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ABSTRACT the wavelet transform domain and deals with mutiple observations

. - . . delivered by several sensors. The interest of this method is demon-
We are interested in image reconstruction when data provided b,

X : DP¥rated in the parallel Magnetic Resonance Imaging (pMRI) context
several sensors are corrupted with a linear operator and an additi 10]. Recall that this modality offers a means of significantly
white Gaussian noise. This problem is addressed by invoking Stein ’ducing the acquisition time at the expense of a degraded signal-to-

Unbiased Risk Estimate (SURE) techniques. The key advantage qf . ; .
SURE methods is that they do not require prior knowledge about th?I ise ratio. In a recent work by Cad.et al. [11] a novel method

. Based on a wavelet-based variational approach was proposed, which
Mean Square Error (MSE) only depending on the statistics of the ObM

d data. H th i the difficult probl h aximum A Posteriori (MAP) estimate. We aim here at proposing
served data. Hence, they avoid the difficult problem oT nyperparamy giar non-jterative method where the estimator parameters are

eter estimation related to some prior distribution, which traditionally‘,jldjus,[eol automatically. Note also that the proposed approach is very
needs to be addressed in variational or Bayesian approaches. Cq xible concerning the wavelet choice and the estimator form.

_sgquently, a SURE appro_ach can be _applied by dir_ectly parameter-- r,q remainder of the paper is organized as follows. In Section 2,
izing a wavelet-based estimator and finding the optimal parametegs, briefly introduce the notation and describe the considered in-

that minimize the MSE estimate in reconstruction problems. Simuye o problem. Then, Section 3 is devoted to the proposed statistical

lations carried out on parallel Magnetic Resonance Imaging (pMRl}nethod. In particular, we show how to address the complex-valued

Images _show the '”?Pfoved performance of our method with resPelature of the data and build an unbiased guadratic risk estimator, be-
to classical alternatives.

fore discussing the estimator choice. Finally, in Section 4, we illus-
Index Terms— Reconstruction, Stein’s principle, wavelets, trate the effectiveness of our reconstruction algorithm on a simulated
nonlinear estimation, multiple sensors, pMRI. set of pMRI data.

1. INTRODUCTION 2. PROBLEM STATEMENT

Much attention has been paid to Stein’s principle [1] in the recen®-1. Notations
statistical _Iiterat_ure in ordt_ar_ to derive_ MSE_estimates _in stati_sticawe consider here pMRI images generated by considdriagquisi-
problems involving an additive Gaussian noise. In particular, it Wag;q, ¢l and a reduction factdt. Let X x Y be the dimensions
successfully used in wavelet-based nonlinear denmsmg [2]. Morer 5f the full Field Of View (FOV) image, along the respective phase
cently, such an approach was extended to deconvolution problems [g, 4 5, frequency directions. The reduced FOV image size in phase
4] and it was also employed for Poisson data denoising [5]. The key ) o ] X .
advantage of Stein's principle [6] is that it does not require priorencoding direction is thus given ly.X' = —. B will denote the set
knowledge about the statistics of the unknown image. Hence, it alof spatial indices in the reduced FOV image.
lows us to circumvent the difficult problem of the estimation of the
hyperparameters of a prior distribution as frequently encountered i8 o opservation model
Bayesian approaches.

In this paper, we propose to further extend the scope of SteinAt each positionx € B we observe arL-dimensional data vector

based approaches by addressing image reconstruction probleni{x) = [di(x),...,dr(x)]", which is obtained by applying an
More precisely, we employ Stein’s principle in order to proposel x R sensitivity matrixS(x) given by
a wavelet-based estimator relying on Linear Expansion of Thresh- Si(z1,22) ... Si(z1,z2+ (R —1)AX)

olds (LET) functions [7, 8]. This enables us to design efficient medi- . .
cal image reconstruction algorithms whose parameters are optimaIIyS(X) = : .. : )

computed to achieve the minimum MSE. The estimator operates in SL(x.l, z2) ... Sp(zi,z2+ (R-1)AX)

THIS IS AN INVITED PAPER IN THE SPECIAL SESSION ON toanR-dimensional vector of pixel values in the original (unknown)
“WAVELETS AND NEUROIMAGING”. imagep(x) = [p(z1,x2), p(z1,22 + AX), ..., p(z1,22 + (R —



1)AX)]" and by adding a complex Gaussian circular noise vectoB.3. Unbiased risk estimate

corrupting samples from all coilsa(x) = [n1(x),...,nr(x)]".

