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Abstract. Consider an irrational rotation of the unit circle and a real continuous function.
A point is declared “maximizing” if the growth of the ergodic sums at this point is
maximal up to an additive constant. In case of two-sided ergodic sums the existence
of a maximizing point for a continuous function implies that it is the coboundary of a
continuous function. In contrast, we build for the “usual” one-sided ergodic sums examples
in Holder or smooth classes indicating that all kinds of behaviour of the function with
respect to the dynamical system are possible. We also show that generic continuous
functions are without maximizing points, not only for rotations, but for the transformation
2x mod 1 as well. For this latter transformation it is known that any Holder continuous
function has a maximizing point.

1. Introduction
Let (X,T) be a topological dynamical system, where X is a compact metric space and
T : X — X a continuous and surjective transformation.

Fix a continuous function f : X — R and write T'f for f o T. Introduce the ergodic
sums

n—1
falz) =Y TFf@), n>1.
k=0
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2 J. Brémont and Z. Buczolich

The optimal pointwise growth of (f,(z)) is an important question arising naturally. We
mention for example A. Cohen and J.-P. Conze [11] in a wavelet context, R. Mané [20)]
on Lagrangian systems, or optimization problems in computer science and algorithms
when considering “discrete events systems”, see D. A. Carlson, A. B. Haurie and A.
Leizarowitz [8] or J. C. Lagarias and Y. Wang [17]. From these early works has emerged
a field of research now called Ergodic Optimization, see T. Bousch [3], J.-P. Conze and Y.
Guivarc’h [10] and the survey by O. Jenkinson [14]. The central question is the maximal
mean growth of (f,,(z)),>1, which is related to an optimization problem about invariant
measures.

We focus in this article on a finer type of optimal growth and consider points x € X
for which the growth of the sums (f,,()),>1 is maximal up to an additive constant.

DEFINITION 1. Let f: X — R be continuous. A point xo € X is “mazimizing” for f if
there exists a constant C > 0 such that:
Ve e X,¥n>1, fule) < falo) + C. 1)

In this case, the shortfall of mazximization at xq is

SM(f7 :L'O) = sup fn(x) - fn(xO) (2)
n>1, z€T
We say that x¢ is “exactly maximizing” if one can take C = 0 in (1) and “weakly

maximizing” if C is replaced by C(x). If p is a fized Borel probability measure, we also
say that xq is “u-weakly maximizing” if (1) is true for p-a.e x with a constant C(x).

The existence of maximizing points is naturally the first question to be adressed. If
f=c+g—Tg with g bounded and ¢ constant then clearly every point is maximizing for
f. It is natural to ask whether this is the only situation.

The answer is negative for dynamical systems where the lemma of Mané-Conze-
Guivarc’h is valid. In this case any Holder continuous f admits a maximizing point.
Indeed, one can decompose f = ¢+ g — Tg + r, with g and r also Holder continuous
and verifying the properties that 7 < 0 and the level set 7=1{0} carries a T-invariant set.
A point in this set is maximizing for f (in general the maximizing points for f are not
all contained in r~1{0}). Systems where this lemma is true (see Bousch [4] for a recent
result) satisfy some form of expansiveness and the classical thermodynamical formalism
can be developed. A standard example is T2 = 2z mod (1) on T.

For dynamical systems where such a decomposition result is not available, not much
is known on the question of maximizing points. The purpose of the present article is to
investigate this problem for an irrational rotation Tz = x +« mod (1) on the unit circle
X=T.

We denote by Cp,o(T) the set of those functions in C(T) which have zero mean. In the
same way we consider the spaces C”,(T), r > 1, and the Holder spaces C?,,(T), 0 < 6 < 1.

In this context, we mention first an interesting rigidity result for two-sided ergodic
sums. The following lemma is taken from a manuscript of J-P. Conze, see also [9].
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Mazimizing points and coboundaries for rotations 3

LEMMA 2. Let f € Cpo(T) and T =Ty, If for some g € T

n—1 n—1
Vn>1vVzeT, Y TFf(z)< Y TFf(z)+C,

k=—n k=—n

then there exists g € C(T) such that f =g —Tyg.

Proof. Taking x = T*xy with k > 0, we get by cancellation of terms f;(T"zo) <
fe(T™™x0) + C. Using density of (T"x() and continuity of f, for all k > 0 and y € T,
Ji(xo +y) < fr(zo —y) + C. By symmetry

VE>20,Yy €T, |[filzo+y)— felzo—y)| <C.
Using the cocycle property of (f,,) (see (3)) and again the continuity, |fn(z +y) — fn(z —
y)| < 2C, for all n > 0 and «,y € T. This can be rewritten as
Vn 2 0,ve,y €T, |fu(x) = fuly)| < 2C.
Since f, has zero mean, f,(y,) = 0 for some y,, and hence |f,(z)] < 2C. As a result

f = g — Tg with continuous g by Gottschalk and Hedlund’s Theorem (cf [13], Theorem
14.11). O

One deduces that continuous functions with a maximizing point xy and presenting a
symmetry with respect to g show similar behaviour.

COROLLARY 3. Let f € Cpo(T) have a mazimizing point xo. If f(xo + x) = f(axg — )
for allz € T, then f = g —Tg for some g € C(T).

Proof. For x € Tand n > 1

i TEf(x) = fo(@)+ ful2z0 — ) + T"f (220 — ) — f(220 — )

k=—n

IA

2fn(w0) +2C + 2| | -

Since Zz;in T*f(z0) = 2fn(z0) +T™ f(20) — f(20) > 2fn(20) — 2| f]| 0o, the result follows
from Lemma 2. O

The assumption of symmetry is of course very strong. We will show that the situation
can be very different. Holder or smooth functions may not have a maximizing point and
the ones with a maximizing point are not reduced to those of the form f =c¢+ g — Ty,
with ¢ continuous and c¢ constant. In fact we prove something stronger in the classes
No<9<1C%(T) and C7,,(T), r > 1, supposing in this latter case that o has Diophantine
type larger than r. The following mutually excluding cases are all possible:

e There exists f with zero mean, having a maximizing point and such that f defines
an ergodic skew-product. In particular, no measurable g verifies f = g — T'g, a.e.

e There exists f = g — Tg with a maximizing point, where moreover g €
Mi<pcooLP(T)\L>°(T) (and thus g is not continuous).
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4 J. Brémont and Z. Buczolich

e There are functions without any maximizing point.

This opens perspectives of research, because the condition of having a maximizing point
seems compatible with any behaviour of the function with respect to the dynamical system.
It would be interesting in a future work to give ways of characterizing maximizing points
or sufficient conditions for their existence.

We next consider generic results. In the class C(T), we show that a generic function has
no weakly maximizing point. Adapting our method, we prove a similar result for the
dynamical system Ta = 22 mod (1) on T.

We conclude the article with some complementary results on the set of maximizing points
and finally list several open questions.

2. Notation and conventions
o Let N = {1,2,....}. The unit circle T is identified with R/Z. Lebesgue measure on
T is denoted by A (or simply A) and on R by Ag.

e For f: T — R we introduce the cocycle notation

We have
Futm(@) = ful@) + fu(T"2) for any n,m € Z. (3)

e We say that f is a coboundary if f = g — T'g for some measurable g and that f is a
C-coboundary if moreover g € C, for some class C.

e By our convention any sum Y. with n < m is equal to 0.
e For z € R, let ||z| denote the distance from x to the nearest integer.
e Suppose we have an irrational number o € [0,1), then its continued fraction

development is

1
o = [@1,@2, ] = al_i_il’ with an, € N.
az++

The convergents of « are given by the rational numbers (p,/¢,) with the
terminating continued fraction development p, /¢, = [a1, a2, ..., a,]. We will use that
1/(2¢n+1) < llgnall < 1/gns1, [[kall > [lgael], for 1 <k < gny1 and g, > 207D/
(see for example [15]).
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Mazimizing points and coboundaries for rotations 5

e The Diophantine type of « is
n(a) = sup{s > 0, liminf ¢°||ga| = 0}.

