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A new reduction method for vibration analysis of intentionally mistuned bladed disks is presented. The method is built
for solving the dynamic problem of cyclic structures with geometric modifications. It is based on the use of the cyclic
modes of the different sectors which can be obtained from a
usual cyclic symmetry modal analysis. Hence the projection
basis is constituted as well as, on the whole bladed disk, each
sector matrix is reduced by its own modes. The method is
validated numerically on a real bladed disk model, by comparing free and forced responses of a full model finite element analysis to those of a reduced-order model using the
new reduction method.
1 Introduction
In the context of turbomachinery design, small variations in the blade characteristics of cyclic structures due to
manufacturing tolerances affect the structural cyclic symmetry creating mistuning which increases the forced response
amplitudes (e.g. see [1–3]). However, it is possible (e.g.
see [4–8]) to intentionally mistune the mistuned system in order to reduce the forced response amplification. Intentionally
mistuning the system is called detuning. The main technical
solutions to introduce detuning are based on modifying blade
material properties, the interface between the blades and the
disk, or the blades’ shapes by introducing several types of
blades with different geometries corresponding to geometric
modifications of the nominal blades. In the present paper, it
is assumed that detuning is performed by modifying blade
shapes and the disk is not detuned.
Vibration analyses of cyclic structures are usually performed using their cyclic symmetry and formulated for one
sector from which the dynamic of the whole structure is obtained (e.g. see [9–12]). This is no longer the case for mistuned and/or detuned structures which need a full structure
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formulation. To reduce numerical computational costs while
solving the detuning problem on finite element meshes of realistic bladed disks, many reduced-order methods have been
introduced (see [6, 13–20]). In general, reduced-order models are obtained by substructuring a bladed disk into disk and
blades components (see e.g. [13, 14]), as this allows an easy
implementation of blade mistuning or detuning. However,
a different approach [15] called SNM has been proposed by
Yang and Griffin, in which the tuned system cyclic modes
are used without substructuring to generate a reduced-order
model. This technique is very efficient in the case of cyclic
structures with blade material properties modifications but
can be not efficient for the case of blade geometric modifications for the following reasons. It is well known that
the tuned modes constitute a basis of the admissible space
of the displacements for the mistuned bladed disk. Nevertheless, such a basis is generally not really efficient with respect to the convergence speed and a large number of tuned
modes are required for such a situation. It should be noted
that if convergence is slow, then the reduced-order model is
not sufficiently small and so would not be efficient and effective to implement the probabilistic model of uncertainties
and above all to perform a robust design optimization. In
another hand, it is well recognized today that, if the use of
the tuned modes for constructing the reduced-order model is
efficient for blade material properties modifications, it is not
always the case for blade geometric modifications (see for
instance [18,21]). In addition, the blade geometric modifications induce a problem related to incompatibility representations between the tuned modes calculated with the mesh
of the tuned bladed disk and the structural matrices of the
geometrically modified bladed disk calculated with another
mesh. In these conditions, the nominal and the geometrically
modified meshes are incompatible (see Appendix A). Consequently, these incompatible finite element meshes induce
a difficulty for constructing the projection of the geometri-

