main instrument used in this paper is the Malliavin type finite dimensional calculus defined in [3]
and [2]. It turns out that for a random variable which satisfies (ILT) a very pleasant calculus may be
settled. The idea is that (LI]) guarantees that the law of F' contains some smooth noise. Then, using a
splitting procedure (see Proposition [B.] for details), we may isolate this noise and achieve integration
by parts formulae based on it.

In the last years number of results concerning the weak convergence of functionals on the Wiener space
using Malliavin calculus and Stein’s method have been obtained by Nurdin, Peccati, Nualart and Poly,
see e.g. [9], [10], [11], [13]. In particular, in [9] and [13] the authors consider functionals living in a
finite direct sum of chaoses and prove that under a very weak non degeneracy condition (analogues
to the one we consider here) the convergence in distribution of a sequence of such functionals imply
the convergence in total variation. The results proved in these papers may be seen as variants of the
CLT but for dependent random variables - so the framework and the arguments are rather different
from the one considered here.

2 Main results

Let X be a random variable in RY and let px denote its law. The Lebesgue decomposition of px
says that there exist a measure u(dz) = p(z)dx, i.e. p is absolutely continuous w.r.t. the Lebesgue
measure, and a further measure v which is singular, i.e. concentrated on a set of null Lebesgue
measure, such that

px(dz) = p(x)dx + v(dx). (2.1)

Definition 2.1. X is said to have an absolutely continuous component if the absolutely continuous
measure i in the decomposition (Z1)) is not null, that is v(RY) < 1.



Definition 2.I] plays a crucial role when dealing with the convergence of the Central Limit Theorem
(CLT) in the total variation distance dry. We recall the definition of dpy: for any two measures p
and v in RN then

dry (s =sup {| [ g [ fav] s |7 <1},

We discuss here the CLT in total variation distance, so we consider a sequence {Fy } of i.i.d. square
integrable random variables, with null mean and covariance matrix C(F'). We set A(F') the inverse of
C(F)'/? and

1 n
S, = NG ; A(F)F.

We recall the following classical result, due to Prohorov [14]:

Theorem 2.2. [Prohorov] Let y,, denote the law of S, and T denote the standard Gaussian law in RN .
The convergence in the CLT takes place w.r.t. the total variation distance, that is dpy (pn,pn) — 0
as n — o0, if and only if there exists ng > 1 such that the random variable Sy, has an absolutely
continuous component.

Hereafter, we assume that the common law of the F}’s has an absolutely continuous component, and
this is not a big loss in generality. In fact, due to the Prohorov’s theorem, otherwise we can packet
the sequence {F} }x in groups of ng r.v.’s, so we can deal with

(k‘-i—l)no

_ 1 < - _ 1
Sn=— F, where Fp=— F;.
F 9> =3

Let us introduce an equivalent way to see probability laws having an absolutely continuous component.
From now on, Leby denotes the lebesgue measure in RY.

i=kng

Definition 2.3. A probability law p in RN is said to be locally lower bounded by the Lebesgue
measure, in symbols i = Leby, if there exist eg > 0 and an open set Do C RN such that

u(A) > goLeby (AN Dy) VA€ BRY). (2.2)
We have
Proposition 2.4. Let F be a r.v. in RN and let up denote its law. Then the following statements
are equivalent:
(i) pp = Leby;
(ii) F has an absolutely continuous component;
(iii) there exist three independent r.v.’s x taking values in {0,1}, with P(x = 1) > 0, and V,W in RN,

with V' absolutely continuous, such that

P(xV + (1 —x)W € dv) = pp(dv). (2.3)

Moreover, if one of the above condition holds then the covariance matriz C(F') of F is invertible.

The proof of Proposition 2.4lis postponed to Appendix[Al As an immediate consequence of Proposition
2.4 if up > Leby then A(F) > 0, A(F) denoting the smallest eigenvalue of G(F) = C(F)~t We
denote through A\(F) the associated largest eigenvalue.

We are now ready to introduce the main contributions of this paper. We first give a new proof of the
convergence in total variation in the CLT:



Theorem 2.5. Suppose that pp = Leby, E(F) = 0 and E(|F|*) < co. Then
lim dry (pn,I) =0 (2.4)
n—oo

where p, denotes the law of S, and T is the standard Gaussian law in RY.

This is done especially in order to set up the main arguments and results from abstract Malliavin
calculus coming from representation (2.3]), that are used throughout this paper. Let us stress that
Nourdin and Poly in [I1] have dealt with r.v.’s fulfilling properties that imply (23]), to which they
apply results from [4] about a finite dimensional Malliavin type calculus.

Afterwards we deal with the estimate of the error. In fact, by means of additional requests of the
existence of the moments of F up to order > 3, we get the asymptotic expansion in powers of n~1/2
of the law of S, in total variation distance. We first obtain

Theorem 2.6. Suppose that pp = Leby and E(F) = 0. Let u,, denote the law of S, and T' denote
the standard Gaussian law in RN. Let r > 2. If E(|F|"™) < oo and all moments up to order r of
A(F)F agree with the moments of a standard Gaussian r.v. in RN then

1

drv (jn, T) < C(1L+E(JF[™)IAVE Py

(2.5)

where C > 0 depends on r, N, \(F) and \(F).

In the general case, that is the moments do not generally coincide, we get the following expansion.
For » > 2 and n > 1, we define a measure on RY through

CERS
Ty (dz) = fy(x)<1 +3 n—%lCm(x)>da:, (2.6)
m=1

where ~ denotes the probability density function of a standard normal random variable in RY and
Km(z) is a polynomial of order m - the symbol [-] stands for the integer part and for » = 2 the sums
in (Z6]) nullify, so that I', o(dx) = y(x)dx = I'(dz). Then we get

Theorem 2.7. Let r > 2 and E(|F|"') < co. Then there exist polynomials K, (x), m =1,...,[r/3]
(no polynomials are needed for r = 2), such that, setting Iy, , the measure in (2.6) and p, the law of
Sn, one has

1
r+1\\[r/3]V1
drv (pn, Lnyp) < CA+E(F|™)) X B2

where C > 0 depends on r, N, \(F) and \(F).

The statement of Theorem [2.7] is not properly written, because no information is given about the
polynomials Cp,’s. We observe that in next formula (£38]) we give a closed-form expression for the
Ky's in terms of a linear combination of Hermite polynomials, whose coefficients can be explicitly
written (so not involving inverse Fourier transforms).

Remark 2.8. Let F € D*P with p > N, DFP denoting the set of the random variables which are
derivable in Malliavin sense up to order k in LP (see Nualart [12]). If P(op > 0) > 0, op standing
for the Malliavin covariance matriz of F (and note that this request is much weaker than the non
degeneracy of op) then Theorem 2.11 in [2] gives that up = Leby (and this property may be strict,
that is F may not be absolutely continuous). So both Theorem [2.8 and Theorem [2.7 can be applied.

The rest of this paper is devoted to the proofs of the above results: Section [3 allows us to prove
Theorem and the remaining Theorem and Theorem 2.7 are discussed in Section [l



3 Convergence in the total variation distance

The aim of this section is to prove Theorem [2.5] whose proof requires some preparatives which will
be useful also in the sequel.

We consider a random variable F € RN whose law up is such that up = Leby. As proved in
Proposition 2:4], the covariance matrix C'(F') of F' is invertible. So, without loss of generality we can
assume from now on that C(F) is the identity matrix, otherwise we work with A(F)F, A(F') being
the inverse of C'(F)Y/2.

