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RANDOM WALK IN QUASI-PERIODIC RANDOM
ENVIRONMENT

Julien Brémont

Université Paris-Est, mars 2008

Abstract

We consider a one-dimensional random walk with finite range in a random medium de-
scribed by an ergodic translation on a torus. For regular data and under a Diophantine
condition on the translation we prove a central limit theorem with deterministic centering.

1 Introduction

This paper deals with a model of finite range random walk on Z in random environment. The
set of possible jumps is assumed to be a fixed bounded interval, independent of the point. We first
describe this model (called the (L, R)-model in the sequel) in full generality.

Model. Introduce a set Q of “environments” given via a dynamical system (Q, F, u,T), where
T : Q — Q is invertible, bimeasurable with respect to F and preserves a probability measure .
The system is supposed to be ergodic.

Fixing integers L > 1, R > 1, define as set of possible jumps A = {-L,--- ,+R} C Z. To
determine the transition laws of the random walk, let positive random variables (p,).ea on (2, F)
be such that for some constant € > 0 :

Vz € A\{0}, p, > ¢ and sz =1, p— ae. (1)
z€EA

For any w € Q, we define a random walk (£¥),>0 on Z by & = 0 and the evolution :
P =k+z]| & =k =p.(T"w), k€ Z, z€A.

We denote by (Py)rez the canonical Markovian measures on trajectories corresponding to initial
points k € Z. Our point of view is quenched, ie we consider (£¥),>¢ under Py, for p — ae w.

Background. The analysis of the (L, R)-model is notably more delicate than that of the classical
nearest-neighbour model (cf the first chapters of Sznitman [27] or Zeitouni [28] for instance). It
involves products of random matrices, Lyapunov exponents and (multi)-linear algebra. A detailed
exposition of the (L, R)-model is provided in [8, 9], with a focus on Key’s recurrence criterion [16]
and the question of the Law of Large Numbers. We briefly recall the picture and next discuss recent
results on the CLT (in a quenched sense, unless otherwise stated) in connection with random walks
on a strip Z x {0,--- ,m — 1}.

Generalizing the result of Solomon [26], Key [16] gave a recurrence criterion for the random
walk, now expressed in terms of the sign of a central Lyapunov exponent of a random square-matrix
M, built with the (p,).ca and of size d := L + R — 1. An alternative and more algebraic proof
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was presented in [8], where, also, the a priori quite abstract criterion was shown to be effective.
Next, as a corollary of [7], the Law of Large Numbers appeared to be always satisfied : there is a
constant ¢ such that n=1€¥ — ¢ (P$ — ae, u — ae). The purpose of [9] was then to characterize the
situation ¢ # 0, after studying the invariant measure equation for the environments seen from the
particle and extending classical results by Conze and Guivarc’h in [11].

Concerning the CLT, mention that its status for the nearest-neighbour model is not the same
in the recurrent and transient regimes. In the recurrent situation, the validity of the CLT is
equivalent to the existence of a stringent coboundary decomposition log(p1/p—1) = ¢ — ¢ o T with
exp || € L1 () (see [7] theorem 4.5, proved for the (L, R)-model with min{L, R} = 1), for example
not likely to be satisfied in an #id-environment where Sinal’s behavior [25] holds. In the transient
case the CLT is more natural and versions with various random centerings were recently proved
by Goldsheid in [13] for an iid environment (cf also Peterson [22], independently) or for a medium
satisfying some uniform ergodicity. For the (L, 1)-model and an environment given by an irrational
rotation on the Circle, a CLT with deterministic centering was given in [7], largely extending former
results by Alili [1] on the nearest-neighbour model.

We now discuss the CLT for the general (L, R)-model, in relation with random walks on a strip.
This model, introduced by Bolthausen and Goldsheid in [5], is essentially equivalent to the (L, R)-
model, even if the jumps structure differs in a non-negligeable way (especially when L # R) and
the link between corresponding results, for instance recurrence criteria, is indirect. In a following
paper [6], the case of a recurrent medium was remarkably settled in the independent case : the
walk follows Sinai’s regime unless being a martingale (ie with zero local drift), thus satisfying
a CLT in this case. The analysis fundamentally uses the iid-character of the medium. In the
transient situations and still for an independent environment, a CLT with random centering was
shown by Goldsheid in [14]. Media satisfying a mixing condition were investigated by Roitershtein
in [24], who proved an annealed CLT for transient walks on a strip. As mentionned in a remark in
[14], some more correlated environments could also be treated. More precisely and although not
presently proved, it is reasonable (using [13] and exploiting the continuity resulting from uniform
convergence arguments) to expect that a CLT with random centering holds true for the strip model
in a transient medium defined by a topological and uniquely ergodic dynamical system, when the
data are continuous.

Result. In the context of the (L, R)-model, the purpose of this text is to furnish a natural class
of environments in which a quenched CLT with deterministic centering is valid in any asymptotic
regime. This appears interesting in view of the former results on the CLT for the strip model. We
consider environments of quasi-periodic type and more precisely the case when the dynamical sys-
tem is an ergodic translation on a torus, together with regular data and a compatible Diophantine
condition on the translation. The exact statement is given below. As detailed later, the analysis
principally consists in solving some general coboundary equations. Such resolutions prove directly
the CLT in the recurrent case, as for the (L, 1)-model, and eliminate the fluctuations of the center-
ing around its mean in the transient cases. The result generalizes theorem 5.7 in [7] obtained when
min{L, R} = 1 and the torus is the Circle. We keep the same strategy, due to Kozlov [18], but
observe that the present extension requires much more material, as there is a serious gap between
the situation min{L, R} =1 and the general case, see [8, 9]. This study complements [8, 9].

In the same perspective, mention in passing that another interesting situation (even more realis-
tically modeling quasi-periodic environments) would be to consider the case when the dynamical
system is a general and “generic” interval exchange transformation. One may notice that cobound-
ary equations for IET were recently studied by Marmi, Moussa and Yoccoz in [20].

Let us now formulate the theorem. Fixing some m > 1, we consider as set of environments
the m-dimensional torus Q = T™, identified with R™/Z™, with a translation T : x — x + « and
Lebesgue measure p. The translation is assumed to be ergodic, in other words the components of
a = (a1, , Q) together with 1 are rationally independent. The type of « is defined by :

n(a) = sup{n > 0, | liminf ||n||%dist({n,a),Z) = 0},



where n = (ny,--+ ,ny) and (n,a) = njag + -+ + Ny, It is classical that n(a) > m and that
Lebesgue almost-all o in T™ have type m. For example when m = 1 algebraic irrational numbers
have type 1. See Khinchin [17] for instance. We next introduce classes of regularity.

Definition 1.1

Forr>0and0<s <1, wesay f:T™ — R is Cj;;>(T™ — R) if for all 1 < i < m the partial
derivatives (9'f/0xt)o<i<, continuously exist on T™ and O" f /0x7 is s-Hélder continuous in the
variable x; with a Hélder constant uniform on T™.

The motivation for considering such non-conventional classes of functions is the rate of decay of
Fourier coefficients, see the statement of lemma 1.3 below. Observe that if m = 1, then CJj;> (T* —
R) is just the set of C" maps f such that f(") is s-Holder continuous. If m > 2 and r > 1, then a
Ch(T™ — R) map f is C! in the classical sense, but may not be C? if r = 2. On the other hand,
if fis C" in the classical way with a s-Holder differential D) f, then it is C7*(T™ — R). The

dir
class C° (T™ — R) is thus large.