cally modified mass and stiffness matrices using the tuned
bladed disk sector cyclic modes. In such a situation, intrusive developments must be performed in commercial softwares to take into account this incompatibility of representations related to different meshes. A simple model derived
from SNM and known as the Fundamental Mistuning Model
(FMM) that reduces the set of nominal modes to a single
modal family [16, 17] had also been introduced. Nevertheless, its application field is limited to a modal family with
nearly equal frequency. An extension of the FMM for the
case in which all modes of the family do not share the same
frequency, known as Asymptotic Mistuning model (AMM)
has also been introduced in [19, 20]. This method is a perturbation method in which the small parameters are the small
frequency corrections induced by mistuning, the small damping of the tuned modes or the first aerodynamic correction of
the purely structural vibration characteristics. Then large geometric detuning can be difficult to solve with this method.
To solve the problem of geometric detuning, without using
substructuring, a method named Static Mode Compensation
(SMC) has been proposed in [18], and used in [22], in which
the mistuned system is represented by the full tuned system
and by virtual mistuning components. But this method needs
a convergence acceleration to be performed, which leeds to
a large amount of calculation.
In this paper, we propose a method inspired of the SNM
method but allowing the case of geometric detuning to be
treated with efficiency with respect to the speed of convergence and with respect to the incompatibility of the representations induced by the use of different finite element meshes
corresponding to the nominal blade and to the geometrically
modified blades. Thus, we do not want to have a substructuring method or to use static modes for convergence acceleration. Then, it is assumed that a commercial software (black
box) is used to compute the cyclic modes and mass and stiffness matrices of the different bladed disk sector types in independent calculations. In this particular context, we propose here a new method which uses the cyclic modes of the
different bladed disk sectors and which consist on reducing
each sector mass and stiffness matrices by its own modes.
Linear constraints are applied on common boundaries between sectors to make the displacement field admissible on
the entire bladed disk. An application is done on a realistic bladed disk model by comparing its dynamic characteristics using this reduction method to those obtained on a full
model.

where the vector u stands for the union of all sectors (with
free interfaces) displacements for the entire detuned bladed
disk and not the displacement vector of the entire detuned
bladed disk. This vector contains redundant degrees-offreedom corresponding to the common interfaces degrees-offreedom of adjacent sectors (a blade + a part of the disk) due
to the fact we consider each sector with its inner and boundaries degrees-of-freedom. f denotes the vector of external
structural forces and fluid-structure coupling forces, matrices [M], [D], [K] represent real mass, damping and stiffness
matrices and j 2 = −1. ndof is the size of vectors u.
Linear constraint equations must be added to Eq.(1).
The vector u(ω) is written as
u(ω) = (u (ω), uc (ω))

,

(2)

in which uc (ω) is the vector of constrained degrees-offreedom and where u  (ω) is the vector of the free degreesof-freedom. The constraints equation can the be written as
uc (ω) = [B]u (ω)

.

(3)

It can then be deduced the constraints equation for the entire
detuned bladed disk,
u(ω) = []u (ω)

.

(4)

Introducing the dynamic stiffness matrix
[E(ω)] = −ω2 [M] + jω[D] + [K] ,

(5)

then the dynamic equation (1) integrating the constraints
equation becomes
[]T [E(ω)][]u (ω) = []T f(ω) .

(6)

The detuned bladed disk is made of N sectors compatible on
their coupling interfaces. Consequently, the dynamic stiffness matrix is formed by N × N sub-matrices, each one having n × n components and displacement and forces vectors
are formed by N sub-vectors.
⎞
[E]0 · · · [0]
⎜
.. ⎟
[E] = ⎝ ... . . .
. ⎠
[0] · · · [E]N−1
⎛

2 Theory
2.1 Dynamic equation
Let us consider the finite element model Ω of a detuned structure with N blades. Detuning results from geometric modifications of some blades. In the frequency band
defined by = [ω min , ωmax ], 0 < ωmin < ωmax the dynamic
equation of the detuned bladed disk can be written
(−ω [M] + jω[D] + [K])u(ω) = f(ω) ,
2

(1)

⎞
u0
⎟
⎜
u = ⎝ ... ⎠ ,
uN−1
⎛

⎞
f0
⎜
⎟
f = ⎝ ... ⎠
fN−1

,

(7)

⎛

,

(8)

with the vector u p containing the displacements of the n
degrees-of-freedom associated with sector p. Note that matrix [E] is a bloc diagonal matrix. Then, the mass and stiffness matrices take the form
⎞
⎛ 0
[M] · · · [0]
⎜
.. ⎟
[M] = ⎝ ... . . .
. ⎠
[0] · · · [M]N−1