We consider the following special splitting for the law of ur, giving, as a consequence, representation
[23]). We start from the class of localization functions 9, : R — R, a > 0, defined as

CL2

Yo(r) = 1\x\§a + exp (1 - m>1a<\x\<2a' (3.1)

Then 9, € C;°(R), 0 < 1, < 1 and we have the following property: for every k,p € N there exists a
universal constant Cy, ,, such that for every z € Ry

Ck
< aT,f (3.2)

bal@) | (im0 (@)

‘ p

By the very definition, if up > Leby then we may find vg € RV, 79 > 0 and ¢y > 0 such that
P(F € A) > goLebn (AN B,y (vg)). Then for every non negative function f : RY — R, we have

BUE) 2 e [ thjallo = ) f(0)de, (33)

We denote
mo = 50/ wm/2(\v — vg|)dv. (3.4)
RN

Of course, my > 0. But, up to choose gy smaller, we also have my < 1. So, we consider three
independent random variables y € {0,1} and V, W € RY with laws

P(x = 1) = my, P(x =0) =1 —my,
€0
P(V € dv) = m_o 7/%/2(‘?1 — vg|)dv, (3.5)
P(W € dv) = - (,uF(dU) - €0¢r0/2(|v - U0|)dv)-
Then
P(xV + (1 = x)W € dv) = pp(dv). (3.6)

So, we have just proved the following
Proposition 3.1. If up = Leby then representation (2.3) holds.

From now on we will work with the representation of up in ([B.0) so we always take
F=xV+(1-x)W,

X, V and W being independent and whose laws are given in (B.5]).
We come now to the Central Limit Theorem. We consider a sequence x, Vi, Wi, € RV, k € N of
independent copies of x, V,W € RN and we take Fj, = Xk Vi + (1 — xx)Wg. Then we look to

1 & 1 o
0= 2= o 2 (b (=)

6



In order to prove the CLT in the total variation distance, we will use the abstract Malliavin calculus
settled in [3] and [2] associated to the basic noise

V=WV,...,V) = (V.. ., VM), (VL L V) e RVXn

n

(this will be done for each fixed n). To begin we recall the notation and the basic results from [2].
We work with functionals X = f(V) with f € CP°(RN*™R). For such a functional we define the
Malliavin derivatives

ox  of
ovi ol

D(k,z)X = (V), k= 1, ...,n,i = 1, ,N (37)

The Malliavin covariance matrix for a multi dimensional functional X = (X!,..., X?) is defined as

n N
o = (DX, DX7) =" "Dy X' x Doy X7, i j=1,....d. (3.8)
k=1r=1

We will denote by Ax the lower eigenvalue of ox that is

n N

Ax = inf (ox€,¢) = |U|af1 Z D X.€)° (3.9)

Moreover we define the higher order derivatives just by iterating D: for a multi index a = (v, ..., )
with o = (kj,15),k; € {1,...,n},i; € {1,..., N} we define
omX
Do X = ———=0,f(V) (3.10)
av,j;;;....av,;ll

with

am
Oaf(v) = W(U)
v" O
We will work with the norms
X1, = > IDaXPP, XL =IXP+ X, (3.11)
1<|a|<m
Xy = X m llp = EIXIT )7, 1X Ny = N1X M, + 12X M1 1 (3.12)

We define now the Ornstein Uhlenbeck operator by

n N n N
—LX =YY DgyDunX + D Dian X0 Inthyy (Vi — vol)- (3.13)

k=1 i=1 k=1 i=1

These are the operators introduced in [3] and [2] in connection to the random variable V' and taking
the weights 7, = 1. We will use the results from [2] in this framework. So we come now back to Sy,
which we write as

L Z (XK Vi + (1 = xx) Wa).

S —
! Vﬁik:l
Forevery k=1,...,nand l,i=1,..., N, we have
Doy Sh = =1
(ki) n_%Xk l=i-

7



As a consequence, we obtain

1 n
0S, = Ekz_lelv

where I denotes the identity matrix, and

The derivatives of order higher than two of .S,, are null, so we obtain for every ¢ € N

1« 1«
2 2 2 2
k=1 k=1
and consequently
ISnlligp <1 ISnllgp < I1Sall, + 1.

In particular, [|Sy| ,, is finite for every ¢,p whereas |Sy |, , is finite according to F € LP(%).
Let us now compute LS,,. We have

n N n N
—LS), = Z Dy Dr.iySh + D1y Sh0i In 1y jo (| Vi — vol)
k=1 i=1 k=1 i—1
1 n
= 7 Xk I, o (|Vie — vol).-

ol

=1
We now estimate [|LSy|[,, -

Lemma 3.2. For every q € N there exists a universal constant Cy such that

Cq
”LS"”q,p < Tq+1'
0

Proof. The basic fact in our calculus is that

&
E(0; In 1y /2(Vic — vo)) :m_oo o OiIn g o (Jv —wol) X Py s2(|v — vol)dv

€0
=2 [ Bubragallo = wol)dv o

We denote
Qr = VInt, o(Vi, —vo)

and we have

E(QL) = E(9; In 1y, o(|Vi — wol)) = 0.

So "7 . xxQL, n € N, is a martingale and the Burckholder’s inequality gives
k=1 k

£(|Lsi|) = E(‘% kZ:kui(p) < CE((%an::lxk \Qi(z )p/Q) < % g:lﬂ-z((@i\p).

8

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)



By (3.2)
E(QLPP) < C

oﬁs| =

so that

c
LS|, < —.
L8], < =

We go further and we compute Dy, ;) LS;,,. We have

[ 1
—D. LS}, = NG > XDy O g o (Vi — vol) = —=xxDe,iy0 I 1hy o ([Vie — v0))

k=1 \/ﬁ
so that
n N
|IDLS,|? < |LS,|* + % > Dy Vinay, o (Vi wol)[?
k:nl z:]i]
< LS+ TS0 ST [0y I a(1Vi — o).
k=11i,j=1

Once again using ([3.2]) we obtain

C
19505 W 2 (Ve = wol)[|, < —
0
and consequently
C
”LSn”l,p < 2
o

For higher order norms the estimates are similar. [J

We add a final property on the behavior of the Malliavin covariance matrix that will be used in next
Section

Lemma 3.3. Suppose that ur = Leby. There exists a universal constant C' such that for everyn € N
and every

e<e,=2""ml (3.19)

then n

P(detos, <¢) < Cexp(————), (3.20)

(5 — 1)
mo being defined in (3-7).
Proof. Using (3.15)
P(det og, < &) <P(Ag, <e'/N) = P(l Zn:)(k < El/N) = P(l . (xk — mg) < e'/N — m0>.
T B T " k=1 - " k=1 -

Since e/N < %mo the above term is upper bounded by
n

1 1 1 <« Xk — Mo m
]P’<— —mpy) < —=m > :]P’< <—n1/2—)
- kZ::l(Xk 0) < 570 172 ; Vg 20m,

9



with vy, = (moe(1 — mo))Y/? = Var(x;). We denote by a = n1/2—2T° and we use the Berry-Esseen
mo
theorem in order to upper bound this quantity by

2

C/_;exp(—x2/2)dm < C'exp(— %) = C'exp(— %)

O

We are now ready for the
Proof of Theorem For each K > 1 we define

®n,K = ¢K(Sn) and d]P)@n,K = @and]P)

where i is defined in (BI]). We will use the results from Section 2.1 of [2] for this localization
random variable and for the random variable V' = (V1,...,V,,). We recall that for, 0 < ¢,1 < p, in [2]
we denoted

1Gllye, = (Bo, (G = (EOnx[GP)'T  and
(Bo, (GNP = (B(On x |G2))'/P.