Let now [z] be the integer part of a real number x and denote by W the standard one-dimensional
Wiener process on [0,1]. We will show the following result, giving conditions for a “classical”
behavior of the random walk :

Theorem 1.2
Let Q =T™, for some m > 1, be endowed with an ergodic translation T : x — x4+ « and Lebesgue
measure p. Denote by c the average constant speed in the Law of Large Numbers.

i) If the (p.).ea are continuous on T™, then ¢ # 0 whenever the walk is transient p — ae.

i) If the (p-).ea are Cj2(T™ — R) with r+ s > n(a), then there is (in any asymptotic regime) a
constant o > 0 such that the following quenched CLT holds in its functional form :

o in7Y/? (5“’ - c[nt]) — W, asn — +oo under P5, p— ae.
[nt] t€[0,1] 0

In the second item of the theorem, the condition r + s > n(a) is used for solving coboundary
equations via the following classical ingredient :

Lemma 1.3
Let r+s > n(a). If f is Cp2(T™ — R) with [ f dp =0, then there exists a continuous function
g:T™ — R such that f =g —Tg.

Ideas in this lemma are due to Arnold [3] and go back to KAM Theory. When m = 1, this version
is lemma 5.1 in [7]. The proof for a general m > 1 requires a slight modification and is given in
the last section for the convenience of the reader. One may notice that the condition of the lemma
is in some sense “optimal” already when m = 1, since a Functional Analysis result due to Meyer
states that there always exists a C*(T! — R) map f with [ f du = 0 such that f cannot be written
f=g—goT for any continuous g : T' — R (see Herman [15], p 187). It is interesting to observe
that the condition appearing in theorem 1.2 4i) is the same as that of lemma 1.3. In view of the
characterization of the CLT in the recurrent case recalled in the presentation when L = R = 1,
this is an indication that theorem 1.2 is sharp in the recurrent case. For instance, assuming that
L=R=1,m=1and n(a) = 1, one may take for log(p_,/p1) any C**(T* — R) function (with
0 > 0) with zero-mean and this gives a recurrent environment where the CLT holds. In the same
context, we also indicate the existence of an example in [10] of a continuous log(p_1/p1) on T!
with zero mean such that the random walk has a Sinai type behavior (with a different scaling).

In the transient cases, as mentionned above, it is probable that the CLT already holds in the same
context under a continuity hypothesis, but with a random centering. Since a typical centering in
[13] is given by the ergodic sum of a quite general function, the condition r + s > n(«a) appears
very natural in order to ensure that the centering is not random.



Plan of the article. In section 2, we recall definitions and the relevant results from [8, 9]. In
section 3, we detail the Harmonic Coordinates formalism introduced by Kozlov in [18] for proving
a CLT and provide sufficient conditions for it to be satisfied. In the last section, we show regularity
results and then establish theorem 1.2.

Conventions. Implicitly in the whole text we suppose that min{L, R} > 2. The situation
min{L, R} = 1 requires direct adaptations. We omit the dependence in w, except when stating
results. For a random variable f on (£, F), we write T'f for foT and next often simplify 7% f into
f(k), for k € Z. We finally set, as in the presentation, d = L + R — 1.

2 Definitions and former results

We present the random matrix M with which results are expressed. We first introduce exit
probabilities of finite intervals.

2.1 Exit probabilities, matrix M

Definition 2.1
i) Let integers a <b. Fork € la—L+1,b+ R —1], set :

Py(a,b,£) = Py{ leave Ja + 1,b — 1] by the right/left side }

Py(a,b,C) = Py{ leave Ja+1,b— 1] at ¢ }, for ¢ € {a — l}o<i<p—1 U{b+r}o<r<p-1.

ii) Let integers a < b. Fork € [a—L+1,b4+R—1] and ¢ € {a—1}o<i<p—1U{b+7}o<r<r—1U{%},
define the discrete gradient :

Vk(av b7 C) = (gk+R7i(a‘7 b7 C))lgigd € Rd7 where gk(a7 b7 C) = Pk(au bv C) - Pk+1(a7 bv C)

iii) Let integers a < b and k € [a— L+ 1,b+ R — 1]. Define a global right-gradient and a global
left-gradient respectively by :

Rk:<a7b) = /\?:1Vk(a,b,b + R - j)
Li(a,b) = /\levk(a, bya+1—j).

The definitions are naturally extended to half-infinite intervals, when their meaning is clear. About
wedge-products, one may for instance consult Federer [12], chapter one.

For matrix products purposes, we now introduce cocycles notations :

T 1A...TAA, n>1
A, = 1, n=>0
T"A-1...T1A-L p< 1.

The matrix M arises as a circulation matrix when analyzing the Dirichlet problem in a finite
interval [a, b], see lemma 2.5 in [8]. All spaces R! or A"R! appearing in the sequel are endowed
with their canonical Euclidean structure.



Definition 2.2
i) Let M € GL4(R) be the random matrix :

—a; -+ —ap_1 by - b
1 0 0
0 0 0
M: 9 (2)

where M; j = 1;—j41 for2 <i<d and :

M o aj — (pR*j;'}'%"JFPR) , 1 S] § R* 1
Li = b R PrR—1—j++p—1L R < i< d
L+R—j =\~  pn > ) >a.

it) The Lyapunov exponents y1(M,T) > -+ > v4(M,T) of M with respect to T can be recursively
defined by the equalities, for 1 <i<d :

1 .
NOLT) 4+ OLT) = tim - [log] A M| i 3)

About the Lyapunov spectrum and Oseledec’s Theorem [21], see Arnold [2], Ledrappier [19] or
Raugi [23]. Observe that M and M ! are bounded, as a consequence of condition (1), so that the
limits in (3) are finite. We speak below of the Lyapunov spectrum of (M, T').

When it has sense, we suppose defined in the same way as for (M, T) the Lyapunov spectrum
of (A, T?) for a matrix A and any 6 = £1.

Similarly, the Lyapunov exponent of a vector V' with respect to (A, T) is defined as :

1
v(V,A,T) = limsup — log | A, V.

n—+oo N

In an invertible context, Oseledec’s Theorem also furnishes bases of R? of the following form :

Theorem 2.3 (See [19])
i) There exists a measurable basis (Vi)1<i<a of R? such that |Vi|| = 1 and satisfying :

1
— log | M, V|| = £7(M,T), V1 <i <d.

lim
n—=+oo ‘n|
ii) There exists a measurable basis (W;)1<i<a in R such that |W;|| = 1 and satisfying :

1
lim W1og (MY _ Wil = £7:(M,T), Y1 <i<d.
n—Izoo |N,

For the whole paper, we fix such bases (V;) and (W;), except for the central vectors Vi and
Wg, which will now be defined very precisely. Let us first set :

Proposition 2.4 (See [§])

i) The exponent v (ARM,T) is simple. Let Vg € AER? and ag € Ry be defined by :

. R_l(—n, O) 1 . PO(_n7 17 _)
p— 1 —_— d == —-————— 1 -, .
Ve= M o 0,y MR BT R 0 e Py (2,0,

Then (—1)E=2 AR MVg = arTVg and Vi has mazimal Lyapunov exponent for (NEM, T).



ii) The exponent v (ANEM =Y, T~1) is simple. Let Vi € AFR? and ar € Ry be defined by :

Vp= tm Lol 1 i DL
L_n—>+oo P0<_1;n7+)’ B PO(_1a+OO7_L) n—+oo P1(07n’+)

Then (=)= AL M=YTV,, = arVy, and TVy, has mazimal Lyapunov exponent for (NEM =1 T1).

iii) Let random vectors Wg € AER® with |[Wg|| = 1, W € AFR? with |[Wi| = 1 and random
scalars Br > 0, B > 0 be such that :

(=D)L AR (EM)TWrg = BrWr

(=D AR (M)W = LT
and Wr and Wy, have mazimal exponent for (NE(*M), T~1) and (AF(!M)~1,T) respectively.