⎞
⎛ 0
[K] · · · [0]
⎜
.. ⎟
[K] = ⎝ ... . . .
. ⎠
[0] · · · [K]N−1

,

(9)

independent calculations, a phase shift can appear between
them. This phenomenon will be explained more in subsection 2.2.2. So we need to reinstate the displacement vector
continuity and put in phase the modes related to different sector types over the entire bladed disk. It should be noted that
if all blades are identical, then the projection basis integrates
the displacement vector continuity between adjacent sectors
and the phase coherence which makes the constraint Eq.(2)
automatically satisfied. In the global coordinates system, the
projection basis is written as
⎞
0
0
Ω
Ω
··· ψ
ψ
m
1
.
.. ⎟
..
 =⎜
[Ψ]
⎝ ..
.
. ⎠
ΩN−1
ΩN−1
1
m
ψ
··· ψ
⎛

,

(10)

where the n × n sector mass and stiffness matrices [M] and
[K] are symmetric matrices and
⎞
[Mll ] [Mli ] [0]
[M] p = ⎝[Mli ]T [Mii ] [Mir ] ⎠
[0] [Mir ]T [Mrr ]
⎛

,

(11)

,

Ω

 α p is a real mode expressed in the global coordiwhere ψ
nates system, m is the number of modes selected and Ω p is
a geometrical domain represented by the sector p of the detuned bladed disk. The subscript α stands for a couple of
index (n, ν) where n is the number of nodal diameters of the
mode and ν is the mode rank for this family of nodal diamΩ
 α p is the mode number α associated with sector
eters. So, ψ
p which has a blade of type Ω p . This real mode is obtained
0,p

⎛

⎞
[Kll ] [Kli ] [0]
[K] p = ⎝[Kli ]T [Kii ] [Kir ] ⎠
[0] [Kir ]T [Krr ]

,

(12)

2.2 Reduced-order model
2.2.1 Projection basis
Let us consider t different blade types for a bladed disk
with N blades, t ≤ N. In the following discussion, we consider N blade types which can be different, knowing that if
t < N there is at least one repetition of a blade type. So, each
sector Ω p of the detuned bladed disk is associated with a
blade type. For each blade type associated with a given Ω p , a
tuned bladed disk is considered with this blade type in cyclic
symmetry conditions. For each tuned bladed disk associated
Ω
Ω
1 p , . . . , ψ
m p
with Ω p , the cyclic modes are computed. Let ψ
be the m cyclic modes in the global coordinates system of
the tuned bladed disk whose blade type is associated with
the blade type of sector Ω p in the detuned bladed disk. For
the projection basis, the continuity of the displacement vector is ensured between two adjacent sectors which have the
same blade type, but is not ensured between two adjacent
sectors with different blade types. In addition, when the
cyclic modes of two different sector types are computed by

0,p

0,p

using the corresponding cyclic mode φ (n,ν) = φ(n,ν) + jφ(n,ν)
in local coordinate system of sector Ω 0 for the bladed disk of
type Ω p in cyclic symmetry conditions
Ω

where subscripts i, l and r are related to the inner, the left
side coupling interface and the right side coupling interface degrees-of-freedom. At this step, the dynamic system matrices and the displacement vector are expressed in
local blade coordinates system associated with each sector
Ω p , ∀p ∈ {0, N − 1}.

(13)

0,p
p
 (n,ν)
ψ
= φ(n,ν) cos

0,p
2npπ
2npπ
− φ(n,ν) sin
N
N

. (14)

2.2.2 Phase correction of cyclic modes of different sector types
To built a basis for the complete detuned bladed disk
with cyclic modes of the different sector types, we must
write the continuity and phase conditions on interfaces between adjacent sectors with different blade types, as said previously. In fact, since cyclic modes of each type of sector are
computed independently from the cyclic modes of the other
sector types, a phase shift may appear between cyclic modes
of different sector types. This phase shift is caracterized by
a rotation of the nodal diameters of the cyclic mode on the
disk. In fact, in tuned conditions, the location of the modes
nodal diameters on the bladed disk is indeterminate as shown
in Fig. 1. On this figure, the sub-figures on left and right represent twin orthogonal modes obtained for each computation.
To ensure the phase coherence between the cyclic modes of
the different sector types, we introduce a complex parameter
called MSF (Modal Scale Factor) which is defined by
MSF(x, y) =