By using (8.16) and by recalling that 1gg, , 203|Sn| < 2K, we obtain

|’G|’q7p7®n,K

1Sl + LSl =2 p.0, < CK. (3.21)

4,0,9n, K

We use now Theorem 2.8 from [2]. (B2I]) says that the hypothesis (2.32) from [2] is satisfied. We
check now the hypothesis (2.34) from [2]. Since |0, kx| < 1 and xi,k € N are i.i.d, the law of large
numbers says that for € < E(xx) = mo one has

7(e) == lim Pe, . (As, <€) < lim P(— Zxk<€ =0

n—o0 n—oo

in which we have used ([B.I5]), and this is actually (2.34) from [2].
We consider now the probability measures p, x and px defined by

/Ln,K(A) = m nK(S GA) mE(Qn,KlA(Sn))y
jic(4) = (éK)P@K<GeA> @E(@M(G))

where G is a standard normal Gaussian random variable in RY and O = ¢k (G). Since ¢ € Cy(RY)
the CLT gives lim,, E(O,, k) = E(Ok). And again by the CLT, for every f € C,(R?) one has

lim E(uc (S0)£(S0)) = E(x (G)f(G)).
We conclude that for every f € Cy(RY) one has

tin [ fdpnsc = [

Using now Theorem 2.8 from [2] we conclude that

lim dry (i, i) = 0. (3.22)

10



Consider now a measurable function f : RV — R such that ||f||, < 1. We write

E(f(Sn) —E(f(G)] =< [E(f(Sn)(1 = Onx))| +E(f(G)(1 - Ok))|

Using the Chebyshev’s inequality

E(F(S0) (1~ i) < /o Bl 2 2K) < 5 1l

and a similar estimates holds for G. We conclude that

sup [E(f(Sn)) = E(f(G))] < % + sup [E(f(50)0n,x) — E(f(G)OK)|.
£l o<1 flloc 1

Using (3.22) we obtain
C

lim  su E(f(S,)) —E(f(&)| < —
T su [E((S0) ~EU(G))] <

for every K > 1. So the above limit is null. O
Remark 3.4. We note that if C(F) was not the identity matriz then (3.14) and (3.13) would become

1 - 1 ¢
05, :EZXkC(F) and Mg, ZA(F)EZXIQ
k=1 k=1

respectively, where 5(F) = C(F)~! and A(F) is the smallest eigenvalue of G(F) This means that
the estimates in (3.17) and (F.18) continue to hold up to a multiplying constant that now depends on
MF) and \(F) as well, the latter denoting the largest eigenvalue of C(F).

4 Asymptotic expansion

The aim of this section is to prove Theorem and Theorem 271 We proceed similarly as before: we
first study the case of smooth functions and then, using a regularizing argument, we will be able to
deal with general functions.

4.1 The development for smooth test functions

We recall that we are assuming that the r.v. F' has null mean and non degenerate covariance matrix,
that we have set equal to the identity matrix. And we have set

Fy=xiVi+ (1= x)W;
so that S, = ﬁ > | F;. Moreover we consider G; = (G}, ...,GN),i € N, some independent standard

normal random variables in RY. For k € {0,1,...,n} we define
1 k n > 1 k—1 n >
Si= (Y R+ Y G). S=—(XE+ Y G (4.1)
vn i=1 i=k+1 vn i=1 i=k+1

in which we use the convention that the sums are null when done on the indexes i € {io, ..., } with
ig > 11. Therefore, one has

1 n
Sp=8, and S)=-—) G;
\/ﬁizl
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and SY is a standard normal random variable in R". Moreover,

S’;:S,’iJr% and SF1=35F 4 fj%
In the sequel we will use the following notations. For a multi index a = (aq,...,ap) € {1,..., N}"
and z = (z!,...,2") we denote 2z = []/_, 2%. We also denote by 9, = Oze1...0z0r the derivative
corresponding to o and by |«| = r the length of a. We allow « to be the null multi-index: in this case,
we set || =0, O f = f and % = 1.
Moreover, we will use the following form of the Taylor formula of order » € N : for f € C"TH(RY),

(4.2)

fle+y) = Z > Ouf(@)y® + Upf(2,y) (4.3)

\al =p

with

U.f Z /1— )" Do f (4 Ay)dA (4.4)

|a|—r+1
We notice that for some ¢, > 0 it holds

\Up f(z,y)| < Cr|y|r+l||f||r+1,oo’ (4.5)

where || - |l;+1,00 is the usual norm on CI’;H(RN): [fllr+1,00 = 22 jag<ra1 [10aflloo-
For a multi index o = (g, ..., ) € {1,..., N}", that is |a| = r, we now set

s T s

Ao =E(F*) -E(G*) =E(J[F*) -E(]][G*) and 6, =E(G*) =E(J]G*). (4.6)

=1 1=1 =1

It is clear that A, = 0 for |a| < 2 and, for r > 3, the assumption sup|,<, [Aa| = 0 means that
all moments of F' up to order r (and not only up to order 2) agree with the moments of a standard
Gaussian random variable.

We now introduce the basic differential operators which appear in the asymptotic expansion: we set

\I/tzz 'Z D Afp0sda, t=0,1,2,. (4.7)

p=0? la|=p |B|=t—p
The property A, = 0 if |a| < 2 gives that the above sum actually starts from p = 3, so we have

t

U, =0 if t=0,1,2 and ¥, = Z 'Z D> Aubp0s0s, t=3.
p3p lal=p|Bi=t—p

From now on, we use the convention 2223(-) =0if t < 3. So, for example we can write

t

\I/tzz |Z > Aufpdsda, t=0,1,2,.

P=3 lo|=p |Bl=t—p

We note that ¥; = 0 for all t when A, = 0 for all «, that is when all the moments of F’ agree with the

moments of the standard Gaussian law. And moreover, for every ¢ > 3 and g > 0 there exists Cy y > 0
such that if f € O} then

[ fllgo0 < Ctg |Sl\1£)t |Aal| X || fllt+q,00- (4.8)

12



We also define the following objects (“remainders”): for r € N,

REf = Z 3 Aan"E <Ur_p8af<§ﬁ,_7ik>>+
P e (4.9)

+n*§ (v, (85 5’%)) E(U.f(S% 3%))]

U, f being defined in ([4.4]). As usual, the first term of the above r.h.s. is set equal to zero if r < 3.

Remark 4.1. We note here if F € L? then for every f € CZ(Q) then

Rinf = =Rbal.
And if F € L3(Q) then for every f € C’g’ then
Ronf = 772 nf = R’;vn f (4.10)
In fact, for everyr >0, if f € C’g+2 then
Unf(.y) = (@) = 1 a|§;+1ya of (2

Therefore, forr =0, F € L? and f € C’g we obtain

= vala(uu (55 5)) - 2(0ns(55.55))) v 3 ([ - (%))

Since S* is independent of Fy and G, and since Ag = 0 for |a| = 1 we get E([(Fy)" — (G)?f(SF)) =

ALE(f(S¥) =0, so that
1

vn
As for (4.10), one uses A, =0 for |a| =2 and the statement is proved similarly.
Since E(f(S,)) — E(f(G)) = B(F(S1)) — B(F(SY), we study E(f(S5) — E(f(S5) for k= 1,....n

and then apply a recurrence argument.

Rbof = —=RE . f.

Lemma 4.2. Letn € N,1 <k <n andr € N. If F € L"t1(Q) then for every f € C; T (RY) one has

T

B((55) ~ BUSE ) =3 —n 3 B@uf(S0) A+ RS (1)

p=3 P’ lor|=p
where I R o G,
R = (01035 22)) -5(010(35 %),

Proof. We will use the Taylor formula ([&3). Since S¥ = Sk 1—/’“2 and F}, is independent of Sﬁ, we
obtain

T

BU(SH) = BUG) + 3 oy 3 E@a s (SR) + B(U:f (85 ) ).

p= 1P |ae|=p

13



We now use that Sk 1 — Sk

BU(SE) =GB + Y o 3 BOaf(SIBGH + E(U.£ (35 1) ).

pl |a|=p

By recalling that A, = E(F%) —E(G*) = 0 for |a| < 2, the statement holds. J

Our aim is now to replace 3\5 by Sﬁ_l in the development (AI1]). This opens the way to use a
recurrence procedure.

Lemma 4.3. Letn € N,1 <k <n andr € N. If F € L"t1(Q) then for every f € C; T (RY) one has

B(F(SE) ~ EGSE ) = 3 g B ASE) + —yy RS

t=3

where U, and an are defined in ({{.7) and ({4.9) respectively.