Herep(x) is anR-dimensional random field which is assumed to be Th€ risk corresponding to a MSE estimation is definedvasc B,
independent ofi(x). The between-coil noise covariance matrix is

~ 2
given by Cov{n(x),n(x")} = ¥é(x — x'), ¥(x,x’) € B> The E{llpc(x) — pe()II°}
resulting model is consequently described by the following linear = E{Hﬁc(X) — po(x) +1nc(x H }
model:
=E{||pc(x) — pc(x) +2E4 po(x)  fe(x
d(x) = S(x)p(x) + n(x), ¥x € B. (1) {Ipc00) = 7o'} + 26 {pe0 The o )
~ T~ ~ 2
The objective of this work is to recoverfrom d knowingS. —2E {pc(x) no (X)} +E{lc)I"} @

3. PROPOSED METHOD Here, we focus on the second term which, by using (7), reads:

3.1. Complex nature of the data E{ﬁc(x Be(x } Zcpk E{ﬁkﬁc(X)}.

In MRI, the acquired data are complex-valued even if the magnitude

is only considered for visualization purpose. Lgtand-: be the -~ ] ] ]
subscripts indicating the real and imaginary parts (nanfiéfy} and  In addition, applying the analysis vectogs (x) to dc(x) yields
${-}) of the data. The observed data can thus be expressed by ~ coefficientsw, which can be decomposed@s = uy. + nx, where

dr(x) |_| Sr(x) —Si(x) PR (x) ng(x)
el et el | Rl el Z‘P Xpetd
so that Model (1) can be reexpressed under the form Z er(x nc
do(x) = Sc(x)po(x) + no(x), VxeB, ) €k

where the involved vectors and matrices are real-valued. AssumingP thatp, can be rewritten as
that we are able to compute the pseudo-inv@é&éx) of S¢(x)

defined by Pk = Ok (wi) = O (ur + nk). 9)
STC(x) = (Sc(x)TSc(x)) - Sc(X)T, ) Then, by applying Stein’s principle [1], it follows that:
it follows thatpc (x) = pc(x) + ne(x) where E{prnic(x)} = E{6;(wi) }E{ninc(x)}. (10)
po(x) =SL(x)do(x) and fo(x) = S{(x)no(x). After some tedious calculations, it follows that the quadratic risk

Furthermore, the following relations regarding the second-ordefStimate reads:
statistics of the random field- (x) will be useful for the quadratic

risk computation: E{llpc(x) — po(x)[I*} = E{[[pc(x) — pe ()]}
~ ~ T
COV{nc(x),nc(x)} = STC(X)‘I’C(STC(X)) 4 JrQZE{@k W }Sok )\I'cgok( )
Cov{nc(x),nc(x)} = SL(x)¥e. (5)

i i T
where Coinc (x), ne(x')} = Ted(x — x'), V(x, x') € B2, - (Sc(x)‘I’C (L) ").
3.2 Derivation of the SURELET estimator An unbiased estimate of the resulting global MSE is:

For everyx € Bandk € {1,...,K}, let px(x) € R*~ be an E(pc — pe) =E(pe — po) + A (11)

analysis vector and lgb, (x) € R?® be a synthesis vector. In the
case of a decomposition onto a basis of the FOV im@ge; XY where
and the need o2 K functions stems from the fact that the real and

imaginary parts of the data are considered. We choose an estimator g _ 2
of the form E(pc — po) Y XZEB |pc(x )l
Vk e {1,...,2K}, Pr = Ok (wy) (6) 2K
and A= 0}, (w ST x)¥ X
wherewy, = 3 ¢r(x) "de(x) andbe: R — R is some dif- XY Z (o x%‘p" o) Eopr)
ferentiable estimating function (the choice of this function will be .
discussed in Section 3.4). Then the estimatgwofx) is given by - ﬁ >t (STC(X)‘I'c(STC(X)) )
xcB
pc(x) = Zﬁkﬂzk (x) (7 Note that the risk estimate is expressed in terms of observed data

only. Now, the next step consists of specifying the form of the es-
The objective now is to compute the estimator parameters that minfimating functionsd;, in order to find the parameters that minimize
mize the quadratic risk. the global error measug(-).



3.4. Estimating function choice Observed

data
Assume that the coefficientsvy )1<r<2x are classified according Overat Wavelet
to M € N* distinct nonempty index subsets (e.g. wavelet subbands) dc — | perator decomposition
Ko, m € {1,...,M}. Foreverym € {1,..., M} andk € K, GT (i)
we choose subband-dependent estimating functions of the form: e (wx)
Wk ) k
m —— N
Wavelet (pr)x| Pointwise nonlinear
= i fm,i 12 5 . L
k) Z @msi frni (W (12) pc reconstruction estimation operator,
Estimated (#k)k \ (O ) J

where (am,i)1<i<1,, are scalar real-valued weighting factors and,
for everyi € {1,...,In}, fm,i: R — R is a differentiable func-
tion. These functions are the Linear Expension of Thresholds (LET)
estimating functions introduced in [7, 8] and correspond to a linear
combination ofl,,, € N* given univariate functiong,, ; applied to

wy, (note that we use the same estimating function for a gkig).

data Estimated
wavelet coefficients

Fig. 1. Flowchart of the proposed reconstruction method.