From the simplicity of v (ABM,T) and v, (A*M~1, T~1) it is classical (cf proposition 2.6 in
[9]) to infer that yr(M,T) is simple and that Vi and Wg are uniquely determined in direction.

To define these vectors more precisely, for instance Vi via Vi and Vp, we recall a few defini-
tions introduced in [9]. If z € A"R? is a non-zero decomposable n-vector, we write S(z) for the
corresponding n-dimensional subspace of R?. Although the precise definitions will not be used, we
require the linear maps Ort,, : A"R? — AY"R? z s 21* introduced in definition 2.3 in [9] and
such that S(z1*) = S(z)* when z is a non-zero decomposable n-vector.

Recall also the bilinear map Int : ABRY x ALRY — R4, giving a vector spanning S(z) N S(y) if =
and y are respectively a non-zero decomposable R-vector and a non-zero decomposable L-vector
such that S(z) N S(y) is one-dimensional. Only the bilinear character of Int will be used. Then :

Proposition 2.5 (¢f [9])

i) Set :
Int(Vg, VL) prag|[Int(TVr, TVL )|
Ve = — """ and \g = .
Tt R Vo)l T T posan[Int(Ve, Vi)l
Then MVg = AgTVgs and v(Vp, M,T) = —y(Vg, T"'M~Y, T~ = yg(M,T). Up to a non-

zero multiplicative constant, Vg is the only vector with this property. Also log Ag is bounded and
Jlog Ardu = vr(M,T).

ii) Set :

Int(Wg, Wr)

_ and pp — PrB&|Int(Wr, WL
[t (Wr, W)l

W — .
R p—L B Int(TWr, TW.)||

Then 'MTWg = ppWg and YWg, T-1(!M), T7') = —y(Wr,! MY T) = yr(M,T). Up to a
non-zero multiplicative constant, Wgr is the only vector with this property. Also log pgr is bounded
and [log prdp = yr(M,T).

iii) We have S(Vg)* = Vect(Wgi1, -+, Wa), S(VL)* = Vect(Wq, -+ ,Wg_1) and similarly
S(WR)J_ = VeCt(VR+17 e 7Vd)7 S(WL)J_ = VeCt(Vl, e, VRfl).

This completes the definition of M, of its Lyapunov spectrum and related left and right “eigen-
vectors”. See the introduction of [9] for an explanation of the particularity of vr(M,T') and the
specific roles attributed to Vg and Wg.



2.2 Recurrence criterion, LLN and invariant measure

A recurrence criterion for the random walk is recalled below, as well as results on the Law of
Large Numbers and a criterion for a non-vanishing speed.

Theorem 2.6 (Cf [8, 9])
i) If yr(M,T) = 0, then liminf ¥ = —00 < +00 = limsup & and n='6¥ — 0, PY — ae, u — ae.

i) If yr(M,T) < 0, then £ — 400 and n=1¢¥ — ¢, P§ — ae, u — ae, for some constant ¢ > 0.
Also ¢ > 0 if and only if :

IS Ar---T" " "Ar TVl € L'(u).
n>0

i) If yr(M,T) > 0, then £ — —oco and n~ 1Y — ¢, P§ — ae, u — ae, for some constant ¢ < 0.
Also ¢ < 0 if and only if :

1Y (T AT Ag) ™" T~ "V € L' ().

n>1

The efficiency of the recurrence criterion and the form of the condition for a non-zero speed, in
particular the quite subtle geometrical properties of Vg, are discussed in [9].

An important tool in the analysis of the model is the sequence of the environments seen from
the particle. More precisely, introduce (wy,)n>0 With w, = T w. For fixed w, this sequence is a
Markov chain on €0 with initial point w and transition operator :

Pfw) =Y p.(w)T*f(w).

zEN

Of fundamental importance, for instance for showing the non-zero-speed criterion, is the existence of
a P-invariant probability measure equivalent to p. Kozlov [18] proved that a P-invariant probability
measure which is absolutely continuous is in fact equivalent. Moreover it is unique. We then state :

Definition 2.7
Call (IM) the existence of a measurable © > 0 such that [ wdp =1 and P*r =7, u — ae.

The following characterization of (IM) was given in [9].

Theorem 2.8 (See [9])
i) If yr(M,T) =0, then : (IM) < 3¢ € L'(1), >0, u— a.s, with \g = p/Tp.

ii) If yr(M,T) < 0, then : (IM) < HZHZO)\R-~-T”*1)\R T"VRH e L'(n).

iii) If yr(M,T) > 0, then : (IM) & HZnZl(T—l/\RmT—")\R)—l T—”VRH e L' ().

For the sequel, notice that :

P f(w) =Y T *p.(w)T* f(w). (4)

zEN

The next step, as developed in [18], is now concerned with the Central Limit Theorem.



3 The Harmonic Coordinates formalism for the CLT

We describe a general strategy for proving the validity of the functional Central Limit Theorem.
As in [7], we use the notion of Harmonic coordinates introduced by Kozlov in [18]. We keep the
general setting defined in the introduction. The environment is particularized to the Torus only in
the next section.

Definition 3.1
Given m € L*(p) realizing (IM), consider L2(Q x A) endowed with the following norm :

1/2
[fll22 (@xa) (Z/Uw 2)|” pa(w)m(w )d#(w)> :
TSN

For a function f : Q@ x A — R, set Pf(w,z) = doen P (T?w) f(T?w, 2').  Introduce also the
harmonic set H = {f € L2(Q x A) | Pf =0, pu— ae}.

Remark. — As detailed in [18], P is the transition operator of the enlarged Markov chain
(Wn, 2n)n>0 on Q x A, where formally z, is the (n 4+ 1)-step 2, = &2, — &

Definition 3.2
Call “Harmonic Coordinates” and write (HC) the existence of = € L'(u) realizing (IM) and
z(w,z) € H and w € L*(p) with [w dp =0 such that :

VzeA, z=z(w,2)+c+U(w,2), (5)

where ¢ is the average speed of the random walk and U(w, z) is the (u,T)-cocycle :

Yispu(Tw),  z>1,
U(w, z) = 0, z=0,
~ L u(Tw), 2 < -1,

If (HC) is verified, set o = ||x||2(xa)- In this case o > 0 (otherwise integration of (5) with
respect to p gives z = ¢ for z € A, which is impossible).

The following result is due to Kozlov [18] (see also [10] for all details ; the proof in [18] is valid
in the recurrent case, but complicated and in fact does not work in the transient cases). Denote
by W the standard Wiener process on [0, 1] and by [a] the integer part of a real number a.

Theorem 3.3 (Kozlov [18], theorem 3)
Assume that (HC) holds with the decomposition (5). If yr(M,T) # 0, suppose furthermore that
u=g—Tg with g € L*>(u). Then the following quenched functional convergence is satisfied :

o~ in7l2 (g[nt] - dnt])te[o,l} =W, asn — +oo, under Py, ju— ae.