Proof. We apply the Taylor’s expansion (4.3]) to the generical term of (Z11): we write Sy Sk — = Skt \C;%
and for |a| = p < r we write

g « | Gip\B G
aaf(srli) = - 0 aaf(Sﬁ_l) _ Ik +Up_pOuf Syli—l Yk
; ¢ wZ::q ’ ( \/ﬁ> p90f \/ﬁ>

We pass to the expectation: since S¥~! and G} are independent, we have

rp(

E(9af(SK)) = Z n q/2

ST B (050 (S )05 + E (Ur—paf (S5 —ﬂ))
181=q

(recall that 65 = E(G”), G being a standard normal random variable). By inserting in (ZI1]) we get

E(f(S5) — E(f(8571) = Z > A Zq. 72

Z E(050af(SE™1))05+

3P 7 jal=p 51a
_ G 1
Z lnp/2 IZ (Ur_paaf<55 1, —\/—%)> + n(T’-‘rl rnf
al=p
r r—p
S S st s
p=0g= la|=p|Bl=q
1
+ n(r+1)/2 Rfvn

in which, for the last line, we have used ([£3]) and in the first sum we can let the index p start from 0
because as p = 0,1,2, A, = 0. Now, by considering the change of variable t = p + ¢ in the first term,

14



we get

r t _
k k— k—
E(f(S1) — E(F(S3) ZS, t_s 7 2 O E(9s0af(Si) Aatst
t=0 =0 la|=s |B|=t—s
1 k
+ (r+1)/2RT”
L1 Lo(=1)t
_ k1
- mE(ZS. P Y 0uf (SR
=0 5=0 laf=s |B|=t—s
1
- n(r+1)/ f
1 . 1
= WE(\I’tf(Sn ) + (rT "ot
t=0
Since ¥y = 0 for ¢t < 2, the statement holds. [J
For k=1,...,n, we define
U = 0y and for k> 2, O =0 45 wet Y i =0,1,. (4.12)

Notice that \Ifgk) is a differential operator which is linked to the convolution w.r.t. ¢ between W. and the

preceding operator 0 Y We also notice that \Ifgk) =0 for t =0,1,2, as an immediate consequence
of the fact that W; = 0 for t < 2. So, for k > 2 we can write

t—3
U =10 0 p 10 Y w0 =01, (4.13)
p=3

We also define the following reminder operators: for r € N,

-1 r

ol f = ZZRT VI FERE T (4.14)

Jj=11=0
Note that, by definition, (135,,0,)1 = R(T]m and (IJ(()ITT)L = R’gm

Lemma 4.4. Letn € N,1 <k <n andr € N. If F € L"*}(Q) then for every f € C; T (RY) one has

T

1 1
k E—1y) _ (k) £ 0 k
\Ifgk) and (135,12 being given in [{.13) and ({{.1]) respectively.
Proof. We consider the development in Lemma 4.3}
_ ~ 1 _ 1
E(£(S5) ~E(f(S5) = 30— B () + —ry R,

t=0

For ¢t < r, we apply such development up to order r — ¢ to E(\I/tf(S,'j_l)) and we get

1 1 k=1

E(W,f(Sk ") = E(:f (S5 %) +Zn E(¥, 0, f(55) +

15



By inserting, we obtain

r r o r—t
E(f(S)) — B(/(SE™Y) = ni/ (W (SE™2) + 00— B0 f(557)
t=0 t=0 p=0
1
n(r+1) /2 ZRT tn Uef + nr+1)/ f

and by a change of variable in the second sum above we get

T

B((SE) ~ EG(SE ) =30 B f(s5 %) +

t=0

By iterating the same procedure up to step k we obtain the statement. [

We now set

=S o and ur =Y o) (4.15)
k=1 k=1

\Ifgk) and @5’2 being given in (4.12]) and (4.14) respectively.

Proposition 4.5. Let n € N1 <k <nandr € N. If F € L"*Y(Q) then for every f € C’gH(RN)

one has
T

B(F(S1) ~ B(£(SD) = Y~ BTN F(SD) + —roystht

=3
T and U are defined in ([{.15).

Proof. Since E(f(S7)) — E(f(S2)) = iy (E(f(S¥)) — E(f(SF™1))), the statement immediately
follows from Lemma 4l OJ

We give now an explicit expression for the operators \I/,Ek) in (412 and, as a consequence, for T} in
(#I3). For ¥, given in 1), i =1,2,..., we set

t
Ab=w, andfor i>1, A=Y "w,Al

Since Wy = 0 for t = 0, 1,2, straightforward computations give that A% = 0 if ¢+ < 3i, so that we can

also write
t—3i

Al =0, andfor i>1, A=) w4 (4.16)

We can give an alternative representation for the A%’s. We set M the set of all multi-indexes and for
a,f € M (possibly with different length), we set (o, 3) € M the associated concatenation. So, for
v € M we define

A’*{ = {(avﬁ) : (avﬁ) = ’7}
and .
1 _ (1) i+l _ 1i
Cy = Z |a|‘|5|'A aflp and fori>1, ' = Z CaCpy 12> 1 (4.17)
(,B)eA, (a,B)EA,
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Since c}Y = 0 if |y| < 3, by recurrence one gets cﬂy = 0 if |y| < 3¢ for every i. Then, straightforward
computations give that, for i > 1,

Ai= Y o, with {d },em given in @IT). (4.18)
v:lyl=t

It is immediate to see that for every v € M there exists C such that for every ¢ > 1

|C7'| < C sup |All". (4.19)
o<

As a consequence, for t,q > 0 there exists C' > 0 (depending on ¢, ¢ only) such that for every i > 1
and f € C/7(RYN)

AL fllg,00 < Oﬁlf Al X || flli4g00 < C(L+E(F)) ! sup |Aal % || £]li4+g,00- (4.20)
a|<t

B lal<t

().

Moreover, the Ai’s give the following representation formula for the ¥,

Proposition 4.6. For every k > 1 the operator W) given in (-13) can be written as

[t/3]
gk = ZQH t=0,1,...

where Q;—1(k) is defined as follows:

Qo(k) =1 and for1 > 1, Qi(k ZQllj—l

j=1+1

In particular, Q;(k) =0 if k <1 and Q;(k) > 0 otherwise.

Proof. We have already observed that if [t/3] = 0 then \I’Ek) = U, = 0 for every k and if [t/3] =1

then \Ifgk) = U, for every k, see (4.13]), so the formulas agree. We now assume that the formula is true
for [t/3] = j > 1 and for every k, and we prove it for [t/3] = j + 1 and for every k. We recall that

U = w4 8w, Y But if [t/3] = j + 1 then [(t — p)/3] < j for any p=3,...,t — 3, s0
that by 1nduct10n \I’E_p ) fulﬁls the formula. Therefore, we can write
t=3 [(t—p)/3]

‘Ijtk kl“‘ZZQzl \I’Al

We do a change of variable in the last sum: the condition i < [(t — p)]/3 gives 3i < t — p, that is
p <t—3i,and if p > 3 then ¢ < [t/3] — 1. So, by using also (£.10]) we get

[t/3]— t—3i [t/3]— [t/3]
\I'(k ZQZI _12\11/1 ZQZI _1A2+1 Zsz — 1) AL
=1
By summing
/3] & /3] & '
=T+ ) > Qica(j — DAL = Qo)A + D) Qi — 1A
i=2 j=2 i=2 j=2
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and the statement holds for Qy(k) = 1 and Q;—1(k) = 22?:2 Qi—2(j — 1), i > 2. We now prove that
Qik)=0if k <land Qi(k) >0 for k > 1+ 1. For l =1, Qi(k) = k — 1, and the statement holds. If
we assume that @Q;(k) is not null for £ > 1 + 1 then

k
Quia(k) =D Qi — 111z = Z QG — D 1jz142
=2

and this is null for k¥ <[+ 1 and strictly positive if k > [+ 2. O

We now give an explicit formula for 7%, namely we write it in such a way that n — T}* is a polynomial
whose coefficients will be explicitly written. To this purpose, we need to handle polynomials of the

type
n— SSn—-1)= Zkl leNn>1.