Recall that n(«) > 1 for any irrational . It is a standard result that almost-every o
has a Diophantine type equal to 1. This is the case for example for rotation angles
with bounded partial quotients.

3. Main results
Recall that if f = g — T'g for a measurable g then by ergodicity ¢ is unique up to an
additive constant and a null set.

For Hoélder continuous functions, we will prove the following result :

THEOREM 4. Let Tx = © + « mod (1) on T, a € Q. Any of the following mutually
excluding conditions is realized by at least one f € No<gc1Chyo(T).

i) The point 0 is exactly maximizing for f, that is,
VeeT, Vn>0, fu(z)< fn(0) (4)

and there exists g € M<p<cooLlP(T)\L*(T) such that f = g —Tg, a.e. In particular, g is
not continuous.

it) The point 0 is exactly maximizing for f
VeeT, VYn>0, fu(z)< fn(0)

and the skew-product (T x R,Tr,Ar ® Ar) defined by f is ergodic, where Ty(z,y) =
(Tz,y + f(x)). In particular f is not a measurable coboundary.

iit) Let e(n) \\ 0 asn /' +oo. For anyx € T for a.eye T

sup {n =" (fu(y) = fa(x)) } = +oc. (5)

neN

In particular f does not have any A-weakly mazimizing point.

REMARK 5. The first case of the theorem is in some sense the first non-trivial situation
for a coboundary (the trivial one being here when g € L*°(T), but then the identically zero
function is a good example verifying (4)). In the second case the behaviour of the ergodic
sums is much wilder. By Theorem 14.13 of [13] one may notice that the function f in i)
defines a topologically transitive skew product.
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6 J. Brémont and Z. Buczolich

REMARK 6. In Theorem 4 ii), f cannot be absolutely continuous with f' € L? (for
exzample f Lipschitz) without imposing Diophantine conditions on «, since if f' € L?
it is classical that f = g — Tg with g € L?> when a has bounded partial quotients.
Indeed, defining g by its Fourier coefficients (§(n)), we have §(n) = f(n)/(1 — e2ime)
forn # 0. Thus |g(n)| < C|f'(n)|/(In]|nal]). The claim follows from (f'(n)) € €% and
[n|||nall > ¢ > 0.

Let us mention in passing a strong obstruction for C'-regularity.
LEMMA 7. A function f € CY(T) has no exvactly mazimizing point unless it is constant.

Proof. We prove a slightly stronger version : if there are zp € T and dg > 0 such that
fn(x) < fulxg), for every x € (g — dp, xo + o) and n > 1, then f is constant.

Proceeding towards a contradiction, suppose that there is an n > 1 such that f'(T™xg) # 0
and take the first n with this property. Since the other case is very similar, without limiting
generality, we suppose that f'(T™xzo) > 0. We can then choose § € (0,d0) such that for
o <x<TO+0

fn-‘rl(x) > fn+l(x0) + (l‘ - 'TO)f/(TnxO)/Q > fn-i—l(xo)’

contradicting fr41(z) < fng1(xo). As aresult, f/(T"zg) =0 foralln > 1. As (T"x¢)n>0
is dense in T and f’ is continuous, f’ is identically 0. O

REMARK 8. When f € No<o<1C?(T) its Fourier coefficients satisfy f(n) = O(|n|~%), for
every 0 < 0 < 1. Proceeding for example as in corollary 3.2 of J. Aaronson, M. Lemaniczyk,
C. Mauduit and H. Nakada [1], one gets ||f.||z2(1) = O(qy,), for any € > 0. If o has
Diophantine type 1, one obtains (cf. for instance [9], section 2.1) || fullr2(1) = O(n®), for
every € > 0. One can compare it to the rate in Theorem / iit).

REMARK 9. About iii), in the present context of an irrational rotation on T, the notion of
weakly mazimizing point reduces to that of mazximizing point. Indeed, if some xq verifies

Vy S Tv SM(f,I’O,y) < +OO, with SM(f,SC(),y) = Sl;lifﬂ(y) - fn(l'o)7

then for all M > 0, Ay :={y € T | SM(f,zo,y) < M} is closed and T = UprenAn-
By Baire’s theorem, some Ay, has non-empty interior. Consequently, the entrance time
7(y) of y in Ang, is uniformly bounded in y, by some constant Ty. Then clearly

vy € T? SM(f7 Z‘O,y) < Mo+ 2Hf||OOT0

We next consider smooth examples. We write (a,) for the partial quotients of « and
(pn/gn) for its sequence of convergents. We prove an analogous theorem for smooth
functions.

THEOREM 10. If r € N and sup,,>, Ami1q,;" Y = +oo, then any of the following
mutually excluding conditions is satisfied by at least one f € C} o(T).
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Mazimizing points and coboundaries for rotations 7
i) The point 0 is a maximizing point for f and f has the form f = g — Tg, with
9 € Micpcos LP(T)\L>(T).

ii) The point 0 is a mazimizing point for f and the skew-product (T x R, Ty, A\t @ Ar)
defined by f is ergodic.

i11) The function f has no mazimizing point.
If sup,,>1 10g amy1/10g ¢ = +00, then f can be chosen in Cph5(T).

REMARK 11. In the C"-part of the theorem the Diophantine condition is verified as soon
as n(a) > r. This is close to optimal, since when f € CI (T) and n(a) < r, then
f=g9—Tg, for some g € C(T), c¢f V. Arnold [2].

REMARK 12. We discuss the case of real-analytic examples in the final section.

In section 6 generic functions in C(T) are considered. We prove the following theorem:
THEOREM 13. Let T = 2+« mod (1) on T, with « € Q. Then a generic function in
C(T) has no weakly mazimizing point.

Our techniques also allow to treat the case of a dynamical system with a very different
nature. We show:

THEOREM 14. Let Tx = 2z mod (1) on T. Then a generic function in C(T) has no
maximizing point.

4. Hélder continuous examples

We first consider the proof of Theorem 4. The following key lemma furnishes Lipschitz
coboundaries f = g—Tg with || f||oo small compared to ||¢||s and such that 0 is an exactly
maximizing point for f.

LEMMA 15. Suppose B >0 and N € N are given. Let I = [—A, A], where A > 0 is such
that the 21 + ka, —N < k < N, are disjoint on T. Define

F= |J I+ka (6)
—N<k<N

Introduce the peak function f(x) = B- (1 — |z|/A); and set

N—1 B N B
f=Y_T7Ff=) T"f. (7)
k=0 k=1

Notice that f = h — Th, where h is Lipschitz continuous and given by

N-1

h=Nf+ > (N-I)(T'f+T'f).
=1

Then f has the following properties :

Prepared using etds.cls



8 J. Brémont and Z. Buczolich

|f(#)] < B,0 < h(z) < NB, Va €T, (
ifne€N and x € T,|f,(z)] < NB, 9
(@)~ F9)| < (B/A)e — yl, Ya,y €T, (
if0<n <N, then f,(0) =nB, (
ifneN, e ¢ F, and T"x ¢ F, then f,(z) =0, (12
ifneNandx & F then — NB < fn(z) <0 < f,,(0), (
ifneNand xz €T then f,(x) < f,(0). (
Proof. Since fy(z) = h(z) —T"h(z), 0 < h(z) < NB = h(0) and h(y) = 0 when y ¢ F,
the properties except (14) follow directly from the definition of f and f.