We now reformulate condition (HC') using the matrix M. The strategy is to express z(w, z)
in terms of w and then to find u via the equation Px = 0. In the sequel (e;)1<i<q denotes the
canonical basis of R?.

Proposition 3.4
Let m € LY(u) realize (IM). Then (HC) holds if and only if there exists Y € RY such that :

Y = MT 'y + e,
Pr

with the properties (Y,e1) € L*(p), J{Y,e1) du =1 and [(Y, e1)? m du < +oo. In this case, the
random variable u appearing in (HC) is given by u =1 — T (Y e;).



Proof of the proposition : }
Notice first that the relation Pz = 0 can be rewritten in the form ) _, p.(w)z(w,2) = 0. Using
(5), the latter is the equality :

+R

Z pz(w)(z — U(w,z) — c) =0

z=—L

or equivalently :
R L
Spelr—(ut T =Y po (= (Tt -+ T 7)) =
r=1 =1
Setting y = 1 — u, an Abel transform then furnishes :
R—1 L
S Tylpr+-+pepa) = > Tyl +-+p-1) =c.
r=0 =1

Introduce now Y = {(THR~ 1y, ... y,... , T~Lt1y). The condition Pz = 0 is thus equivalent to
Y =MT Y + p%el'

The second and third conditions in the statement of the proposition are obvious. Finally,
observe that the requirement x € L2(Q x A) is equivalent to [ T'y*r du < 400, for any fixed
l € Z. Indeed, A is finite and for z € A the equation 7 = P*r (see (4)) provides T *7 < 7/e,
where € > 0 is defined in condition (1). Thus for any ! € Z, we have Cl_lw < T'r < Cym, for some
constant C; > 0. This concludes the proof of the proposition.

O

We now distinguish between recurrent and transient cases.

Proposition 3.5
If yr(M,T) = 0, then (HC) is equivalent to the existence of some measurable ¢ > 0 with ¢ and
1/ simultaneously in L' (u) such that A\gr = ¢/ Tp.

Proof of the proposition :

Recall first that in the recurrent case the average speed is ¢ = 0. Assume now that (HC') is satisfied.
From proposition 3.4, there exists a non-zero Y with a first coordinate (and in fact ||Y]|) in L' (u)
such that Y = MT~1Y. As a result, the Lyapunov exponents v(T~'Y, M, T) and v(Y, M~} T~1)
are equal to zero. However, this property is only verified for vectors colinear to Vg, so there exists
v such that Y =~TVx.

Therefore v € L'(u1). Next, {y # 0} is clearly T-invariant. As u{y # 0} > 0, we get u{y # 0} =1,
by ergodicity. Then Agr = /T~ 17,  — ae. On the other hand, theorem 2.8 gives ¢ > 0 in L' (1)
such that A\gp = ¢/T¢. Thus vTp is T—invariant and consequently equal to a non-zero constant.
This ends the first direction of the proof.

Reciprocally, let A\g = /Ty with some ¢ > 0 be such that ¢ and 1/p are in L'(u). Then
(IM) is verified, by theorem 2.8. Concerning (HC'), set Y’ = T(Vr/p). We have MT1Y' =Y,
with ||Y'|| € L'(p) and 1/]|Y’|| € L*(p). From the further lemma 3.6, we have [(Y’,e1) du # 0
and can therefore choose Y =Y’/ [(Y’,e1) dp. It finally remains to check the last condition of
proposition 3.4. Observe that it is enough to show that :

[y 7 du < +oc. ()
We prove this last assertion. By proposition 4.1 in [9], we have the description m = z/pg, where

the vector X = {(T—Hf+lg ... 'z ... TL712), up to a non-zero multiplicative constant, checks by
proposition 4.3 i4i) and relation (34) in [9] :



_ e Wgr o
X =T R+2 tq) lT R+2 <R> ’
(Vr, Wr)

for some bounded matrix ® (cf definition 4.2 of [9]). Since |Wg|| =1 and |(Vg, Wg)| > C > 0 for
some constant C (cf proposition 3.16 of [9]), we get 7 < C¢ for another constant C. As 1/y is
integrable, this concludes the proof of (6).

0

It remains to prove the non-degeneracy claim, used in the proof of the last proposition. It can
be reformulated in the following way :

Lemma 3.6
Let Y € R? be such that (Y,e1) € L'(p) and MY =TY. If [(Y,e1) du =0, thenY =0, p — ae.

Proof of the lemma :
Set T~ 'y = (Y,e1). The relation MY = TY gives Y = (T~ 'y)1<i<q and :

R—1
PR—r t+ +pR p_;+- +p L _
N R Y
r=1

or equivalently :

Zpr TRy 4 TRy LN (TR TRy — o,

HygS
S

Let now (hy,)nez be the (T~ E+1ly T)—cocycle :

STy >,
h, = 0, z=0,
—E;iz Tr—RB+ly < 1.

From the previous relation, this cocycle is harmonic in the sense that h,, = ZzeA(T"pz)hn+z,
for n € Z. Suppose now that the result is not true. Without loss of generality, let then w € Q
satisfy hy(w) > 0, the Law of Large Numbers h,(w)/n — 0 and the recurrence of h,(w) to 0 as
n — oo (Atkinson-Kesten’s Theorem, see [4]). We shall contradict some “Maximum Principle”.

Set ng = 1 and let ny € [ng — L,no + R] be such that h,, (w) = max{h,(w) | p € A+ no}.
First of all hy, (w) > hp,(w), otherwise h(w) is constant on the box [ng — L,ng + R] and this
property propagates to Z, contradicting ho(w) = 0. Suppose for instance that among the possible
ny, some are > ng and take the right-extremalest in A + ng. Proceed now similarly with n; and
define ny. Then hy,(w) > hp, (w) and necessarily ng > nq, otherwise this contradicts the choice
of ny. Recursively, one builds an increasing sequence (n,),>0 such that h,,,, (w) > hy, (w) and
np < npr1 <ny + R.

In a second step, we claim that for any n > 0, there exists an infinite increasing sequence
(M) n>0 with m,, < my41 < m,, + max{L, R} such that h,,, <n. Indeed, as ho(w) = 0, when
starting from zero and proceeding as above, one builds a sequence h,,, < 0 with m,, monotonically
tending either to +o00 or to —oo. The first situation is what we wish, so suppose to be in the second
case. As (hy,) is recurrent in the future, there are arbitrary large positive n such that h,, <. Using
again the previous argument, there either exists a R—dense infinite sequence in [n, +00) tending to
+0o or a L—dense infinite sequence in (—oo, n] tending to —oo such that h; < 7 on this subsequence.
The first case gives the result, but in the second case we get a L—dense sequence in [0, n] with the
desired property. Iterating the argument, we obtain the claim.

Let now 1 = hyp,(w)/2. If for some k and m such that ny < m < ny + R we have h,, <1, then,

using that h,, (w ) =Y AT (w)hp, 12 (w) and hy, ., (w) is the maximum of h;(w), i € nx + A :

zENA M41
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T Di—n, (W) (hnk (w) — hm (W))

ZZEA\{m—nk} Trep, (w) > e(hno (W) = 1) = ehyy(w) /2.

hnk+1 (w) - hnk (w) >

As the (np)p>0 and the (m,),>0 are max{L, R}-dense in some interval [A4, +00), one easily contra-
dicts the Law of Large Numbers h,(w)/n — 0. Finally, hy =0, p — ae. Thus Y =0, u — ae. This
concludes the proof of the lemma.