We recall the exact expansion for SS;(L) = Sk_ K

J’_

l

1 I+1
L)=+—— Biy1-p L 4.21
SSi(L) le(p)zw (421)

where { By, },, denotes the sequence of the (second) Bernoulli numbers (which are in fact defined as
the numbers for which the above equality holds, see [I]), whose first numbers are given by

1 1 1 1 1
By=1 Bi=—-, Bh=-, B3=0, By=——, Bs=0, Bg=—, By=0, Bg=——,...
0 ) 1 27 2 67 3 07 4 307 5 07 6 427 7 07 8 307

Then, straightforward computations give that for [ € N and n > 1,

I+1

SSy(n — 1) Z K=" by gn
q=0

where the sequence (b 4)q=0...i+1 is given by

|
by = —— (l“)BM_p(z)(—l)P—q, g=0,1,...I+landl€N, (422

[ ] l = 0 b0,0 == —17 b071 = 17
ol=1: bio=0, bii=—g3 bi2=g;
[} l = 2 : b2’0 = 0, b271 = %’ b2’2 — _%, b273 — %

Then one has

Proposition 4.7. Letn > 1, r € N and F € L7 *1(Q), where g, = max(r,2). Fort <r, let T]* be

defined as in ({{.15]). Then,
[t/3]

ZP JAL t=0,1,...
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where P;(n) =0 if n < i and for n > i,

i
n)=>Y apn’, i=1,...,n (4.23)

p=0

with
a10=0, a1=1 andfori>1
. . 4.24
ait10= Y aibo— Y aiiSSI(i—1), amip= Y @by p=1,...,i (424)
=0 =0 l=p—1

the sequence (b p)p=0,..1+1 being defined in (4.22) and SS;(i — 1) being given in (4.21).
Proof. Since T}" =Y, \Ilik), we get

t/3] n

=22 Qinlb)

i=1 k=1
so that Py(n) = >, Qi—1(k) = Z"H Qi—1(j — 1) = Qi(n +1). As a consequence, P;(n) = 0 if
n+1 <4, that is n < i. So, let n > i. We have Pj(n) = 22—1 Qo(k) =n and for i > 2,

n+1

n—1
Pi(n) = Qi(n+1) ZQ: 1= DL = Z Qiaak+1)= > (k). (4.25)

k=i—1 k=i—1

Since Pj(n) = n, we get a; 9 = 0 and a;; = 1. In order to compute the sequence (a;;)i=o,. i, We use
a recurrence argument. For ¢ > 1, one has

n—1 n—1 1
Pia(n) =) Pi(k) =Y aykl = Za,le‘ = Za” SSi(n—1) — 8S(i — 1))
k=1 k=1 1=0
i i I+1

= Zai,lSSl(n —-1)— Zai,lSSl(i -1) Z a; Z by pn? — Zaz 1551(i — 1)
=0 =0
i+1 i i

= Z n? Z a; by p — Z a;1SS;(i — 1)
p=0  I=0v(p—1) 1=0

and ([4.24)) follows. O
We are now ready to prove our result on the asymptotic expansion for smooth functions. We set:
e for m > 1and f € C;"(RY),

3m [t/3]

Duf= S Y acmE(A(O)): (4.26)

t=3Vm i=1vigm
t —m even

e for 7 >2and f € C; T (RY),

[r/3]+1 r 1 Gmr [t/3] '
Eif=n—> X[ ns Z Z ai,t—TmE(Aif(G)) mu"f (4.27)
m=[3]+1 t=3vm i=1vigm nz

t —m even

Then we have
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Theorem 4.8. Let r > 2. If F € L""Y(Q) then for every f € C;T*(R™) one has

[r/3]
B(f(5) ~E(G) = 22 g s e
=1

where Dy, f and ENf are defined in (1-26) and {{-27) respectively.
Remark 4.9. At this stage, we could prove that

n T T 1
‘57’ f‘ < C(l "‘E(’F’ +1))[ /3L ”f”r’+3,oo sup ’Aa‘ + ”f”r’-l-l,oo r— ]’ (4.28)
n

r/3]—2
|ao| <7 [é]

C denoting a suitable constant depending on r and N only. But since we aim to deal with the distance
in total variation, we need a representation and an estimate of the reminder in terms of f and not of
its derivatives. So, we skip this point and we postpone the problem to next section.

Proof. Take r > 2. We use Proposition for every n € N and f € CZH(RN) we have

r [t/3]
n 1 n
E(f(Sy)) —E( =3 S RME(AF@) + werade f
t=3 n? i=1
r t/3] i

1
_Z ZZ% " E(Af(G)) + 1) /2unf

t= 3” i=1 p=0
r [t/3] [t/3]

1 n
=30 5 X wBASO) + ot

t=3 p= 0n2 i=1Vp

So, by recalling that S, = 5] and G £ SY we obtain

N E R .
E(f(S) —E(f(G) =) i Z aipB(ALf(G)) + (D) et

t=3 p=0 nz i=1Vp

We set now t —2p = m, so t —m is an even number. Now, p > 0 gives that ¢ > m and since ¢ > 3 then
t>3Vvmand m <r;p<|[t/3] gives that (t —m)/2 < [t/3]. Therefore, the sum over ¢ < r must be
done on the set {t : 3Vvm <t <r,t—meven, t —2[t/3] < m}. It is easy to see that this set equals
to {t : 3vm <t < (3m)Ar,t —m even}. So, we obtain

r (3m)Ar [t/3]
1 ; 1
E(f(Sn) — E(£(Q)) :§:—n% S > 4 enE(Af(G) + —ad S
m=1 t=3vm i=1viz™

t —m even

The statement now follows by using (£.20) (notice that 3m < r if m < [r/3]) and ([@27)). O

4.2 Regularized functions and estimate of the reminder

Our problem is now to prove an estimate for the reminder in the development for a function f in
terms of || f||,, instead of || f[|, ; o To this purpose, we need some preliminary results.

For § > 0 we denote by 75 the density of the centred Gaussian law of variance 6 and for f : R? — R
we denote f; = f * ;5. Using standard integration by parts on RY one may prove that for each r € N
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there exists an universal constant C' (depending on N and r only) such that for every multi index «
with |a| = r one has

C
19afslloe < 572 1/ loc - (4.29)

We give now some estimates following from Lemma 2.4 in [2].

Lemma 4.10. Suppose that pur = Leby. There exist universal constants C > 0 and b > 4, depending
on N only, such that for everyd > 0, n € N and for every bounded and measurable function f : RN — R
one has

[E(£(Sn)) = E(f5(Su)| < C Iflloo (1 +E(F]) (7€ + 51002/, (4.30)

Proof. Let K > 1 and Uy € C®(R") be such that 1Bk (0) < Vi < 1p,, (0) and such that, for some
L >0, ||0,Vk], <L for every multi index . Then we have

E(/(5.)) ~ B Wx(SS)] < [1F BS] > ) < [l Z0om) < 1 2 )
and in a similar way |E(f5(Sn)) — E(fs(Yx (Sn)Sn))| < |fIIE(|F|)v/n/K. So we can write

[E(f(Sn)) — E(fs(Sn))| SIE(f(Sn)) — E(f (Wi (Sn)Sn))| + [E(f5(Sn)) — E(f5(¥k (Sn)Sn))l

<2E(|F]) [ £l oo A [E(f (VK (Sn)Sn)) = E(f5(Vi(Sn)Sn))l-

As for the last term in the above r.h.s. we apply Lemma 2.5 from [2] to S,, = U (S,,)S,: there exist

some universal constants C,p,a > 1 depending only on IV such that for every € > 0, > 0 and every
f € L®(RY) then

x (P(det 0w e(s,s, <€) + @1 15 (S) Sl + (TR (Sn) Sl ,)" ).