The last one, (14), is more delicate. It is a consequence of
Vaz,y € T, h(0) = h(z) = h(y) — h(z +y). (15)

To show this, fix  and take y realizing the maximum of h(y) — h(y + ). As y —
h(y) — h(y + z) is piecewise linear, we assume that y or y + x is an angular point for h.
Suppose also that x,y are interior to Uj,,|<n 1 + ma, otherwise (15) is evident. Let then
z€l+kaandy € I+la, with |k[,|I| < N. Since h(0) = NB and h(z) < B(N — |k|),
h(y) < B(N —|l]), we suppose that |k| + |I| < N. We distinguish two cases.

1) As h(y) > 0, if y is an angular point, then y = la. In this case, h(0) — h(y) = ||| B,
whereas h(z) — h(z +y) = fi(z) < || B, so we have (15).

2) Suppose now that y + x is an angular point for A, but y is not. If y + = corresponds to
a peak, one can move y a little so that h(y) — h(x +y) is strictly larger. Therefore y + z is
at the basis of a peak, whose top is at (k4 ), since the 2I + ma, |m| < N, are disjoint.
We have x = ka+r, y =la+s, with |[r| < A, |s] < A and r + s = £A in order to satisfy
the condition on x + y. In particular, |r| + |s| = A. We get

W) +hly) = BV~ (L~ 5+ BV~ - )
< NB- Bk~ 1)~ By - B < n)

This completes the proof of the lemma. O

Proof of Theorem 4. We use the denominators (g, ),>1 of the convergents of . Recall
that for all 0 < k < gy, we have |kaf| > 1/(2¢,).

Case i). For m > 1, set N,, = |gm/4] and B, = m/q,,. Let f1 = f2 = f3 = f* = 0.

When m > 5, we have N,, > 1 and in Lemma 15 with (B,,, N,,,), we choose A,, =
e~ V™ /(8¢,,). We get f™ and next f™ with support Fj,.
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Mazimizing points and coboundaries for rotations 9

Put f = > °_, f™ Since |f™| < By, via (8) and Y B,, < oo, f is continuous. By
(7) and (10), ™ has the Lipschitz constant B,,/A,, = 8meV™. Fix 0 < 6 < 1. Since g,
grows at least exponentially fast, for m large enough

%:(TAm) = 8meV™(rAm) < 8meV™ (M) 0 (7A,)? < %(TAm)" (16)
forall 0 <7 <1.
Hence,
77@) — W) < —gle — gl for |e — ] = 7Am < A (1)
On the other hand, if |z — y| > A,, then for sufficiently large m
7 @) = )] < 2B < A < ) (18)

Therefore, for large m, |f™(z) — f™(y)| < (1/m?)|z — y|?, for every z,y € T. Adding
these inequalities we obtain f € C?(T). Finally, we have f € Ng<g<1C?(T).
Condition (4) is true for every f™, by (14), and so is verified by f.

We next show that f = g — Tg, a.e., with g € M1<p<ooL?(T). Via for example [7] or
[19], it is enough to establish that for all 1 < p < oo

sup | fullp < o0. (19)
n>0

Recall that by (6) and (7), A(Fin) = 24, Ny,. Since Y, 1 Ay Ny < 00, we define for
N>1 -
AN =Ny (F)® and Ry = > ANy < > eV (20)
m>N m>N
Note that Y .. cn NmBm < Y icenm/4 < N2 Setting e = 4Ry, we have
MAn) > 11— 5/_2. Ifn >0, we obtain_)\(_AN NT"AyN)>1—c¢.

Suppose x € Ay NT""™Apn. Since z &€ F,, and T"x ¢ F,, for m > N we have for these
m’s, f(xz) =0, by (12). Therefore, for such an x

N
falz) =) fil@) =Y fi (@)
m>1 m=1

Hence for all n > 0, A{xe']l‘: |fn ()] < ZlgmgNNmBm} > 1 — ¢ and thus,
Mz eT:|fu(z)] > N?} <4Ry. Using this inequality, we can write:

[15.pax

“+o0
p/ M| fn| > t}tP~tat
0

(N+1)?
< p 1+Z/ M| fn| > t}tP1at
N>17/N?
< p|144)> Ry(1+2N)(N +1)*P71 | < oo,

N>1
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10 J. Brémont and Z. Buczolich

due to (20). This gives (19) and thus f = g — T'g, a.e, with ¢ € N1<p<ooLP(T).

Next we prove that g ¢ L°°(T). Proceeding towards a contradiction, suppose that
g € L*°(T). Then g is uniformly bounded in a T invariant set of full measure. Therefore,
for some x the sequence f, () is uniformly bounded for all integers n. The theorem of
Gottschalk and Hedlund (Theorem 14.11 of [13]) implies that g = g, a.e, where g € C(T).
Thus f = g — T'g everywhere on T and ||fy|lcc < 2||g||, for all n > 0. We establish a

contradiction by showing

sup ||fn||oo = 0. (21)
neN

Using (13), for all m > 1, n > 0, we have (f™),(0) > 0. Also by (11), (f™)n, (0) =
N, B;,, > n/8 for large n. Then

N, (0) =D (f™)n,(0) = (f")w, (0) = n/8.
m>1
As n is arbitrary large, this proves (21) and completes the proof of Case i).
Case ii). We first detail a classical strategy for proving the ergodicity with respect to

Lebesgue measure A @ Ag on T x R of a skew-product T : T x R — T x R associated to
a real measurable f.

For such a dynamical system (where the invariant measure is infinite) the problem of
ergodicity can be reformulated using the concept of essential value, see K. Schmidt [22]
or J. Feldman and C. Moore [12]. In our setup :

DEFINITION 16. Let f : T — R be measurable. An element ¢ € RU {oco} is an essential
value for f, if for any € > 0 and any Borel set A C T with Ar(A) > 0, there is an n € Z
so that \f(ANT"AN{|fn —c| <e}) > 0.

We group in the next proposition standard results about essential values, which can be
found for instance in [22].

PROPOSITION 17. Denote by E(f) the set of finite essential values of f.

i) The set E(f) is a closed subgroup of R.

ii) The skew-product Ty on T X R is ergodic for Ar @ Ar if and only if E(f) =R.

i11) Let the real measurable functions f, g, h verify f = g+ h — Th. Then the dynamical
systems (T x R, Ty, A\r ® Ar) and (T x R, Ty, A\r @ Ar) are isomorphic.

A corollary of the last point is that when f = h — Th, then the dynamical system
(T x R, Ty, A\ ® Ar) is not ergodic, because (T x R,Tp, Ay ® Ar) is not. Indeed, every
function (z,y) — v¥(y) is Tp-invariant.

In order to show that £(f) = R, we will produce essential values via the following lemma.
This is a particular case of Proposition 9 in M. Lemariiczyk, F. Parreau and D. Volny [18]
(see also [6] for a different proof). Recall that the vague topology on the space of signed
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Mazimizing points and coboundaries for rotations 11

Borel measures uses compactly supported continuous functions as test functions and that
the set of non-negative Borel measures on R with mass not exceeding one is compact for
the vague topology.

LeMMA 18. If k, — +oo verifies ||[kna|| — 0 and the law of fi, (under At) converges to
a measure v for the vague topology, then supp(v) C E(f).