{x}T {y}
{x}T {x}

,

(15)

where argMSF(x, y) represents the phase shift between the
two complex vectors x and y. In these conditions, each cyclic

(a)

(b)

(a)

(b)

(c)

(d)

(c)

(d)

Fig. 1. Geometries of twin modes with one nodal diameter obtained
by two independent computations : first computation ((a),(b)) and

Fig. 2. Geometries of twin modes with one nodal diameter obtained
by two independent computations after phase correction: first com-

second computation ((c),(d)).

putation ((a),(b)) and second computation ((c),(d)).

mode φini can be corrected in phase with the formula

made of different sector types cyclic modes, we must ensure an admissible displacement field on the coupling sector
interfaces. This admissibility is defined by two conditions
on interfaces: a compatibility of meshes which is naturally
ensured because geometric modifications are only done on
blades, and the displacement vector continuity between two
adjacent sectors which can be ensured by linear constraints
on the interface. In the method proposed, the displacements
are taken equal on the coupling interface between two adjacent sectors. These constraints can be introduced by using
a Lagrange multiplier field (see [23]) or by constraining the
redundant degrees-of-freedom in each sector displacement
vector. The latter formulation is made here. Let us consider
Eq.(1) expressed in the global coordinates system and for
which the constraints are not yet specified

φ=

MSF(φnom , φini ) ini
φ
|MSF(φnom , φini )|

,

(16)

where φini a cyclic mode obtained by one of the independent
computations, φ is a cyclic mode corresponding to φ ini and
corrected in phase with φ nom . φnom is a cyclic mode obtained
by one of the independent computations and taken as phase
reference and |z| represents the modulus of complex z. Thus,
we can verify in Eq.(17) and Eq.(18) that the new mode φ
is in phase with the nominal mode φ nom because its MSF referred to the nominal mode is real, implying that its argument
is null.
MSF(φnom , φ) =
=

{φnom }T {φ}
{φnom }T {φnom }

 + jω[D]
 + [K])
 u(ω) = f(ω) ,
(−ω2 [M]

MSF(φnom , φini ) {φnom }T {φini }
|MSF(φnom , φini )| {φnom }T {φnom }

= |MSF(φnom , φini )| ∈  .

(17)

This implies that
argMSF(φnom , φ) = 0 .

(18)

Then after a phase correction of cyclic modes obtained by
independent computations, Fig. 1 becomes Fig. 2, which exhibits phased cyclic mode shapes.
2.2.3 Displacement continuity between adjacent sectors
To solve the dynamic equation of motion of the geometrically detuned bladed disk, by using a projection basis

(19)

(ω) = (
uc (ω)), 
u (ω) is the displacement
where u
u (ω), 
vector for free degrees-of-freedom and 
uc (ω) is the displacement vector for constrained degrees-of-freedom. The constraint relationship is written in the global coordinates system
 u (ω)

uc (ω) = [B]

.

(20)

.

(21)

With this relationship, we can write
 ]

u(ω) = [
u (ω)

To reduce the detuned bladed disk model with a usefull basis, while respecting the specified constraints, we just have

to project 
u(ω) on a subspace which respects the constraints.
This means that the basis vectors just have to respect these
 have been corrected
constraints. The modes of the basis [ Ψ]
in phase but are not continuous on degrees-of-freedom associated with interfaces between sectors. That is to say
that they do not respect the constraints. Consequently, we
 pro j ] from the
are going to build a new projection basis [ Ψ

modes of the basis [ Ψ] and which integrates the continu αpro j be a column
ity constraints on sector interfaces. Let ψ
pro
j

]. This vector is written
of the new projection basis [ Ψ
pro j
pro j
pro j
 α = ((ψ
 α ) , (ψ
 α )c ). The constraint relationship is
ψ
 ψ
 αpro j ) , which yields the equa αpro j )c = [B](
then written (ψ
tion
 αpro j
ψ

 ](ψ
 pro j )
= [
α



.