We note that we are forced to introduce the localization inside W because in the above estimate it
appears ||W g (S,)Sy)||p, with p > 1: since the r.v.’s are only square integrable, if we take ¥y =1 then
in principle we do not know if such norm is finite.

Now, on the set {|S,| < K} we have det oy, (s,)s, = detos,, so that

E(ISn)

P(det oy (5,5, <€) < P(detos, <e) +P(|S,| > K) <P(detos, <¢)+ %

gPMa@n<@+EWW%?

By taking € = ¢, /2 as in Lemma B.3] (3:20) gives

5

P(det oy, (5,5, < £) < Ce ™ +E(|F]) X2
Therefore, we can write

[E(f(Sn)) = E(fs(Sn))l < Ol %

x (/¢ +E(IF)) % + VB(L+ 19k (Su)Sulls + 1L (S0)Swl,)°):
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We use now Lemma [B.1lin Appendix [B} inequalities (B.1)) and (B.2) give

5
15(S0)Sullp + 1L k(S)S) 1 < CK (14 1Salluaag)” + CK (14 1ullase)” (1 + 120 ]1.40)
< CK(1+ [|Sullissp + [1LSnll1ap) "

By using (B17) and [B.I8]) we have
W (Sn)Snlls p + LW K (Sn) S0y, < CK,

so that
[B(7(S0) ~ BU(S2)| < O 1 (7€ + B Y2+ VG K )
< Ol (14 B(FD) (7€ 4 Y2 4 VER").

We now optimize on K by taking it in order that /n/K = V0 K. Straightforward computations give
now (30), with $ = 1(1 — o) < 1. 0O

Remark 4.11. We stress that when C(F) # Id then the constant in (3.20) depends on A\(F). As a
consequence, this dependence holds for the constant C appearing in ({{.30) as well.

We now propose the following key result, allowing us to deal with the remaining terms.

Lemma 4.12. Suppose that pp = Leby. Let a and 8 denote multi-indexes, with |a] = r and
|8l =m. If F € L™(Q) then there exists a constant C' (which depends on N, r and m) such that for
every f € L°(RY), § >0, n >1 and A € R then

£ (05 (85 + A= B )| < CITIRE(FI™) (1 4+ 6772/),

£ (075 (35 + A )67 | < CITIE(GI™) (1 + 5771270,

in which fs = f % ~s, Vs being the centred normal density in RY with covariance matriz 61.

Proof. Without loss of generality, we suppose that n is even and we study separately the cases k < n/2
and k > n/2+ 1 - if n was odd, it would be sufficient to study £ < (n —1)/2 and k > (n —1)/2 4 1.

Case 1: k < n/2. We denote

n/2 n
F, 1
A, — 1/2<ZF +Z§k;1 Gi) + A5 Bzmi:%HGi
so that

1/2

Notice that B is a Gaussian random variable with covariance %I which is independent of Ay and of Fj,.
Using integration by parts with respect to B we may find a random variable H, having all moments
and

E(0afs(Sh + Al—/Z)F6> E(Oufs(Ax + B)F) = E(f5(Ax + B)F{ Hy).
Since Fy and H, are independent, H, being a suitable function of G,, /2, ..., Gy, it follows that

£ (0085 (85 + A=t B )| < C sl EQFI™E( ) < €11 BUFI™)
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Similarly, we obtain

£ (0055 (85 + 2-m)at)| < Ul B(CI™).

Case 2: k> n/2. We denote

n/2
1/2 ZF” By, = 1/2 Z B+ Z 1/2
i=n/24+1 i=k+1
so that
5’f+A 1/2 = A+ By.
We notice that 1
A= ESH /25
so we can use the noise from the absolutely continuous r.v.’s Vi,...,V,, 5 “inside” S, /5, as already

seen in Section [Bl We then proceed to use integration by parts w.r.t. the noise from A.

We notice that o4 = %O‘Sn /2 and that the covariance matrix og /2 of S,,/2 may degenerate. So, we use a
localization: we consider a function ¢ € C*(R,.) such that 1(. 5 o0) < ¢ < 1, &) and [V, < 2/e.
with e, given in (B.I9]). Then we write

( af5<5k+)‘ 1/2)FB> E(Oafs(A+ Br)Fy) =1+J
with

I = E(0ufs(A+ By)Fl¢(det o)),
J = E(9ufs(A+Bp)F (1 - ¢(detaa))).

We estimate I. Notice that ¢(det 04) # 0 implies that det 04 > €. /2. We use the integration by parts
with respect to A, as developed in [2], and we obtain

I =E(fs(A+ Bp)FeHL(A, ¢(det 04))).

By using the estimates in Theorem 3.4 from [2], we may find some universal constants C, g such that

E(|HA(A, ¢(detoa))|?) < 7 (1L+ [ Allrirp + [ LALr-15)" < O

NI Q

the second inequality following from (8:17]) and (BI8]). Now, F}, and H (A, ¢(det 04)) are independent,
so that
1] < Clflloc E(F[™).

We estimate now J. By recalling again that Fj and o4 are independent and by using (4.29) and (3.20),
we obtain

7]

IN

10 f5ll B Y (1 — d(det o)) < 6772 fllocE(| P ™) P(os, , < &1))
OS2I f B ™) x e/C.

N

By resuming, we get

(E(aaf5 (s'f v )\1—/2>F6> ( < O\l fllE(IF[™) (1 + 577/2e7/C).
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And similarly, we prove that

2(0us (85 + 0o ) 61) | < CIAIE(GI™ (14572 77/C).

O
We can now give a nice estimate for U fs in terms of || f|loc. And this is enough for the moment.

Lemma 4.13. Suppose that pup = Leby. Let v > 2 and F € L't(Q). For f € L®°(RY) and § > 0,
set fs = f %5, 75 being the centred normal density in RN with covariance matriz 6I. Then there
exists C > 0 depending on v and N only such that for every f € L®(R™) one has
r r—[r/3]
U7 f3] < COAE(FT )M floo(1 4675 /) (sup [Aa] x5 4n). (431)

la| <7

Proof. By using (415]) and ([@I4]), we can write

n k—1 r
urf =3 | SR+ RE 6
k=1 j=1t=3

Since g — Rén ¢ is linear, by using the expansion of ¥(*) in Lemma.6land by recalling that Qi—1(k) >
0, we get
n k=1 r [t/3]

<Y DN QiR mAtfHZrR

k=2 j=1t=3 i=1 k=1

Since r > 2, (£I0) gives Rg’n = %Rgn and an =
t =r —1,r and we obtain

%Rg,n‘ So, we isolate in the sum the terms with

n k—1 r—2[t/3] [(r—1)/3]

sl < 3 [Las Y0 Y QIR tnAtf5r+1r>4} > Qe () IREIAL fo
k=2 j=1 t=3 i=1
L o n
Floza > QIRSIA| + D [REfol
- = (4.32)
We have (recall formula (4.9])
RE  fi <Z S 1aln ™ [B(Ur 00 15(35 —2) )|+
Ia\—p
Fy. G,
0t (B (s (3% J2)) |+ [E (05 (35 2) )]

and by using Lemma we get

R fsl < CAA+E(ET IS loo(1 4575 7/, (433)