We now start the proof of the second case of Theorem 4. First of all, since f as in
Lemma 15 is a continuous coboundary, we have

LEMMA 19. Let f be as in the statement of Lemma 15 and (r,,) be a sequence of integers
such that ||rpall — 0. Then || fr, |loc — 0.

Using this lemma, we recursively build functions (f),,>1, increasing sequences of integers
(Nm)m>1, (0(m))m>1, (km)m>1 and a sequence of reals (By,)m>1. We still denote by
(pn/gn) the sequence of convergents of o and write (a,,) for its partial quotients.

(i)  When the (a,) are bounded. Let f! =0, Ny =0, By =0, k; =0, p(1) = 5. If

m > 1and f',..., f™"1 are given, set ky, = qp(m)—4, Where @(m) is chosen via
Lemma 19 so that
S (k| <1/m. (22)
I<m 00

Since for any | we have ¢ = a;q;—1 + qi—2 one can easily see that k, < qu(m)/5.
Set By, = 1/km, Nm = [qpm)/4]. We apply Lemma 15 with (B,,, N,,) and
Ay = 1/(8qp(m)) and obtain f™. We also impose on (k) to verify
km/ ’
T < 27 for m’ < m and ky Y 1/ki —mioo 0. (23)
I>m
(i) When the (a,) are unbounded. Let ag(,) — +oo (with increasing (6(n))) and choose
To(n) = U(n)90(n)—1 + Qo(n)—2, With 1 < ugny < agen), so that g, /10 < 1oy <
Qo(n)/5, for large n. We have

oyl < agmy/qo(n) +1/q0(m)-1 < 2/@9(n)—1 —n—oo 0

If m >1and f', ..., f™ ! have been chosen, by Lemma 19 take k,, = To(n(m)) SO
that (22) is verified, as well as (23). Set p(m) = 6(n(m)). Finally set By, = 1/ky,,
N = |qp(m)/4]. We apply Lemma 15 with (B, Ny) and A, = 1/(8¢p(m)) and
obtain a function f™.

Remark that in both cases ky, < gy(m)/5, from which we deduce that for large m

Nm - k‘m Z q@(m)/Ql. (24)

In case (i) the boundedness of the a,’s implies that there is a constant C’ > 0 such that
for all m

km = Qo(m)—4 > ClQLp(m)a
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12 J. Brémont and Z. Buczolich
while in case (ii) taking C' = 1/10 we obtain
km > Qo(m) /10 = C"qp(m)-
Define now f = Zm21 f™. As Zm21 B,, < oo, f is continuous. Fix 0 < 6 < 1. Recalling

that g, grows at least exponentially fast for sufficiently large m and for all 0 <7 <1

8 m — —
B (A ) < 260 (A, 102, < S (M) (A < L

9
A, = km = m2 (TAm)".

This implies again an inequality like (17). For |z — y| > A,, when m is large one can
again obtain (18).
We deduce as in Case i) of Theorem 4 that f € Ng<g<1C%(T).

Condition (4) is true since by (14) each f™ satisfies it.

It remains to check that the skew-product defined by f is ergodic. We would like
to apply Lemma 18. Consider the sequence (k,,). By construction, k,, — +oo and
lkma|| — 0. By compactness, after turning to a suitable subsequence, we can suppose
that the law of fi, on (R, B(R)) converges for the vague topology to some non-negative
Borel measure v with mass not exceeding one. Next

(@) = (e @)+ D (P (@) + D (ki ().

I<m I>m

Due to (22), the second term on the right side uniformly goes to 0. Due to (8), the last
term is uniformly bounded by k,, >, 1/k — 0, by (23).

Consider now the intervals [0, A,,] + ka, for 0 < k < N,,, — ky,. For z in any of these
intervals, we have (f™)g, () = knf™(z). Let 0 <a—e <a<b<b+e <1 and take a
continuous function ¥ > 0 with support in [a —e,b+¢], so that ¢» > 1 on [a—e/2,b+¢/2].
Using (24), we obtain

/R“/’d” = lim /T (o, Az

ka+(1—a)A,,
> limsup Z / (fr,,)dAT
m——+o00 0<k< Ny — ki ka+(1-b)A,,
. (b—a)
> limsup (b — a)Ap,(Npy — ki) > > 0.

As aresult [a —e,b+¢] N supp(v) # ( and thus [a — e,b+ €] N E(Sf) # 0 by Lemma 18.
The freedom on a, b, € implies that £(f) is dense in [0, 1]. Since, by Proposition 17, £(f)
is an additive closed subgroup of R, we have £(f) = R. Proposition 17 implies that the
skew-product defined by f is ergodic for At ® Ag. This concludes the proof of Case ii).
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Mazimizing points and coboundaries for rotations 13

Case iii). Fix e(n) \, 0 as n /" +oo. Still writing (g,) for the denominators of the
convergents of «, choose an increasing sequence (¢(1m))y>1 80 that g, () > 4(1+m) and

m—1
1 1/m —1+1/l —1/m 1/1
Go(m) ™ Z Qo - =0 oy ™ D Gy = 0, asm = oo, (25)
l=m+1 =1
For m > 1, let By,1 = q_(lnt)l/mv Npni = qu(m)/(‘l(l +m))] and A, = 1/(16%(”1))'
Set also By, 2 = By1/v/m and Ny, 2 = mN,, 1. We can impose on ¢(m) to verify the
additional condition

1/m

qw/(m) > m® max{(| Nyp,1/2]) (N1 /2D ([N, o /2))=(Nm2/2D ) (26)
Lemma 15 with (Bp, 1, Npm1) and A, gives f™1 with support Fp1. Lemma 15 with
(Bm,2; Nim,2) and A,, furnishes f™2%* with support Fy, .. Define then f™?2(x) =
fm2*(z+1/2) and Fryo = Frpo. — 1/2.

A first observation is that F,,; N F,,2 = 0. Otherwise there are k # [ with
|k| < N1, [I] £ Npp so that |ka — la +1/2] < 24, = 1/(8¢p(m)). This implies
12(k = )a|] < 1/(4q4(m)), whereas 2|k — | < gy (m)-

We now define

Fni= |J [-Am/2,An/2]+ka C Fpy (27)
0<k<Npm,1/2
and
Fna= |J [~An/2,80/2]+ka C Fyp. (28)
0<k<Npm,2/2

Clearly, for large m

A(Fm1) > 1/(256m) and A(Fp,2) > 1/256. (29)

Because of the equidistribution of the sequence (n«), we can also assume that the strictly
increasing sequence ¢(m) > m verifies the following property :

A(meF i)

vm!' Vm <m/, Vi,j e {1,2}, 1 —1/m' < "2
/\(Fm Z)A(FM’,]')

<1+1/m.  (30)

Define next
F=Y " with fm= fmol g 2, (31)
m>1
As 3 ,51(Bm1 + Bp2) < oo the function f is continuous. Fix again 0 < ¢ < 1. One
can easily see that 2B,, /A, = 32q1/m is a Lipschitz constant for f™. Instead of (16) for

@(m)
large m we have the following inequality

m m _ 1
320 (TAm) < 320 (Am) =0 (7A,,)" < —5 ()",
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14 J. Brémont and Z. Buczolich

This again implies (17). For |z —y| > A,, instead of (18) we can use for large m

R 1 1
|fm(x) - fm(y)| <4B,, < WAfn < Wkﬂ — y|0.

We obtain f € Ng<g<1CY(T). In order to prove (5), let x € T. As Fy,1 N Fpo =0
for all m > 1, choose a sequence (i,,) with ¢,, € {1,2} such that ¢ F,,;, for all m.
Because of (29) and (30), we have :

=1.