(22)

2.2.4 System reduction
The displacement vector can be projected on the built
projection basis by


u(ω) = [Ψ

pro j

]q(ω) ,

,

(24)

where the reduced dynamic matrix [ Ered (ω)] and the vector
of generalized forces 
g are written as
 pro j ]T [E(ω)][
 pro j ]

Ψ
[Ered (ω)] = [Ψ

 pro j ]T f(ω)

g(ω) = [Ψ

,

(25)

.

(26)

Using the form of matrix [E(ω)] in Eq.(7) and the form of
 pro j ] which can be deduce from Eq.(13), the reduced dy[Ψ
namic matrix [Ered (ω)] is fully populated and the terms of
this matrix are written
[Ered (ω)]β,α =

N−1

∑

p=0

Ω

 pro j )β p
(ψ

T

 red ])
red ] − λ[M
y=0 ,
([K

(28)

where λ is an eigenvalue and 
y is an eigenvector. Since mared ] and [M
red ] are real symmetric, their eigenvectors
trices [K
are real. Thus the eigenvectors obtained verify the orthogonality property
red ]
yα ,
yβ >= ω2α µα δαβ
< [K

,

(29)

(23)

where q = (q1 , . . . , qm ) is the vector of generalized coordinates. Then the reduced problem can be written
 red (ω)]q(ω) = 
g(ω)
[E

if we consider a modal damping ratio, it is necessary to diagonalize the structural mass and stiffness reduced matrices
to be able to write the reduced structural damping matrix in
a diagonal form. To do so, we solve at first the homogenous
eigenvalue problem without damping for the structural reduced system. Then we diagonalize the structural mass and
stiffness matrices using the eigenvectors obtained. The homogenous eigenvalue problem to solve without damping for
the structural reduced system is written: Find (λ, 
y), with 
y
so that

Ω

pp

 pro j )α p .
(ψ
[E(ω)]

(27)
2.2.5 Particular case of a structural damping introduced by a modal damping ratio
The way the reduced structural damping matrix is writ pro j ] depends on the way
ten by using the projection basis [ Ψ
structural damping is taken into account. In fact, when damping is taken into account by a fully populated matrix or a matrix expressed in function of the mass and the stiffness matri = a[M]
 + b[K]),
 the reduced structural damping maces ([D]
trix is fully populated with this projection basis. Although,

red ]
yα ,
yβ >= µα δαβ
< [M

,

(30)

where µα is the generalized mass associated with the mode
α and ωα is the eigenfrequency associated with the mode α.
By choice, the reduced structural damping matrix can them
be written in a diagonal form using a modal damping ratio
 red ]
< [D
yα ,
yβ >= 2ξα ωα µα δαβ

,

(31)

where ξα is the modal damping ratio associated with the
mode α. Note that the real modes 
uα of the detuned bladed
disk in the global coordinates system are written as
 pro j ]

uα = [Ψ
yα

.

(32)

Let us introduce a new variable η such that q(ω) = [
y]η(ω).
Then the generalized problem defined by Eq.(24) becomes
diag ] + iω[D
 diag ] + [K
diag ]}η(ω) = [
{−ω2 [M
y]T 
gexc (ω) ,
(33)
diag ] and [D
 diag ] are diagonal and are written
diag ], [K
where [M
as
⎛

µ1 · · ·
⎜
diag ] = [
red ][
[M
y]T [M
y] = ⎝ ... . . .
0 ···

⎞
0
.. ⎟
. ⎠

,

(34)