0

Remark — A direct application of proposition 3.5 is the situation when H = (1,---,1) € R? is
such that M H = H, u — ae. Indeed in this case, H has zero exponent with respect to (M,T) and
to (M~1,T71) and is then colinear to Vg. It is direct that H is in fact a constant multiple of Vx.
Therefore Ag = 1 and a non-degenerate quenched CLT holds. However this last property can be
checked rather directly, since the condition MH = H can be rewritten as ) _, 2p. = 0, as in
the beginning of the proof of lemma 3.6. The local drift is zero and the random walk is in fact a
martingale in each environment.

‘We now turn to the transient cases.

Proposition 3.7
i) If yr(M,T) < 0, then condition (HC') holds in the case when :

2

/ ST ArTPAp) | D (g T 'AR)T" V|| dp < +o0.

p>1 n>0

it) If yr(M,T) > 0, then condition (HC') holds in the case when :

2

/ Z()\R"'TpilAR)il Z(TﬁlAR'”Tin)\R)ilTinVR dp < +oo.

p>0 n>1

Proof of the proposition :

We restrict to case 7) since ii) is similar. As Y. o (ART 'Ag--- T~ ""1AR) is greater than some
positive constant, (M) holds by theorem 2.8. Also, the average speed ¢ of the random walk is > 0
by theorem 12.6. Consider next the equation Y = MT~'Y + ce;/pr of proposition 3.4. To find
Y, we decompose it in the form :

Y = H+ K +~TVg, where H € S(TOW.)1"), K € S(T(Wgr)**), v € R.

Similarly, we decompose e; with respect to the same subspaces : ey = Hy + Ko + 7T Vg. By
Oseledec’s Theorem, the equation Y = MT =Y + ce; /pg is equivalent to :

H=MT"'H+ S Hy, K=MT'K+ 5Ky, v=AgT" '+ .
Pr PRr

By proposition 3.16 in [9], Hy, Ky and 7o are bounded. Proceeding as in the proof of theorem
1.8 4i) of [9], using for instance the Poincaré recurrence Theorem, it is not hard to show that the
solutions of the previous equations are given by :

H o= —c Yoy T e oyt o ()

PR

K =3 s0 MTIM - T 7 (Ka) (7)

PR

Y= Duso T (22 ) AT Ag -+ T A,

11



Proposition 3.17 in [9]) next implies that H and K are bounded quantities. Remark also, by
definition of Wg and proposition 2.5 iii) that :

<61, TWR>

TV TWa) (8)

Yo =

Theorem 3.4 and proposition 3.16 of [9] imply that |vo| is bounded away from 0 and +oco.

Next, by corollary 4.4 of [9], the quantity || >, <o(Ar- - T" 'Ag)T™ Vx| is greater than some
positive constant. As a result, >, o o(ART " 'Ag--- T~ ""!'\g) belongs to L?(p), as well as (Y, e1).
By proposition 4.3 and relations (35) and (36) of [9] (and also proposition 3.16, giving that
[(Vg, Wgr)| is bounded away from 0 and +o00), for some constant C' we have the inequality :

< C|1+ H Z()\R . "Tn_l/\R)TnVRH
n>0

The integrability condition then implies that [(Y, e1)?mdp < +oo. It therefore remains to check
that [(Y,e1) du = 1. From propositions 4.1 and 4.3 of [9] (noticing that ‘®e; = ®e; = ey, where ¢
is introduced in definition 4.2 of the same reference), there is X € L!(u1) such that 7 = (X, e1)/pr
and T7'X = *MX +ce,, where c is still the average speed of the random walk. Using the equation
satisfied by Y, we get that :

(V,X) = ey, X)+ (T71Y,'MX)
PR

B piR<€1,X> +(T7Y, T7'X) — (T~ 'Y, e1).

Since ¢ >0, [7 du=1and X, Y are in L' (p), we obtain [(Y,e1) du = 1. This ends the proof of
the proposition.
O

Remark. — In the transient case, the hypotheses of proposition 3.7 are for instance verified under
a condition of uniform convergence. As detailed later, such a property holds under an assumption
of unique ergodicity together with continuity of the data. By decomposition (5), this is enough to
guarantee that (£¢2 — nc — U(w,£)) is a martingale and thus that o= n=1/2(£2 — ne — U(w, £9))
converges to standard Brownian Motion, pu — ae. However the fluctuations of U(w, &) may be
large. In an independent medium, the case when n~1/2U (w, &) satisfies a CLT was considered by
Zeitouni [28] for the nearest-neighbour model in an annealed setting (cf also theorem 4.3 in [9] for
the (L, 1)-model). Deducing from the above general result a meaningful property for the random
walk, in the sense of showing that U(w,£¥) can be replaced by a random quantity depending only
on the environment, is not easy, cf for instance Goldsheid [13] for the nearest-neighbour model with
in fact a different strategy. In the sequel, under a stronger regularity condition and a compatible
requirement on the dynamics, we ensure that u is a coboundary. In this situation U(w,£&Y) is
bounded and nc can then be taken as centering in the CLT (this is the content of theorem 3.3).

4 The example of the Torus

Our aim is to apply propositions 3.5 and 3.7 in a concrete situation. For the rest of the paper,
we assume that 2 = T™, with an ergodic translation 7" : x — x + a and Lebesgue measure p.

4.1 Regularity results

In order to solve additive coboundary equations, we will first prove regularity results. The
basic tool will be the following proposition, generalizing the content of section 5.1 in [7]. It is of
independent interest. We begin with a lemma on stochastic matrices.

12



Lemma 4.1
Let S = (s;,)1<i,j<p be a p-square stochastic matriz. Denote by (e;)1<i<p the canonical basis of
R? and let fi =e€; —ejy1, 1 <i<p—1. Then :

Z) We have : tsz = Zlglgp—l (Zl-i'lﬁjfp Si+1,5 — Zl-HSjSP 3i,j> fl7 fO’l“ 1<i< b= 1.

i) If S is the matriz of 'S in restriction to (1,--- , 1)L, then :

1Szl < (1= pmin{si; |z, where 2]y = Y |ail-

1<i<p
Proof of the lemma :
i) We have :
P
1Sfi=) (sig—sirgles = D (sig—sirg)(fi o oo Fep) + (sip — sirip)ep
J=1 1<j<p—1
= > (sij—sin)(fi+ e+ foor)
1<j<p—1
= D (s s |
1<i<p—1 \Jj<! <l
which is a reformulation of the desired expression.
ii) Take x € (1,---,1)* with [|z|j; = 1. Let I, and I_ be the set of indices for which respectively

z; > 0 and z; < 0. Then > ; |z;| = 3°; |zl = 1/2. Using next the fact that [a — b| =
a+b—2min(a,b), fora>0and b>0:

S siamil = Y 1D spalal = > syl
i

i jely jeI_

IN

S sjilasl —2min$ > syilal, Y sl
i

i jel, jer_

IN

1 —pmin{s; ;}.

Recall now definition 1.1 on the class C};;” (T™ — R). We state :

Proposition 4.2

Let 7 > 0,0 < s <1 and A = (a;;)1<ij<p with C;°(T™ — R) entries and such that AN has
positive entries for some N > 1. Let V' be the unique random vector with positive entries and
A > 0 be the unique random variable satisfying AV = ATV and ||V|| = 1. Then A and the entries
of V are also C° (T™ — R).