~ ’ A F ] ﬂ F7 ' 4y
Z M Fmi,,) = +00 and liminf Em’m < A Mt Z i)
m>1 (Zm<N )\(Fm,im))

Applying a generalization of the Borel-Cantelli lemma (cf A. Rényi [21], Lemma C, p.
391), we obtain that A(limsup F, ;) = 1. Take a point y € limsup F,,, ;. Let then m
be arbitrary large such that y € F,, ;.. Set P11 = [Nm1/2] and P2 = | Ny2/2]. We

distinguish two cases :

1) Suppose that i,, = 1. As © & Fy, 1, by (13), we have (f™!)p, ,(z) <0. Alsoy € Fpa
implies y € Fr2 and y + P10 € Fp, 1 implies y + P10 € Fypy 2, therefore by (12),
;:21 (y) = 0. Thus, using (9) and (8)

PPns @) = fran@) = JB () =[5 @+ Y (fb,, ()~ fp,, (@) (32)
I>1, I#m

1

> N 1Bpa(1/2=2/v/m) =4 3 VIN By —4Nms Y Bia

1<l<m I>m
(for large m, via (25) and (26))
1/m
> Nm,le,l > q(p(m) S Q(Pm’l)g(Pml)

7 — 56m — 56

2) If ip, = 2, then this time, by (13), (f™?)p, () < 0. As above we also have
7! (y) = 0. Via (9) and (8)

FPua@) = froa(@) = B @) = @)+ Y (Fh, W) — fh, (@) (33)

I>1, I#m

1

> SNm2Bma(1/2-2/v/m) =4 > NipBiz—4Nm2 Y B
1<l<m I>m

(for large m and when using (25) and (26))

NooBms _ Qo _ m3?2
> m,2Dm, > ¥ > (Pm Q)E(Pm,z).

7 56y /m = 56 ™

This finally shows (5), which ends the proof of Case iii) and of Theorem 4. O
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Mazimizing points and coboundaries for rotations 15

5. Smooth examples

By taking advantage of the extra assumptions about the partial quotients of the rotation
angle we now prove Theorem 10, with a different strategy. We still write (a,) for the
partial quotients of « and (p,/g,) for the sequence of convergents.

Recall that for f € C55(T) the semi-norms || f) ||« form a non-decreasing function of
[ > 0. This will be used implicitly.

We fix for the whole section an even function ¢ € C°°(R) verifying ¢(z) = 0 for
z & [-1,1], ¥(z) > 0 for x € (—1,1), ¢'(z) <0 for z € (0,1) and [ = 1. Introduce the
constants A, = maxij<;<, Nl ®| g, r> 1.

For B,A > 0, introduce the linear peak bp a(z) = B - (1 — |z|/A)4+ with support
[—A, A] as well as smooth versions:

bas(x) = (A8)! / b.a (i — D) (t/(AS)) dt

R

with support [-A(1 + ), A(1 4 §)]. We have ||b(BT7)A76HOO < A.B(Ad§)~", r > 0, and also
||b;3,A,5||oo < B/A.

Proof of Theorem 10. Step 1. We first treat a common part of ¢) and #¢). For i) define
an increasing sequence (¢(m))m,>1 so that

Gp(m)+1 = 4r+1AT+1m3’”+66(’"+1)mq;(nll), for the C" case,

Gp(m)+1 = 4m+1Am+1m3m+Ge(m+1)\/”7q$(;})7 for the C* case
and define parameters
B,, = m/qcp(m)7 Ay = e_m/(4qcp(m))a Om = m=3.
Concerning #i) impose on ¢ the following conditions

Gp(m)+1 = 8r+1AT,+1m37’+5q;(_n11), for the C" case,

3m—+5

Ap(my+1 = 8™ T A im q::(;ll), for the C* case

and let

B, = 1/q<,9(m)7 Ap = 1/(8(]<p(m))7 Om = m3.

Now for both cases ¢) and 4i) fix m > 1 and let h'™ = bg_ A, s, and also

mySms

Gp(m)—1
fm o= Z T_k(hm — T%etm ™), (34)
k=0
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16 J. Brémont and Z. Buczolich

By our assumptions about a, ()41 the value of g, (m)+1 = Go(m)+19p(m) T em)—1 = Gp(m)
and the points 0, q, ..., (gy(m) — 1) are “almost equally” spaced on T. The supports of
h™ and T h™ almost completely overlap and the T=*(h™ —T% h™), 0 < k < Gu(m),
have disjoint supports for large m. Also f™ is a coboundary f™ = H™ — TH™, with
H™ = K™+ L™ where K™ and L™ are given by

Gp(m)—1 9p(m)—1
K™ =quumy >, TER™, L™= 3" (qpm) — DT 7HR™ =TT h™), (35)
k=0 =1

By definition, h™ € C*°(T). For ' > 0, we have

0+ = Tt (1)) o

IA

gyl (B™) "+ o (36)
Bm(Amém)irlil

Go(m)+19p(m)

S Ar/—l-l

Using (34) and (36) with ' = r, or ' = m we get
(™) Ploe < 1/m? (CT-case), [|(f™) ™|l < 1/m? (C™-case). (37)

From (36) with 7/ = 0 < r—1 and the definition of ¢(m), one deduces from (35) and from
the disjointness of the supports of T=%(h™ — T%» h™) that

IL™ oo < 1/m?. (38)

Consider next the shortfall of maximization (cf. (2)) of the point 0 for f™. Via (38) we
have

SM(f™,0) < SM(K™ —TK™,0) +4/m?. (39)

We turn to SM (K™ —TK™,0). Using (K™—-TK™),, = K™—T"K™, the density of (T0)
and continuity of K™ we obtain with {™(x,y) = K™(x) — K™(x +y) — K™(0) + K™ (y)
that

SM(K™—TK™,0) = sup " (x,y). (40)
z,yeT
By definition of A™ and K™ we have K™ > 0 and K™(0) > K™(y) for all y € T. Also

h™ is even and (h™)’ is negative on (0,A,,(1 + d,,)), decreasing on [0,0,,A,], equals
=By /A o1 [0 Apy A (1 = 6,,)], increasing to zero on [Ay, (1 — m)y A (1 + 0]

Fix now y and take z maximizing K™ (z)— K™ (z+y). We can assume K (z) > K™ (z+y),
because otherwise {™(x,y) < 0 whereas SM (K™ — TK™,0) > 0 by (40). In particular,
K™(z) > 0 and for some 0 < k < qy(mm) we have 2 € —ka + [~Ap, (1 + 0m ), A (14 6,)].
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Mazimizing points and coboundaries for rotations 17
Ifxe—ka+ ([—An(1+0m), —Amn(l =) U[ALD = 6m), A (1l + 6,,)]) then

M (x,y) < K™(z) < 26]<p(m)5mAm = 2/m2' (41)

Next we suppose that © € —ka + [—An,(1 — 6n),An(l — 0y)]. If ¢ & —ka +
[—0mAm, 0m Ay, observe that B, /A, = [(K™) ()] > [(K™)'(z + y)| and the distance
between x 4 y and any —la, 0 < I < qu(m), is at least | — ka — 2| since we assumed
K™(z) > K™(x 4+ y). When moving z towards —ka, the quantity K™ (z) — K™ (z + y)
does not decrease until x reaches —ka =+ §,,A,,. As a result, one can always assume that
x € —ka+ [—0mAm, 6mAy]. Writing = —ka + s, with |s| < §,,A,,, we have

"(xy) < K™(y) - K™(z+y)
< [K™(y) = K™ (y+ )|+ [K™(y +s) — K™(y + s — ka)l.
(42)
For the first term on the right-hand side, we have
m m my/ Bm -2
|K (y) -K (y+ 8)| < qu('IYL)|s|||(h ) ”00 < QLp(m)amAm : T <m~°.
(43)

For the second term write y + s = —la + ¢, with 0 <1 < qy(m) and |t| < 1/qu(m). Since
K™ is nearly “a-periodic”, we have

|Km(7la+t) 7Km(7(k+l)a+t)| < QLp(m)”qga(m)aH”(hm)/HOO
< a;(17rL)+1 : Bm/Am
< 1/m2. (44)

From (41-44) we obtain ¢ (x,y) < 2/m?. Using now (39) and (40)
SM(f™,0) < 6/m?. (45)
We can now set f = > -, f™. By (37) and the monotonicity of the semi-norms,
f € Co(T) in the C-case and f € Cpiy(T) in the C*®-case. Using 3, -, 1/m?* < 2 and
(45) we obtain
Yn>0,VeeT, f[fu(z)<fn(0)+12.