3.5. Computation of (am,i)1<i<1,, parameters 4.2. Numerical results

As mentioned earlier, we want to compute the paramétgrs )1<i<1,, .
that minimize the quadratic risk in (11). It can be shown thatlon?sggszg?;fr%i:fgrfrg ﬁg(é;avt)r];ftgr?erﬁjégpi)r%selei E}gﬂrgdé;\;ﬁ Fsilmlgl(aat)e d
this amounts to solving the following set of linear equations: Y . 9 pay! 9-
. according to model (1). Note that the dynamic range of the absolute
vm e {1,...,M},Vi € I, . .
value of the pixels is large.

M In The number of antennas is here equalte= 8 and the reduc-
Z Z Qn,j Z Bm,i( »3n (%) tion factor isR = 4. The covariance matrix of the noigeis chosen
n=1j5=1 x€B to be diagonal (no between coil correlation) and all the diagonal en-
— Z ﬂm.i(x)Tﬁc(x) tries are chosen equal & (homoscedasticity). Next, we compared

B our results with those provided by the classical SENSE reconstruc-

tion. Here, an orthonormal wavelet analysis (symlets of length 8)

- Z fm i(Wk Z‘Pk x)¥ ok (x) is performed ont resolution levels. The regularization parameter
kEKm x€B was chosen empirically. Typical values around01 were observed
whereg,, i (x) = ZkeKm Foni (W) @i (%). to provide accurate and reliable results. The performance was mea-

sured in terms of Peak Signal-to-Noise Ratio (PSNR) as reported in
Table 1. In short, our method enables a significant gain in PSNR

4. SIMULATION RESULTS values with respect to the SENSE approach.

4.1. Context
Ir;]our expe;]imhents, the families of analysis/synthesis functions are Table 1. PSNR values for reconstructed images (in dB).
chosen such that | Method [| Real Part] Imag. Part] Magn. |
-1
(%) = So(x) (So(x) Sc(x) + AT)  ¥u(x) I o’ =5 10° |
SENSE 36.29 35.48 38.75
G(x) A=10"7 38.28 36.77 40.43
Pr(x) = i (x) Proposed| A =10"* 38.30 36.79 40.46
, o _ A=10""° 38.30 36.79 | 40.46
where) > 0, I~|s the identity matrix and the components of vector “ T —12510° ‘
Pr(x) (resp. ¥ (x)) are obtained from shifted versions of a 2D :
separable wavelet analysis function (resp. synthesis function). A SENSE — 42.94 42.40 45.58
scheme summarizing the proposed reconstruction approach is giv fProposed| \ =10 43.57 42.74 46.35
in Fig. 1. | o?=210" |
Concerning the estimating functions, we chodse= 2. f,1 SENSE 30.00 2857 32.03
is the identity function and Proposed] A =10"" || 33.72 31.69 | 34.92
8
VpeER,  fma(p) = (1—exp(—p78)>p , , ,
(wom) Interestingly, the larger the noise, the stronger the PSNR im-

provements we observed in favour of the proposed approachi-For v
sualization purposes, the reconstructed images by SENSE and Stein-
Let methods are shown in Fig. 2(b)-(c) wheA = 5 10°. The

main differences can be observed in the center of the images where
more residual noise is found for SENSE reconstruction. Note that
Peense(x) = ((S*(X))T\P—1S(X))T(S*(x))T\P—ld(x)' :)hneas)t(eelghL(E‘)ré%cSr;(sstzuScS%ng!goFclngZZ.(c) is achieved in about 15 s.

wherew €]0, co[ and o, is the standard deviation df)rcx,, -
These LET estimating functions were introduced in [7].

We compare our results with SENSE reconstruction [9], which
is based on a weighted least-squares estimator:



(b)

Fig. 2. (a): Magnitude of the reference image: range in [0,91496}-(c): Magnitude of the restored images by SENSE and the proposed
Stein-LET approach, respectivel)-(f): zoomed versions of imagéa)-(c) on the central part of the brain to illustrate the noise reduction

using the Stein-LET estimator.

5. CONCLUSION

We proposed a new reconstruction method based on Stein’s principl%]
and LET functions which was applied to pMRI. In this context, our
approach provides more accurate results than the classical SENSE
alternative. In our approach, most of the parameters are set in an
unsupervised manner. In addition, the computational complexity ism
quite reasonable. In the future, we plan to validate this restoration
method in a more realistic context i.e. without knowing the amount

of noise and using an unperfectly known sensitivity matrix. Fur-
thermore, we will consider 3D decomposition to extend the presentl8]
contribution and enable the reconstruction of all slices simultane-
ously. It would be also interesting to apply this approach to other
reconstruction strategies [12, 13].

9]
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