Proof of the proposition :

Implicitly p > 2, otherwise there is nothing to prove. Since A = ||AV] > 0, it is enough to
concentrate on V. Next, we can clearly assume that N = 1. By continuity and compacity the
entries of A then check 1/C < a;; < C for some constant C' > 0. We still denote by (e;)1<i<p
the canonical basis of RP. We define for the proof Vj = e; + - - - + e, and recursively (V,,)n>0 by
Vi1 =T YAT WV, =T 1A... T " LAT "1V,

It is well-known that the direction of (V;,) uniformly converges to that of V' at a uniform
exponential rate for the Hilbert distance or any analogous distance (see for instance section 1.3 in
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[7] for details). Since V is, uniformly in w € R/Z, strictly interior to the positive cone of R?, we
get that V,,/||V,|l (or V,,/(V,,e1)) uniformly converges to V (respectively V/(V,e1)). Thus V is
continuous and this gives the result when r + s = 0. We now examine further regularity. We shall
prove the result only when r > 1, which is the case needed for theorem 1.2, since the type of an
irrational number is > m > 1. We only use uniform convergence arguments and the fact that the
differential of 1" is everywhere equal to the Identity. We fix a direction e, with 1 < g < m and for
simplicity write f*) for ok f/oxk, k> 1.

We first work on the expression TV, 41 = AV,,. Write V,, = (vi n)1<i<p and define w; ,, by
w1, =1 and Wi, = V0 /Vi—1,n, for 2 < i <p. Since Tv; 41 = 2199 @i;Vjn, we get for i > 2 :

Zlgjgp @ijVjn Z1gjgp i, jWin " Win

2i<j<p Gi-1gVin <<y Gi-1jWin Win

Tw; i1 =

When computing the logarithmic partial derivative of T'w; 41 in direction e, we obtain :

/ . . . ... / ... .
Tl Sy (Siwiawl,cwin) i (Siwne o, win)

Twint1 205 @i Wi Wi 2 Wim1,j Wi Wy

/ . / RS .
Ej a; Wi Win Zj Aj_1,jWin - Win

+ —_ .
D Qi Win Wi D5 Gin1jWin Wi
Consequently :
/ / .. e . . . e .
Tw; pia . Z Wy p ijz @i, jWin - Win ijz Ai—1,jWin " Wjn 9)
Twint1 T Wi | D0 Gi Wi Win DG jWin Wi

+

/ /
lzjai,jwl,n'”wj,n Zjail,jwlyn"'wjyn‘|

DA Win Wi D5 Gi1,jWin Wi

Recall that w’lm =0, since wy , = 1. Set J,, = (w;+lsn/wi+17n)l<i<p—l € RP~1 and let :

/ .
- A jWip " Win AL . — a; jWin -« Win
i,j,m = an i,5,m = :
DG W Wy Do Qi W W

The first quantities define a p-square stochastic matrix S, = (S; jn)1<i j<p- We next introduce a
(p — 1)-square matrice U,, = (U; jn)1<ij<p—1 and a (p — 1)-vector V;, = (V; n)1<i<p—1 by :

Ui,j,n = E (Si+1,l,n - Si,l,n) and Vvi,n = E (Li-‘rl,l,n - Li,l,n)-
JH+1<I<p 1<i<p

By lemma 4.1 i), U,, is the matrix of S,, in restriction to (1---1)* and in the basis e; — es, €3 —
€3, - ,ep_1 — ep. Exploiting the fact that the entries of S, are uniformly converging to strictly
positive constants, by lemma 4.1 ii) there is a fixed norm on RP~! such that the induced norm of
U, is less than 1 — §, with some fixed § > 0, uniformly in n.

Since (9) can be rewritten into T'J,1+1 = U, J, + V,,, when iterating we deduce :

n—1
Jn=Y T Wy T U T WV + T Uy - T 0T Ve, > 1
=0

Since the V,, uniformly converge towards some V and in particular remain bounded, we obtain that
Jy, uniformly converges towards J = >, T=U---T7'UT~'=1V, where U is the uniform limit
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of (Uyn). As a result and by definition of .J,,, we get that the (w; ,) uniformly converge, since the
(w; ) already uniformly converge. It directly implies that the vector V,,/v; ,, uniformly converges
to a vector V colinear to V' with entries admitting continuous partial derivatives in direction e,.

Since V = V/||V||, the entries of V also have this property.

Concerning higher regularity, one has for 0 <k <r —1:

I8, = YU, JP) 4+ W, where W, =77 | 3 ( ' ) Utk 30 4 k)
0<i<k—1

If one inductively supposes that J,(Ll) uniformly converges for 0 < [ < k — 1, one gets that J*)
uniformly converges in the same way as above, simply replacing V,, by W, which is uniformly
converging and bounded in n. From this, we obtain that V;,/v; ,, uniformly converges to a vector
with C’g;(leq)('ﬂ‘m — R) entries, where dir(eq) is for “in direction e,”. Taking now k = — 1, one
gets for some s-Holder continuous in the e,-direction (uniformly on T™) W :

TJO=D =g 4w,

Therefore, as above, J©=Y =3 T71U ... T-'UT~='W. Since U is continuously differentiable
in direction e,, with a norm less than 1 — 4, it is clear that for some constant C, any [ > 1 and any
w1 and we in T™ one has :

|IT7 0 - T7UT "W () = T7U - T7UT W (we) || < CL(A — 6) d(wr, wo)®.

Therefore J("=1) is s-Hélder in the eq-direction, as well as wlm and finally V(). This finally
concludes the proof of the proposition.
O

We shall apply proposition 4.2, but not directly. Indeed, the matrices (—1)%~* A% M and
(=)=t AL M~! were shown in [8] to be cone-preserving for some explicit and deterministic cones
in ABR? and AYR? respectively. Although having a directional contraction property like positive
matrices, these matrices do not have non-negative coeflicients and, as indicated in [8], are probably
not even conjugated to non-negative matrices.

The idea is to study closely the linear action of (—1)%~* A" M, for instance, on the edges of a
stable cone and to extract a positive matrix via an explicit computation done in [9]. Details are
the object of the next proposition.

Proposition 4.3
Letr > 0,0 < s <1 and assume that the entries of M are C’;;i(?l’m — R). Then it is also the case
of the entries of Vr, Vi, Vr and Wgr, Wy, Wg, as well as ar, Br, oL, BL, AR, PR-

Proof of the proposition :
We shall restrict to Vg, Vi, Vg and ag, ar, Ag. We will use proposition 3.11 in [9]. The case of
Whr, Wr, Wg and Bg, 01, pr is treated similarly, using this time proposition 3.7 in [8].

By proposition 2.5, the regularity of Vi and Ag follows from that of Vg, Vi, ar and «af, as
the map Int is bilinear and Int(Vg,Vy) is always non-zero. By symmetry, we now only consider
the case of Vi and ag. By proposition 2.4, remark that (Vg,e; A--- Aeg) = (—1)F. We thus get
ar = —(AEMVg,e; A--- Aer) and it is then enough to look at the regularity of Vg.