As a result 0 is a maximizing point for f.

Step 2. We complete the proof of i). First, since H™ = K™ + L™, we deduce from (35)
and (38) that ||[H™||e > m/2 for large m. Since f™ = H™ — TH™ and H™(z) = 0 for
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18 J. Brémont and Z. Buczolich

some z € T we get sup,,>q [[(f™)nllcc > [[H™||cc > m/2, for large m. Also, using (45) and

since (f™)n(x) = 0 for some x € T, we get (f™),(0) > —6/m?. For any integer m > 1,
we obtain via (45)

igpofn(o) > ilépo(fm)n(o)—ﬁgnl/lz)
. m _ 2 _
> s f[(f")nll GZI:W >m/2— 12,

for arbitrary large m. We deduce that sup,,~q fn(0) = +00, which implies that f is not a
continuous coboundary.

We now show that f = g —Tg, for some g € N1<p<ooLP(T). Let m > 1. The support Uy,
of H™ has measure less than e"/E/Q. Let N > 1 and Vy = UpsnUy,. If both z and
T"z lie outside Vi, then |f,(z)] <32 <, <y m < N?. Hence for all n >0 and N > 1

MzeT: [fal@) SN} =1 ) e V™

m>N

From this we infer as in Theorem 4 that (f,) is bounded in LP(T) for all 1 < p < co. Via
[19] this concludes the proof of 7).

We next complete the proof of 4i). Let kn, = [au(m)+1/3]qp(m). We will use the
property that 2A,, < ||kna|| < 5A,, and hence K™ and T*» K™ have disjoint supports.
One can impose on ¢ to verify also the following conditions

> (k.

<m

<1/m, km Y 1/gpm < 1/m. (46)

00 I>m

Remark that ||kl < 2/qum) — 0. We wish to apply Lemma 18 with the sequence
(k). We have

P =D (Ve + Pk + D (V-

I<m I>m

Using (46), the first and third terms on the right-hand side are both bounded by 1/m.
Consider the middle term

(f™p, = K™ =Tk K™ 4 L™ — Thm ™,

By (38), | L™|lee < 1/m?2, so we focus on K™ — Tkm K™,

Recall that K™ = Z,i(g‘)fl qw(m)T’“hm; moreover K™ and T*»K™ have disjoint
supports. The maximum of g,,)h™ tends to one. Let 1/4 < a < b < 3/4. Take
e > 0 small enough and a continuous function x(z) > 0 with support [a,b] so that
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k(x) > 1for x € (a+e,b—¢). Also qum)h™ is linear on [~A,, (1 — 0 ), —6:mA,,] and on
[A 0, (1 — 6,) Ay, ] and the absolute value of the slope is between 1/(24,,,) and 2/A,,.

Up to considering a subsequence, suppose that the law of fi , converges to a measure v
for the vague topology. Then

/ wdv = lim [ k&(fp,)dA\yr = lim [ (K™ — T K™)d\p
R m— 00 T m——+oo T
> limsup Z lﬁ(q@(m)Tkhm)d/\’]r
merteo OSkSQLp(nL)fl
) m (b—a) (b—a)
> lriLniilgs) do(m) /Eﬂ(qtp(m)h )d)\T > dp(m) Q/Am = 16 > 0.

As a result supp(v) intersects [a, b] and we conclude that [1/4,3/4] C supp(v). Lemma 18
then says that £(f) = R. By Proposition 17, the skew-product defined by f is ergodic.
This concludes the proof of ii).

Step 3. We turn to ¢4¢). Define an increasing sequence (¢(m))m,>1 so that

-1
Gp(m)+1 = 8T+1Ar+1m4r+7q;(m), for the C" case,

Am~+T

Ap(m)+1 = 8mHL A, 1m q::(:nl), for the C* case

and introduce parameters

B, = \/%/qcp(m)y Ap = 1/(8mQ¢(m))u Om = m_3~

Set also B!, = \/mB,, and A/, =mA,,. Let h™ =bp,, A, s, and K™ =bp, A 5 (. —
T ), where T, = 1/(2q,(m))-

Put f™ as in (34) and fm™ similarly via h™. We have f™ = H™ — TH™, with
H™ = K™+ L™, and f™ = ™ — TH™, with H™ = K™ + L™, as in (35).

Using as before (34) and (36) with / = r or 7/ = m we get (37) for both f™ and f™.
Setting f = Zm21 g™, with ¢™ = f™ + f™, we deduce that f € CJ(T) in the C"-case
and that f € C55(T) in the C*°-case.

We now check that f has no maximizing points. This will require some further
assumptions on ¢. Let b, = [ay(m)+1/(16m)] and N,y = bpngym) so that |[Npal €
[1/(20mqy(m)), 1/(10mqy(m))] for large m. Then

a0 = fv, (@) = D7 (9w, (0) = (6", ()

_"_
o
2
>
3
e
|
Q
2
2
3
2
_|_
S
5
e
|
Sy
7
O
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As ||[Npmall < 1/gp(m), one can choose ¢ so that || 3, (¢')n,.|lcc — 0 and in this case
the first term on the right-hand side uniformly goes to 0. The third term is bounded
by 2N Do lap@ el max{B; /A, B /A} < 2Ny Y7o, 1/6,1) and ¢ can be chosen so
that this uniformly goes to 0.

It remains to focus on the middle term. Remark that (38) is valid for both L™ and L™.
We first have, using that 0 ¢ supp(K™) U supp(TN= K™):

(¢")N,. (0) = H™(©0) =T H™(0)+ (H™(0) - TN H™(0))
> K™(0) — TN K™(0) + (K™(0) — TN K™(0)) — 4/m?
> K™(0) - TV K™(0) — 4/m?
> [[Nmal[(gpm)Bm/(281)) — 4/m* > V/m /5 — 4/m?.

Making now the hypothesis that = ¢ supp(K™) U supp(T™N= K™), we have

K™(z) = TN K™ () + 4/m?
| Nma|| (qp(m) 2By, /A, ) +4/m? < 8/5+4/m?.

(9" N, (2) <
<

As a result, the previous discussion entails that for large m and if z & supp(K™) U
supp(T" K™), then fw,,(0) — fn,, () > v/m/10.

In a symmetric way, define b, = |agy(m)+1/7] and N), = b}, qy(m). We consider this
time

frn @m) = fve (@) = > (8w, () = (9", (2))

1<l<m

+ (9", (@m) — () + > (g ), — (¢")w;, ().