As for the other sums in the r.h.s. of [£32), for s > 2 we have

IREDALfs| < > Ich| x [RE70, f5] < C|sup [AL(L+E(FN)) D [RETD, 5],

lv|=t lv|=t
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last inequality following from (4.19]). We use again Lemma [L.I2t for |y| = ¢,
. s 1
[RE0 05 < CQL+E(FIF IS loo(1 46772 7).
We apply such inequality with: t <r—2and s=r—t,t=r—1and s =2,¢t=1r and s = 2. Then,

r+1
R W ALfs] <C sup |Aa(1+E([F™ )V £l (14 675 /)

la|<r

REIAL_ fs <C sup [Aa](1+E(EIT)) M fllao(1 46775 7/C)

laf<r

7 r T —rt3 —n
[R5 AL f5] <C sup [Aal(1+E(FI )M fllog (14677 7/

laf<r

By inserting such estimates and (£33)) in (£32]), we get

n k-1 r—2 [t/3] [(r—1)/3]
sl <> 0N [1r>5ZZQz 1 ()R tnAtf5’+1r>4\/— Z Qi-1()IR5,7 AL £l
k=2 j=1 t=3 i=1

[7‘/3} n
+ 1r>3_ Z Qi-1(J g;@infH] + YIRS 1]
k=1

r+3
<C(1+E(|F|T+1))[r/3]“||f|| (140675 e%)x

n k—1 [(r—2)/3] 1 [(r—1)/3]
(s1|1p Bl 3D 12 Z Qia(i) + Liza—m D Qi)+
<r k=2 j=1 i=1

[r/3]
+ 17»2352 Qi—l(j)] + n)
i=1

Since Yy _, z;:ll SE Qi) =Xk, Piii(n — 1) is a polynomial of order L + 1 we obtain

|Z/[nf6| <C’(1+E(|F|r+1)) [r/3] \/1||f||oo(1+5 n/C)
o] <r

and the statement follows by noticing that

r—3[r/3]
2

lr=2/3y oDy Iy < ol /8t
0

4.3 Estimate of the error in total variation distance

We want to get rid of the derivatives of f which appear in the coefficients D,, f. In order to do it
we will use integration by parts w.r.t. the Gaussian law and then the Hermite polynomials come on.
Again, we assume ur > Leby and F' has null mean and identical covariance matrix.

We denote by H,, the Hermite polynomial of order m on R that is

12d™ 10

H,(z) = (—1)me —e 27, (4.34)



For a multi index a = (a1, ...,) € {1,..., N}" we denote f3;(«) = card{j : aj = i} so that 0, =
O G

. And we define the Hermite polynomial on R” corresponding to the multi index o by

N
x) = HH@.(Q)(:EZ-) for T = (Z1,...,; TN). (4.35)

With this definition we have
Bue 31 = (—1)lol, (z)e 312

and using integration by parts, for a centred Gaussian random variable G € RY

E(0af(G)) = E(f(G)Ha(G)). (4.36)

This means that we can compute E(A!f(G)) by means of f and not of its derivatives. In fact, for
i>1and t > 0, we define the polynomials Hi(x) as follows:

Hi(z) = Z cfyH,y(:E), ¢!, defined in (@I7) and H, given in ([@.35). (4.37)

Yilyl=t
Since A f =3, . ;1= &0y, @.30) gives

E(ALf(G) = > dE@f(G) = Y dEf(G)HL(G)) =E(f(G)YHI(G)).

v:hyl=t v:hyl=t
Therefore, for every f € C*(RY) the coefficients Dy, f, m > 1, in (£26]) can be written as

Dpf = E(f(G)’Cm(G))7 m > 1, where
[t/3]
K (x) = Z Z wHi(z), a;; given in (@24) and H} given in ([@3T). (4.38)

t=3vm i=1vigm
t —m even

We are now ready to tackle our original problem: the exact expansion in total variation distance of
the law p, of S,,. To this purpose, for r > 2 and n > 1 we define the following measure in RV:

[r/3]
Iy, (de) =~(x <1 + Z ) x, Kmn(z) given in (A3, (4.39)

where v denotes the probability density function of a standard normal random variable in RY. We
stress that for r = 2 then I, ,(dx) = y(z)dx =: T'(dz).

Theorem 4.14. Suppose up = Leby. Let r > 2 and F € L't (Q). Forn > 1, let u, denote the law
of Sy, and T'y, . stand for the measure in ({4.39). Then there exists a constant C > 0 depending on r
and N only such that for every n € N,

r r/3]V1
dry (fin; Tar) < C(1+E(FI )7 sup Al x —m

|| <r n- 2 n-2
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Proof. We study | [ fdu, — [ fdUy,| for f € L®(RY). From now on, C will denote a constant,
possibly varying from line to line, that may depend only on N and r.

We take 0 > 0 and we consider the regularized function fs = f * 5 where s is the centred Gaussian
density of covariance matrix 1. We have

(/fdun—/fdrn,r <Lt
v Ins = ‘/fédﬂn_/f5drn,r

Lis < Cllf oo (L +E(IF) (7€ +61/0nl0=2/E0),

where b > 4 is a suitable constant, independent of F' and f. And using standard integration by parts
on RV,

L5+ JIns

with
Lns = | [(F = ),
By (4.30)

L= [(¢ = ot

15 < Cllflle 8%

Moreover, since

[r/3]

/fédrnr—Efé Z mféa

Theorem [4.8] gives
1 n
Ino = 7 |60 sl
n 2
with
r (Bm)Ar  [t/3]
N [r/3]+1 1 i 1 n
€n g5l <n T [ Z 5 Z > s i | X [B(ALS(G)] + —r U]
=[r/3+1 " t=3vm =1y izm nz

But since E(ALf5(GQ)) = E(f5(G)H:(G)), then
E(AL£5(G))] < IfsllocB(HIHG)) < Cllf oo (1 +E(IF|T)) sup [Aql.

<t

We use now Lemma [LI3t for r > 2, we apply ([£31) and we get

€7 5] < COU+E(F™ I flloo

. 1
_ e—n/C)[ sup |Ay| + A 7/3] 2}
oo <r n

By replacing, we get

T T —n 1 1
Ins < C(1+E(|F| +1)[ Bl\ﬂHfH (1+0" =2 /C)[ sup |Aq| x EEEERE 7;1}
o] <r n_ 2 n 2

By resuming, we can write

| [ fdun - [ ar.,

SC'IIfHOO(l+E(IF|’"+1)[’"/3]V1 [e—g 1 §Y/2 4 §1/by (0-2)/(20) 4

+(1+5_T_§36_"/0)< sup |Aql] X - ! + n;)]

/3] +1
la|<r [T/Q]Jr
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_r43
Now, we choose § = §, such that 51/b (b=2)/(2) — _L_ By observing that n + 6, 2 e ™ is
n-2
bounded and (51/2 < L we get
n 2
1y 1 1
| [ fdun = [ £aT0,] < Ol (0 QP sup Bl % s + ]
o <r n_ 2z N2

and the result follows. [J

We can now pass to the

Proof of Theorem and 2.7l We apply Theorem .14 with F' replaced by A(F)F, where A(F)
is the inverse of C'(F)'/2, C(F) denoting the covariance matrix. And it is clear that now the constants
appearing in the estimates will depend on C(F’) as well, through its most significant eigenvalues (the
smallest and the largest one, see e.g. in Remark B4 and [£.1T]). O

We conclude by explicitly writing Cp, (z) for m = 1,2, 3. From ([£38)) we have:

( ) =ai 1H3( )
Ka(z) = a11Hi(x) + az 215 ()
Ks(z) = a1,0Hz(x) + a1 H3(x) + agoH7 (x) + a3 3Hg (),
where H(z) = Dyt ! Hy(x). Now, from ([IT) it is easy to see that
1
3 =A, if || =3
1 .
=9 7 i 7] = 4
1 1
ﬁA(WIW%’YS)l'M:’% + EA’Y if [y =5,
1 .
2 (31)2 A(WWZWB)A(%%,%) if |[y| =6
¢, = )
314! (A(%ﬁz,%)A(%vmm) + A(vl,vz,va,m)A(vs,ms,w)) if [v[ =17,
1
3 )
Cy = (3!)3A('Ylv’YZv’YB)A('MFYS,’YG)A(’W,’Ysﬁg) if |y| = 9.