µm

⎞
ω21 µ1 · · · 0
⎟
⎜
diag ] = [
red ][
[K
y]T [K
y] = ⎝ ... . . . ... ⎠ ,
0 · · · ω2m µm
⎛

(35)

⎞
0
2ξ1 ω1 µ1 · · ·
⎟
⎜
..
..
..
 diag ] = [
 red ][
[D
y]T [D
y] = ⎝
⎠
.
.
.
0
· · · 2ξm ωm µm
⎛

.
(36)

of the tuned bladed disk are above 5000Hz. For the detuned system, two other kinds of blades are created from
the nominal one by shape modification of the blade upper
part: a blade with increased thickness called ”heavy blade”
and a blade with decreased thickness called ”light blade”
(see Fig. 5). To quantify the level of mistuning, the three

3 Validation of the reduction method with an industrial
bladed disk
The realistic test case considered here is an industrial
bladed disk with 23 blades (see Fig. 3). The commercial
software used to compute the cyclic modes and mass and
stiffness matrices for the reduced-order model (ROM) inputs, and the forced response and resonant frequencies of the
full model is ANSYS. Fig. 4 displays the eigenfrequencies

(a)

(b)

(c)

Fig. 5. Finite element models of blades: a reference blade (a), a
light blade (b) and a heavy blade (c).

Fig. 3.

Finite element model of the tuned bladed disk.

of the generalized eigenvalue problem associated with the
tuned bladed disk as function of the circumferential wave
number. To validate the method, we are going to approxi-

first natural frequencies of the different kinds of blades are
computed in clamped blade alone configuration and shown
in Table 1. These values show a large frequency deviation
which can exceed 10% for the mode 2T. The bladed disk is

Nominal blade

Light blade

Heavy blade

Mode 1F

996.4

1054.3

947.9

Mode 2F

4013.0

3937.5

4077.1

Mode 1T

4382.6

4514.2

4321.9

Mode 2T

8217.0

7616.6

9081.8

Natural Frequency (Hz)

12000
11000

ROM-177-dof

10000

ROM-144-dof

9000

ROM-133-dof

Table 1.

8000

ROM-87-dof

modes.

Natural clamped blades frequencies (Hz) for the four first

7000
6000
ROM-76-dof

5000
4000
3000
2000
1000
0

0

1

2

3
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7

8

9

10

11

Circumferential Wave Number

Fig. 4.

Natural frequencies versus circumferential wave numbers of

the tuned bladed disk.

mate the 76 first modes of the detuned bladed disk and to
compute the forced response under two engine order excitation numbers. Note that the 76 first natural frequencies

detuned by modifying arbitrarily two of its blades to make
them have the shapes shown in Fig. 5. The test case we are
going to study is shown in Fig. 6. Fig. 7 and Fig. 8 display
the 76 first eigenfrequencies of the generalized eigenproblem associated with the detuned bladed disk and the corresponding frequency estimation errors for a ROM containing 76 dof. In this test, the eigenfrequencies prediction errors obtained for all approximated detuned modes are below
0.35%, which demonstrates a sufficient accuracy in capturing the eigenfrequencies of the detuned bladed disk. Note
that the maximum error levels are obtained for eigenfrequencies associated with modes for which the vibrational energy
is mainly located on the disk, and that the eigenfrequencies
associated with modes for which the vibrational energy is

Natural Frequency Error (%)
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Fig. 6. Complete intentionally detuned bladed disk with arbitrary geometric modification of two blades.

Fig. 8.

Comparison of the 76 first detuned eigenfrequencies predic-

tion errors between the full model and several ROM sizes.

Full model
ROM-76-dof
6000

Frequency (Hz)

5000

4000

Reduced-order model

1

0.8

0.6

0.4

0.2

0

4200
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4400

4500

Forced response amplitude (mm)

Forced response amplitude (mm)

Full model
7000

1

0.8

0.6

0.4

0.2

0

4200

Excitation frequency (Hz)

4300

4400

4500

Excitation frequency (Hz)

3000

Fig. 9. Forced response of the 23 blades to an engine order excita-

2000

tion 5 in the frequency band

: Full model (left) and ROM (right).
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Fig. 7. Comparison of the 76 first detuned eigenfrequencies between the full model and several ROM sizes.