I>m

Since ||Ny,a < 1/qg(m) and the third term is bounded by 2Ny, >0, 1/q,@), as above
(o can be chosen so that the first and third terms uniformly go to 0. We now have, using
that z,, & supp(K™) U supp(TNm K™) U supp(TNm K™):

H™(20) — TNm H™ (2,,) + (H™ () — TN0 H™ (2,,))
K™@m) — TN K™ (2) + (K™ (2) — TNm K™ () — 4/m?
(K™ (x) — TN K™ (20)) — 4/m? > m/2 — 4/m?.

(9", (m)

A\VAAY,

Supposing now that z & supp(K™) U supp(TNT/n K™), we get

(9™)n; (2) < K™(x) =TV K™(z) + 4/m? < 2¢/m + 4/m”.

As a consequence of the preceding inequalities, for large m and if = ¢ supp(f( ™y U
supp(TNm K™), then fn: (2m) — far, () > m/4.

To conclude, we only have to remark that supp(K™)Usupp(TNm K™) and supp(K™)U
supp(TNvln K™) are disjoint. This completes the proof of iii) and the theorem. O
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6. Generic behaviour

6.1. Rotations. Recall that {c+g—Tg, c € R, g € C(T)} is dense in C(T), for instance
since trigonometric polynomials with zero constant term are C(T)-coboundaries and are
dense in Chyo(T).

Proof of Theorem 13. Choose ¢; € Q and g' € C(T) such that {¢; + g' — Tg'}2, is
dense in C(T).

Given n we will select a dense open set G,, in C(T), using the functions defined during
the proof of Case i) of Theorem 4 in (31) as perturbation functions. We denote these
functions by f“" with parameters B0 B;n,(l,n) and Ny, (1.n), ern,(l,n) appearing in
their construction. By a suitable choice of the bounds B, (;,) and B7’n7 (1,n) We can always

n
achieve that || f" ||« < 1.

Take now m(l,n) so large that Ny, n) a0y, N, L)) > T (32) and (33) are both

m

applicable and (using that qzz)/m — 400, by (25))
it
p(m(ln !
—— -4 0o > M. 47

Set i = ¢; + gt — Tg' + f4" /n. Then by (32), (33) and (47) for any x € T
cl,n wln l,n fln
max{me(M) (0) — me(Ln) (z), fNﬁnu,n) (1/2) - fN,’n(z,n) (z)}
Iyt
> _elmln) gyl .
— 16nm(l,n) lg7lloo > m

m

fe B(fl’”,sl’n) we have for all z € T

maX{me(z,n) (0) - van(l,n) (1‘), In

Since Ny, (i) and N, (1n) are fixed numbers one can choose ¢;,, > 0 such that for all

(1/2) = Iy ()} 20— 1. (48)

’
m(l,n)
Set

G, = U, B(f'", e1) and G = N2, G,,. (49)

Clearly, G, is dense and open in C(T) and if f € G then for any n there exists I, such
that we have (48) with [,, instead of I. Therefore f does not have a weakly maximizing
point. O

6.2. The transformation Tx = 2x mod (1) A modification of the above methods can
be applied for the transformation T = 22 mod (1) on T. It is a significant difference that
the continuous functions of the form ¢+ g — T'g do not give us a dense subset in C(T).
We denote by M the set of T-invariant Borel probability measures on T. A function
f € C(T) is called a weak coboundary if [ fdu =0 for all p € M. Lemma 3 of [5] states
that f € C(T) is a weak coboundary if and only if it is a uniform limit of coboundaries.
The set of weak coboundaries is nowhere dense and closed in C(T), while coboundaries
form a non-closed proper subset of weak coboundaries (see [5]).
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We select a dense set {h!}?°, in C(T) which consists of Lipschitz continuous functions,
that is
|h(z) — h(2')| < L]z — 2| for all z,2’ € T.

As it was mentioned in the introduction each h! has maximizing points. Choose and
denote one such point by z;. This means that

Yz € T, Vn € N we have h,(z) < bl (2) + C). (50)

We will use the dense set {h;}°, to prove Theorem 14. The perturbation functions
used in the proof of this theorem are given by the following lemma:

LEMMA 20. Suppose z € T, m € N are given. There exist f™ € C(T), Tm,ym € T such
that if Ny, = 2m?, N! = 200m? = 100N,, then

1™ oo < 1, — 2] <27N7, Jym — 2] < 27N, (51)
Vo e T, max{fy, (tm)— [N, (@), N (ym) = [N (2)} > m?. (52)

Proof. Let fua p(z) = B(l1—|u—x|/A)+, By = 1/2, B!, = B,,/10 = 1/20. Denote by
Su.m (vesp. S),,,) the support of fua,. B, (resp. fua: p: ), where A, A} are chosen
below. The sets {0,1/2}, {T7%(1/4) : k = 0,...,3N,,,}, and {T~%(3/4) : k¥’ = 0,...,3N/,}
are disjoint. Therefore, we can choose A,, and A/, such that the sets

{0,1/2}, T7%(S1/4.m), k =0, ..., 3N,,, and (53)

TM(S4/4m), k' =0,...,3N}, are all disjoint.

Set
N
= Z(kal/zx,Am,Bm - Tk+N’”f1/4,A,,,L,Bm).
k=1
and
Ny,
9" = Z (T* fajans, By, =T N fajani, r.)-
k=1
We have f™ = o™ — Tv™ and g™ = w™ — Tw™ with v™ = Y20 (N, — [Ny, —

_ N/ _ _
INT' fi/a,8,,,B,, and w™ = 212:1'" NN, - N, - INT' faja.ar, B:,- By (53) we have
1/ lloc = Bm =1/2 and ||g™{|sc = By, = 1/20.
Choose i, jm € N such that zp, = (i, + )27V and ym = (jm + %)2_N7In satisfy (51).
Then

B
£ ) = NoBs 1%, ()] < 2N By = N o, Vo€, (54)
3Nm
and if 2 ¢ | T7%(S1/4,m) then 3, (z) =0.
k=1
Similarly,
g}qu;n (Ym) = Ny, By, = 10N, By, |fﬁ,’n (z)| £ 2NmBm, VzeT, (55)
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3N/

m

and if x ¢ U Tk 5/4,m) then g, (x) = 0.
k=1

Let f™ = f™ + g™. Then ||f™|~ < 1 and from (54) and (55) it follows that for all
o € NPT (S am)

IR, (@m) = IR, (@) >

and for all « ¢ U TH(S) ), )

TR (m) = JR (2) > 5Ny By > m?.
By (53) we infer (52). O

Proof of Theorem 14. We will use the dense set of Lipschitz continuous functions
{h'}2, introduced at the beginning of this subsection.

Given [,n € N choose
m(l,n) > (24 2C; + 2L;)n. (56)

By applying Lemma 20 with z = z and m = m(l,n) we choose f™"™ which will
be denoted by f"". We have ||f""| < 1 and there exist integers N, n), V) >

m(l,n)
(m(l,n))? and points ;. n, y1.n satisfying |z, — 2| < 27Vm@mw |y, — 2| < 27N and
such that for all z € T

max{ 7, (n) = AN @ N ) = SN (@)} > () (57)

m(l,n) n) I,n

By the Lipschitz properties of h! we have
| (TFy,) — W (TF2)| < L2 Nman ™ for k=0, ..., Nyyin)

and
|hl(Tkyl7n) — W(T*z)| < L2 Nmam ¥ for k=0, ..., N:n(lm)'

Therefore, by (50) for all z € T we have

Wiy () < Bl (@) + Lo+ Gy (58)
and
Wiy (x) <Dy (yin) + Lo+ Cr.

m(l,n) m(l,n)

Set now fl” =hnl+

lin
f—. By (56), (57) and (58) we have for all z € T
n

m(l,n)

7l 7, 7, 7,
mac{ 5, (o) = FKE @ TR () = (@)} > > n,

n) m(l,n) 2

Choose ¢, > 0 such that for all f € B(fl*”, €1,n) We have
(yl;n) - fN’

m(l,n)

maX{me(z,n) (xl/n) - me(lm)(.’E), fN’ (.’E)} 2 n.

m(l,n)

We define G,, and G as in (49) and this concludes the proof of the theorem. O

Prepared using etds.cls



24 J. Brémont and Z. Buczolich

7. Complementary results and questions
Coming back to the case of an irrational rotation, for f € C(T), introduce the Borel set
of maximizing points

Poax(f) = {x eT| sup fuly) — fulz) < +oo}.
yeT,n>1

First we have the following result:

PROPOSITION 21. Let f € Cpo(T) be such that N(Ppax(f)) > 0. Then f = g —Tg for
some g € C(T).