Moreover, a1 90 =0,a11 =1, a22 =b12 = %Bo = % and a3z 3 = ag2ba3 = %-%BO = %. So, we can write

ZAH

M 3
1
Ka(z) :I Z A Hy(z) + W Z A(’nWzﬁs)A(’M,’%,’Yﬁ)H’Y(‘r)
lv|=4 lv]=6
1 1
Ks(x) = Z (ﬁA(’hfm,%)lm:’ys + EA’Y> Hy(z)+
h=s = '
2 » 3;4, Z (1 7207) A ravs vevr) T A(“/l,’72,’737“14)A(’Y5776,’Y7))H'Y(‘T)—i_
Iv|=7
1
+ m Z A(’”{l,’727“/3)A(’Y47“/5,’Y6)A(“/77787“/9)H"/(x)
Iv|=9
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In the case N =1, for t € N set

E(FY)
b= ————.
Var(F)t/2
Note that ¢, is strictly connected to the Lyapunov ratio L; = E(EFT) By recalling that for G ~ N(0, 1)

Var(F)t/2°
then E(G*) = 0 if t is odd and E(G*) = (¢t —1)! if ¢ is even (Wltl(l t)he convention (—1)!I = 1), we obtain
Ay =4 if tis odd and Ay = £, — (¢t — 1)1 if ¢ is even. Remark that Az = ¢35 and Ay = ¢4 — 3 are the
skewness and the kurtosis respectively. Hence, we obtain the polynomials in the classical Edgeworth
expansion:

_ 2
ki) = Smye), Kot = D) + By
_ 3
Kala) = (g + ) ste) + 2P ba) 4 b o).

A Probability measures locally lower bounded by the Lebesgue me-
asure

We discuss here the proof of Proposition 24l For a random variable F' € RY with law up, we recall
that up = Leby if there exists an open set D C RY and € > 0 such that

pr(A) :=P(F € A) > cLeby(AND)  VAc BRY). (A1)
Remark that we have already proved that if up > Leby then (23] holds (see Proposition B.1).
We first prove the equivalence (i) < (i7):

Lemma A.l. ur = Leby if and only if there exists a non negative measure p with u(RY) < 1 and a
non negative lower semi-continuous function p with [pn p(v)dv =1 — w(RN) such that

r(dv) = p(dv) + p(v)do. (A:2)

Proof. If (AJ) holds we take vo € D and r > 0 such that B,(vg) C D. Then, it suffices to take
p(x) = elp, () (x) and p(A) = P(F € A) — [, p(v)dv, which turns out to be a non negative measure.
Suppose now that (A2]) holds. Slnce p is non negative and lower semicontinuous we may find an
increasing sequence of non negative and continuous functions p,,n € N such that p, T p. It follows
that [p, 1 [p=1— w(RN) > 0, and we may find n such that J pn > 0. So there exists vy such that
pn(vo) > 0. Since pj, is continuous this implies that p(v) > pp(v) > 3pn(vo) for [v — vg| < r for some
small r. O

As a consequence we get the final property in Proposition 2.4}
Lemma A.2. If up = Leby then the covariance matriz of F is invertible.

Proof. We fix vg € RY and £ > 0 such that (A.) holds with D = B,.(vg). We assume that E(F?) =0
so that the covariance matrix is given by C%J(F) = E(F'F7). Then, for ¢ € RV we write

(C(F)E,€) =B((F,€)) >« /B . (0, €)2 do

We denote As(€) = {v: (v,€)? > §|€|*} and we note that we may choose 8(vg, r) such that

inf Leby (As( ) (€)) = 1(v0.7) > 0
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Then

él‘n:fl (C(F)E, &) > en(vo, m)Lebn (By(vo)).

O

We have already proved in Proposition B.] the implication (i) = (4#i7). Last implication (iii) = (i) is
trivial. In fact, let
P(xV 4+ (1 — x)W € dv) = P(F € dv)

where y is a Bernoulli r.v. with parameter p > 0, V in RY is absolutely continuous and W is a r.v.
in RY. Setting pup, py and py the law of F, V and W respectively, then

pr(dv) = ppy (v)dv + (1 — p)uw (dv),

so F' has an absolutely continuous component.

B Estimates for the Sobolev norms in Lemma [4.10

This section is devoted to the proof the estimates used in Lemma [£.10] that is

Lemma B.1. Let d > 1, m € N, p > 1. Then there exists C > 0 such that for every K > 1 and
X = (X1,..., X% the following estimates holds:

m—+1
1V (X)X [mp < CKQ+1X 1 m,me1)p) (B.1)
2m+3
IL(Y & (X)X)|lmp < CK (14 1 X[l1,m41,40mv2)p) (14 1 LX ||, 4p) (B.2)

where U (X) denote any function in C*°(R?) such that I(0) < Vi < 1g,,,(0) and whose derivatives
are uniformly bounded, that is there exists L > 0 such that |0,V | < L for every multi index «.

Proof. For a multi index «, one has
Do(Ug(X)X') = DaUi (X)X + > DyUg(X)DgX’
Bv’yeAavlﬁ‘Zl
where the condition “B8,v € A,” means that 3,7 is a partition of . Moreover, one has

ef]

DyUg(X) =) > 9,Ux(X) Y  DgX" DgX"
=1 |p|=t B,....Be€EBy
where “f1,..., 8, € B,” means that 3i,..., [, are non empty multi indexes of v running through the
list of all of the (non empty) “blocks” of 7. Then, for |y| < m we obtain
m
DUk (X)] < Cliyiera (14 Y 1D,X]) (B.3)

1< p|<m
So, for |a| = m we have
1
|Da(¥rc(X)X)] < CK (14 [X[1m)"™"

and (B follows. Consider now L(W(X)X"). We have

n d
LUk (X)X') = ~LUx(X) X' = Ui (X)LX '+ ) > Doy Ui (X) Dy X
k=1 i=1
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We use now the inequality || XY ||, < C|| X |lm,2p||Y |lm,2p- But concerning the first term of r.h.s. of
the equality above, we take care of the derivatives of W as done to obtain formula (B.3]) and we get

| L(¥ & (X)X [lmp < CILY & (X)lm,2p ([ XL x| < i1 ll2p + [[ X [[1,m,2p)
< CKHL\I’K(X)HMQP(l + ”Xul,m,2p)-

So, we obtain

LW 1 (X) X) [lmp SC (BN L g (X) im,2p (1 + 1 X ]1,m,2p) +
H 19k (Xl 2p | LX 20 + 19 1 () 11,m,20 1 X [11,m,2)-

(B.3)) gives that
19 5 (X[l 2p < C( A [[X 1 m,2mp)™ (B4)

SO we can write
1
LW & (X)X) g SCK (1 + | X 1 m,2mp) ™ (14 LYk (X) |lm,2p + ILX [lm,2p)

It remains to estimate || LW g (X)||m,2p. Since

d d
LUg(X) =Y 0;Ux(X)LX7 - % > 0,0;Ux(X)(DX', DXT)
j=1

ij=1
we have

1LY 5 (X)lm2p < C (VYK (Xl ap | LX llm,ap + V285 (X) i, ap DX 71 55)-

m,8p
An inequality analogous to (B.4)) can be proved for V¥ and V2V, so we obtain

1L 1 (X lm,2p < C (141X 1m.amp) ™ 1 LX o p + (141X 1 mamp) ™ | X o 41,8p)
< CAH X 1 mr1agmvayp)™ 2 (14 1L X |l ap) -

Therefore, we can write

m+1 m
IL(¥ & (X)X ) lmp SCK (L4 1X [[1m2mp) " (L4 1 X1 mt1,40mvayp) ™2 ¥
X (L4 I1LX Nlm.ap + 1 LX m,2p)
2m+3
<CK (L4 X |1 mt1,40mv2)p) (L4 [I1LX [ 1m,4p)

and the statement holds. [
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