We now consider Vi and begin as in the proof of proposition 4.2. We recursively define (Z,,) by
Zo=eiN(ea—e1) --Aler_1—ep_2)A(er —ers1) € ABRY and next TZ,, 11 = (—1)E AR MZ,.
Let C4 be the polyhedral cone introduced in definition 3.9 of [9], with set of edges £;. As shown
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by proposition 3.11 of the same reference, this cone is stable under the linear action of the class of
matrices having “the same form” as (—1)~' A" M and is minimal for this property. By definition,
Zy is in &4 and belongs to C;. Therefore Z,, belongs to C for all n. We next decompose :

Zn = Z an(p)e.

pEE)

One may notice that the ¢ in £, may not form a basis of A®R?, as they are in general much
more numerous than the dimension of A®RY. Therefore the way of decomposing Z,,, even with
positive coefficients, may not be unique. We shall choose a particular decomposition, given by the
successive application of lemma 3.10 in [9]. More precisely, by this lemma, for ¢ in &4 :

(D) AR Me =" Ble,v) ¢,

hely

where for each fixed couple (¢,v) in €1, the quantity 8(p,) is non-negative and with the same
regularity as the entries of M (with the notations of this lemma, note that the oy ; and oy _ are
constants equal to 0 or 1). Since :

(“DFPARMZ, = > an(9)B(e,1) ¢,

pYEEL

we recursively define (o, (¢)),ce, by :

Tanii(p) = Y B, 9)an(¥), ¢ € Ey.

peEL

Consequently T'(c,41(9))pce, = Alan(p))pee, ,» where A = (B(1), ), pee, . One may then
observe that for some fixed s > 1, the matrix T-*A---T~%A (and thus A®) has strictly positive
entries. In fact one may take s = 3L (see the proof of proposition 3.12 in [9]; this is a consequence
of the minimality of C; ). Applying to A proposition 4.2, we obtain that for all ¢ and ¢ in £ the
ratio o, ()/ay, (1) converges to a positive map ¢(p, ) which is C° (T™ — R). Fixing ¢ € &y,
the entries of the R-vector :

D pee, 400 00)p

Z =
Z¢€S+ q(807 SDO)

are also C;;”(T™ — R). From the cone contraction property of (—1)%~1 AR M (cf proposition 3.11
in [9]) and proposition 4.15 in [8], Z is colinear to Vg. Since Vg = (=1)%Z/(Z,e1 A --- A er), the
entries of Vg are also C” (T™ — R) and this completes the proof of the proposition.

O

4.2 Proof of theorem 1.2

Step 1. We begin with a proof of lemma 1.3. Let (¢, (f))nezm be the Fourier expansion of f. The
equation f = g—Tg formally leads to ¢, (9) = c,(f)/(1—e?™ ™) n € Z™. Under the hypotheses
of the theorem, we show that ) ;. [ca(g)] < 400, ie Y cpm |en(f)]/dist((n, @), Z) < +o0. Fix
€ > 0 such that r + s > n + ¢, where n = n(«). We denote in the sequel a generic constant C' > 0
depending only m, r, s, n and . For instance, by definition of the type, if n £ 0 :

dist({n, a),Z) > C||n|¢.

First |en(f)| < CHnH(;(HS) after successive integrations by parts in direction e,, where 1 < ¢ <
m is chosen so that [n,| = ||n|le (for the last step, consider the Fourier coefficient of 0" f /0xy (= +
heq) — 0" f /Oxy(x) with a convenient h). We shall then prove :
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D720 )2 < 4oo, (10)

i>1 neN;
where N; := {n € Z™ | 2771 < dist({n,a),Z) < 27}. Next :

Z [n||2"+®) < C Z 2 Pt card{n € N; | 2P < ||n||oo < 2P},
neN; p>p(i)

where p(i) is the first p such that {n € N; | 2P < ||n|jo < 2PT1} is non-empty. Observe that distinct
elements n and n’ in N; check 2.27% > dist((n — n/,a),Z) > Clln — n'||3"~¢. Hence ||n —n’|| >
C2i/"*¢. Comparing volumes, we get card{n € N; | 27 < ||n||o < 2PT'} < €20 /20m/(1+2)  This
also implies, by definition of p(i), that 2% > C27P()"+2) Since r + s > m, we deduce that :

3 Inl|Z0H) < ¢ gPOrtsmm) gim/(n+e),
nENi

Therefore Znej\/i HnH;O(TJrS) < O 2-ilrts—m)/(nt+e) 9—im/(nt+e) — 2—1‘(7‘—&-3)/(?7%6)7 which gives (10).

Step 2. We consider the proof of theorem 1.2. Concerning ), if the (p.).ea are continuous, then
AR is continuous too by proposition 4.3. Unique ergodicity of T" with respect to Lebesgue measure
implies that n~* Y 0<k<n T*log Agp — ygr(M,T) uniformly on T™. The integrability conditions in
the transient cases for a non-zero speed in theorem 2.6 of [9] are then satisfied.

We turn to point 7) and suppose that the (p.).ca are Cj;7 (T™ — R) in the sense of definition
1.1. In the recurrent case yr(M,T) = 0, since Ag and thus log A are C};.” (T™ — R) by proposition
4.3, we get from lemma 1.3 that logA\g = g — T'g for some continuous and therefore bounded g.
One then applies proposition 3.5 and next theorem 3.3 to conclude.

It remains to show the result in the transient cases, which are more delicate. We will suppose
for instance that yg(M,T) < 0. By proposition 3.7, notice first that there exist harmonic coor-
dinates, since Ar being continuous, uniformity in the Law of Large Numbers implies the required
integrability condition. In order to apply theorem 3.3 and get the result, it remains to show that
the map u appearing in the decomposition in harmonic coordinates is C};;” (T™ — R). In the sequel
we shall say “regular” in place of C;” (T™ — R). By proposition 3.4, it is equivalent to showing
that the entries of the random vector Y solution of Y = MT~1Y +ce; /pg are regular, where ¢ > 0
is the average speed. As in proposition 3.7 (but not exactly), we decompose :

Y = H+ K, where H € S(TOW,)**), K € S(TVy).

Recall that the dimensions of these subspaces are respectively R — 1 and L. Decomposing also
according to the same subspaces, let ce;/pr = Hg + Ky. From Oseledec’s Theorem, the equation
Y = MT~Y + cey/pr is equivalent to H = MT~'H + Hy together with K = MT 'K + K.
Proceeding as in proposition 3.7, Hy and K are bounded and :

H=-Y 0, T "M~ TN~ T

(11)
K=Y ,50MT'M---T-"'M T~"K,.

Step 3. We exhibit regular (in the above sense) bases of S((Wy)**) and S(Vr). It will then result
from the Cramer formulas that Hy and K| are regular. Mention that the existence of such bases
certainly results from general arguments, but it is not hard to construct some explicitly.

First, the V_1(—1,+00, —j), for 1 < j < L, form a basis of S(Vr). This is a consequence of the
fact that this family is free and lemma 2.4 in [8], as well as yr11(M,T) > 0 (see proposition 4.3
in [8]). On the contrary, the family Vo(—o0,1,7), with 1 <r < R, is not free and has rank R — 1.
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However, for example and similarly, the Vo(—o0,1,7), 2 < 7 < R, form a basis of S((Wr)+*). We
next explicit regular bases. Write :

£—1(717+OO) = /\jl"zlv—l(fla —+00, 7]) = ‘/1 A (/\jL:QVJ) )

where Vj 1= 3. .; Vo1(—1,+00, —j). It is a simple observation that Vi = (Pr—i(—1,+00,+) —
Pr_1_i(—1,400,4))1<i<q and that the entries of V := Vi/Py(—1,400,+) with index in {R +
1,--+,d} are zero and the R-th entry is 1. By proposition 2.4 ii), we have :

VL=V A(NLY) =V A (/\f:z(vj — <Vj7eR>f/)) . (12)

Now Vy, is regular, by proposition 4.3. The form of the previous vectors then implies that V and
all the V; — (Vj,eRHN/, 2 < j < L are regular. Indeed, when developing the right hand-side of
(12) in the canonical basis of ALFRY, the coefficient corresponding to ery1 A egyo--- Njey--Neg
(where e, is at place j) with 1 < 2 < R is exactly the z-th entry of V; — (Vj,er)V. As a result,
By :={V, V; = (Vj,er)V, 2 < j < L} is a regular basis of S(Vp).