Proof. As f is bounded, Ppax(f) is T-invariant. By ergodicity, a.e x is then maximizing
for f. For M >0, let Apr = {x : SM(f,x) < M}. Since A(Ap) — 1, as M — +o0, we
choose M such that A(Ap) > 1/2. Fix now y € T. We have A(Ap N (Apm —y)) > 0,
therefore there exists © € Aj; such that y +x € Ays. As a result

Vz € T, Vn > 1, fn(Z) - fn(x) < M and fn(z) - fn(y+m) <M.

Taking z = x + y in the first inequality and z = x in the second one, we obtain

Vn > 1, [fa(z) = fuly +2)| < M.

Using the cocycle property and the continuity of f, we arrive at

VzeT, Vn>1, |fu(z) — fuly+ 2)| < 2M.

As M is independent of y, we obtain that |f,(2) — fu(t)| < 2M, for all n > 1, (z,t) € T?.
Since f,(t,) = 0 for some t,, we have |f,(z)| < 2M, for all n > 1, z € T. By Gottschalk
and Hedlund’s Theorem (cf [13], Theorem 14.11), f is a continuous coboundary. O

COROLLARY 22. For all the f in Theorems 4 and 10, Pyax(f) has Lebesgque measure zero.

From the T-invariance of Ppax(f), if * € Ppax(f), then its orbit Orb(z) is contained
in Prax(f). We show below that Ppax(f) can be restricted to a single orbit.

PROPOSITION 23. Let a« & Q and T = T,. Then there exists f € C(T) of the form
f=9g—Tg, with g € Ni<pcooLP(T)\L>®(T) such that 0 is exactly mazimizing for f and
Poax(f) = Orb(0).

Proof. Set B,,, = p™, with 0 < p < 1 small enough so that for all m > 1

> B < By, /100. (59)

I>m

Set next Ny, =1/(p™d™) € N, with 0 < § < 1 small enough so that for all m > 1

Z N;B; < N,,, B,,,/100. (60)

I<m

We will determine the sufficiently small A, later.
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As in the proof of Theorem 4, case i), let us define f = >, f™, where for each
m > 1, f™ is given by Lemma 15 via quantities N,,,, By, and A,,. By Lemma 15, f will be
continuous. Fix C' > —log(pd)/log((1++/5)/2). Let now Fy,, = U_n, <1<n,, [~Am, A ]+
la,, where A, > 0 is such that the intervals forming F;, are disjoint and A,, is small
enough so as to ensure that f = g — T'g with g € Ni<p<oo LP(T)\L*°(T) (as in the proof
of Theorem 4 7)). We also assume that

1
Ay, inf = . 1
0< < lE[le,g(m-‘rl)] 8”qla” (61)

If x ¢ Fyy, via Lemma 15, we have f3 (0) = NyBp, = 6™, fi (z) <0 and, using
(59) and (60)

> (fh, (@) = fh,,(0)

I>m

<2 (Z Bl> Ny < Ny B /50,

I>m

together with

<2 NB; < NyuBp /50.

<m

> (i, (@) = fx,.(0)

<m

As a result, fn,, (z) — fn, (0) < =Ny, B, /2 = —0-"™/2. Consequently, if z ¢ F,, for
infinitely many m, then = is not maximizing for f.

In order to conclude, it therefore remains to show that liminf F},, C Za mod 1. Let
then z € liminf F,,,. There exists then mg such that for all m > mg, x € F,, and thus
we can find k,, with |k,,| < Ny, such that x € kpa+ [—An, Ay]. Fix now | > Cmg and
choose m > mg such that [ € [Cm,C(m + 1)]. Using (61), we have

1 1
lgzll < kmllaal + @aAm < Nmllaol + galacl < ((05) + 8(11) e
For some m; > max{myg,8} for any m > m; we have (pd)™™ < ((1 +/5)/2)“™/m <
(1 ++/5)/2)!/8 < qi/8, we deduce that for all | > Cmy, ||gz| < qllgall/4. Applying a
result of C. Kraaikamp and P. Liardet [16], we obtain that z € Za mod 1. O

We now list some questions concerning maximizing points:

e The present results should naturally extend to the context of an ergodic translation
on a compact group. What can be said for distal dynamical systems? Interval
exchange transformations?

e For (T, T,), with « € Q, it would be interesting to investigate the genericity problem
for some natural non-separable subspaces of C(T), such as Holder or Lipschitz.

e Let us discuss the existence of real-analytic examples for (T,T,), with o ¢ Q.
For a dense set of Liouvillian angles o one can find a real-analytic f of the form
f=">,,>1 /™ such that 0 is maximizing for f, but f is not a continuous coboundary.
Indeed, one may recursively build together the (f™) and the partial quotients (a,)
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of a. As in the proof of Theorem 10, ¢) and using the same notation (taking m > mg
and then p(m) = m), for each m start with some f™ = H™ — TH™ and next take
a trigonometric polynomial approximation of the peak A™ so that |H™||» and
SM(H™—TH™,0) = sup,, ,er H™(x) — H™(z +y) + H™(y) — H™(0) do not vary
much. Then the key estimates like (45) are uniform on all a such that (ag)r<m are
fixed and a,, 41 is large enough. Successively, one may then take for each m a huge
am+1 such that f is finally real-analytic. However one has a priori no control on the
degree of Liouvillianness of a. Can one build some f with the same property for
any « verifying for example sup,, (log am+1)/¢m = +o0 ?

In Theorem 10 ), can one produce an example with an explicit upper-bound on
SM (f,0) in terms of the norms || f]|o ?

For lower bounds, let us make the following remark for C?(T)-coboundaries.

LEMMA 24. Let f € C*(T) and zo € T be such that f'(z¢) = 0. Then

1£11%
== < SM(f — .
4Hf//||oo < (f Tfa QC(])

Proof. We use that SM(f =T f,z0) = sup, yer f(2) — f(z+y) — (f (o) — f(zo+y)).
Let € T be fixed and |y| < 1/2. By using Taylor’s expansion

f@) = fle+y) = —yf' (@) = /DN s

as well as
—f(xo) + flzo+ ) = =4 /2) | " co-

Taking y = —sign(f" ()| f oo/l f" o) € [-1/2,1/2] gives the lower bound
L @I Moo/ UL Nloe) = 113 /(411" [loc ). We maximize in & to conclude. D

If f € C(T) admits a maximizing point xy, can one approximate f by some
coboundary f™ = g™ — Tg™, g™ € C(T), in such a way that SM(f™,xq) <
SM(f,x0) ? Similarly, can one write f = > g™ —Tg™ with > ||¢™ — T9"||cc < 0
and Y SM (g™ —Tg™,x9) < oo ?
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