Consider now the Vy(—o00,1,7), 2 < r < R. There is a random & such that :
Wi =k 22 Vo(—00, 1, R —7) = s NEZZ VT,

where by definition V" := Vy(—o00,1,R) + -+ + Vo(—00,1, R — r). From proposition 4.3, Wy, is
regular, as well as its image W* under a linear map. Since (AZ2V7" ey A---Aeg_q) = (=1)F 1
we deduce that k = (—1)E"L(W§* e; A+ Aer_1) is also regular. Next, as above and due to the
form of these vectors, the V", with 0 < r < R—2, are regular and thus By := {V", 0 <r < R—2}
is a regular basis of S(Wi*).

Step 4. We show that the solution K of K = MT 'K + K is regular. The case of H, solution of
H = MT~'H + Hy, is treated in the same way. Let K and K be the regular components of K and
K respectively in the basis TBy. Let IV be the L-square random matrix giving the coordinates
of the images of By by M in the basis T'B;. It is clear that N is a regular matrix. We shall show
that there are constants C' and 0 < § < 1 such that, for all n > 0 and all X € S(Vy) :

|IT"N---TNNX| < C§||X]||- (13)
Since :

K=Y NTT'N.-.T7""'N T7"K,,

n>0

property (13) guarantees that the k" partial derivative (with k < [r + s]) of the general term
NT-IN...T7"+IN T=" K, in any fixed direction is bounded by Cn*§" for some constant C. The
result then easily follows by uniform convergence, as in the proof of proposition 4.2 for instance.

It remains to show (13). Recall that S(V) = S(Wg*) & Vect(Vg) and that S(V) = S(Wx*) and
Vect(Vg) are uniformly in a non-singular position, see proposition 3.16 ii¢) in [9]. The result follows
from proposition 3.17 4) in [9] and the fact that T 1M --- TMMVz = T" 1 Ag - - - A\RT™ Vg, where
n~H (T ogAg + -+ + log Ar) — yr(M,T) < 0, uniformly on € since Ag is continuous. This
completes the proof of the theorem.

0

18



References

AvLILL, S., Asymptotic behaviour for random walks in random environments, J. Appl. Probab.
36 (1999), no. 2, 334-349.

ARNOLD, L., Random Dynamical Systems, Springer-Verlag, Berlin, 1998.

ARNOLD, V., Small denominators. 1. Mapping the circle onto itself, Izv. Akad. Nauk SSSR
Ser. Mat. 25 (1961), 21-86.

ATKINSON, G., Recurrence of co-cycles and random walks, J. London Math. Soc (2), 1976,
13, 486-488.

BOLTHAUSEN, E. AND GOLDSHEID, 1., Recurrence and transience of random walks in random
environments on a strip, Com. Math. Phys., 2000, vol. 214, 429-447.

BOLTHAUSEN, E. AND GOLDSHEID, 1., Lingering random walks in random environment on a
strip, preprint.

BREMONT, J., On some random walks on Z in random medium, Ann. Probab. 30 (2002),
no. 3, 1266-1312.

BREMONT, J., Random walks on Z in random medium and Lyapunov spectrum, Annales de
I'L.H.P. Prob/Stat, Vol 40, no. 3, 2004, 309-336.

BREMONT, J., One-dimensional finite range random walk in random medium and invariant
measure equation, Annales de 'LLH.P. Prob/Stat, to appear.

BREMONT, J., These de doctorat, Marches aléatoires en milieu aléatoire sur Z; dynamique
d’applications localement contractantes sur le Cercle, Université de Rennes I, 2002.

CONZE, J.-P. AND GUIVARC'H, Y., Marches en milieu aléatoire et mesures quasi-invariantes
pour un systéme dynamique, Colloq. Math. 84 /85 (2000), part 2, 457-480. Dedicated to the
memory of Anzelm Iwanik.

FEDERER, H., Geometric measure theory, Springer-Verlag, New York, 1969.

GOLDSHEID, 1., Random walk in random environment : the Central Limit Theorem, to appear
in PTRF.

GOLDSHEID, 1., Linear and sublinear growth and the CLT for hitting times of a random walk
in random environment on a strip, to appear in PTRF.

HERMAN, M., Sur la conjugaison différentiable des difféomorphismes du cercle a des rotations,
Inst. Hautes Etudes Sci. Publ. Math. No. 49 (1979), 5-233.

KEY, E., Recurrence and transience criteria for a random walk in a random environment,
Ann. Probab. 12 (1984), no. 2, 529-560.

KHINCHIN, A., Continued fractions, The University of Chicago Press, Chicago, Ill.-London
1964 xi+95 pp.

Kozrov, S., The averaging method and walks in inhomogeneous environments, Uspekhi Mat.
Nauk 40 (1985), no. 2(242), 61-120, 238.

LEDRAPPIER, F., Quelques propriétés des exposants caractéristiques, Ecole d’été de Saint-
Flour 1982, Lecture Notes in Math., vol 1097, 305-396, Springer, 1984, Berlin.

MARMI, S.; Moussa, P., Yoccoz, J.-C, The cohomological equation for Roth-type interval
exchange maps. J. Amer. Math. Soc. 18 (2005), no. 4, 823—-872.

OSELEDEC, V., A multiplicative ergodic theorem. Characteristic Ljapunov exponents of dy-
namical systems, Trudy Moskov. Mat. Obs¢. 19 (1968), 179-210.

19



PETERSON, J., Ph-D thesis, forthcoming (2008).

Rauci, A., Théoréeme ergodique multiplicatif. Produits de matrices aléatoires indépendantes,
Fascicule de probabilités, Univ. Rennes I, 1997, p. 43.

ROITERSHTEIN, A., Transient random walks on a strip in a random environment, preprint
2006, to appear in Annals of Probability.

SINAL, Y., The limit behaviour of a one-dimensional random walk in a random environment,
Teor. Veroyatnost. iPrimenen. 27 (1982), num. 2, 247-258.

SoLOMON, F., Random walks in a random environment, Ann. Probability 3 (1975), 1-31.

SZNITMAN, A.-S., Topics in Random Walks in Random Environment, lecture given at the
School and Conference on Probability Theory, Trieste, May 2002.

ZEITOUNI, O., Random walks in random environment, Lectures on probability theory and
statistics, Ecole d’Eté de probabilités de Saint-Flour XXXI - 2001. Springer : Berlin. Lect.
Notes Math. 1837, 191-312 (2004).

LABORATOIRE D’ ANALYSE ET DE MATHEMATIQUES APPLIQUEES, UNIVERSITE PARIS XII, FACULTE DES

SCIENCES ET TECHNOLOGIES, 61 AVENUE DU GENERAL DE GAULLE, 94010 CRETEIL CEDEX, FRANCE

E-mail address : bremont@univ-paris12.fr

20