Reduced-order model

1

0.8

0.6

0.4

0.2

0

4200

4300

4400

4500

Excitation frequency (Hz)

mainly located on the blades are precisely obtained, with an
error level below 0.01%. The latter case eigenfrequencies
can be easily identified as the clustered modes near frequencies 1000Hz, 4000Hz and 4400Hz in Fig. 7. For the forced
response consideration, all blades responses under engine orders excitation 5 and 9 are computed in the frequency band
= [4150, 4550] Hz and displayed in Fig. 9 and Fig. 10. The
ROM used for these calculations is a ROM with 92 dof. The
structural damping is introduced with a damping ratio value
of 0.003. On these figures, both the full model and the ROM
exhibit a clustered response of 21 blades and 2 isolated responses which are the modified blades responses. Moreover,
the dynamic behavior of the full bladed disk model is quite
similar to the ROM one. In Fig. 11 a comparison of the maximum forced response of the detuned bladed disk obtained
with the full model and the ROM is presented. This comparison shows very good results since the curves are quite
identical. The results obtained above demonstrate a sufficient accuracy of the proposed ROM in capturing the detuned
bladed disk behavior, in both free and forced response con-

Forced response amplitude (mm)

0

Forced response amplitude (mm)

Full model
0

1

0.8

0.6

0.4

0.2

0

4200

4300

4400

4500

Excitation frequency (Hz)

Fig. 10. Forced response of the 23 blades to an engine order excitation 9 in the frequency band : Full model (left) and ROM (right).

figurations.

4 Conclusion
In this paper a new reduction method for the dynamic
problem of cyclic structures with geometric modifications of
blades, based on the use of the cyclic modes of the different
sectors is presented. The projection basis is constituted as
well as on the whole bladed disk, each sector matrix is reduced by its own modes and linear constraints are applied on
common boundaries between sectors to make the displacement field admissible. This method is applied on an industrial bladed disk to show its efficiency. The proposed method
allows very compact reduced-order models to be obtained
and accurately capture the mistuned system dynamics.

Reduced-order model
Full model
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Comparison of the maximum forced response of the bladed

disk obtained with the full and the reduced-order models in the frequency band : Excitation engine order 5 (left) and excitation engine
order 9 (right).

Appendix A
This appendix is concerned with showing mesh incompatibility which can occur while projecting matrices of a
component mesh on modes of a different geometric component mesh. A test case is made by modelling two plates.
These plates have 70 elements : 1 in the thickness direction
(z), 7 in the width direction (y) and 10 in the length direction
(x) (cf. Fig. 12). Each element has 8 nodes. The only difference between these plates is that the modified plate has 4
nodes which have been moved in the thickness direction to
get a local lower thickness, compared to the nominal plate.
For the boundary conditions, the plates are clamped on the
section x=0. Fig. 13 shows the 4 first modes of the two
plates. Let [M nom ], [K nom ] and [φnom ] be the mass matrix,

Fig. 13.

4 first modes of the nominal plate (on left) and of the geo-

metrically modified plate (on right). From up to down: mode 1, mode
2, mode 3, mode 4.

mass matrix, the stiffness matrix and the modes of finite element model of the geometrically modified plate. The eigenfrequencies of the modified plate are then computed by two
different ways:
1. Directly by solving the eigenvalue problem defined by:
mod
Find (λmod
d ,φd ) so that
mod
([K mod ] − λmod
])φmod
=0 .
d [M
d

(37)

2. By reducing the mass and stiffness matrices of the geometrically modified plate using a basis of modes of the
nominal plate and by solving the eigenvalue problem demod
fined by: Find (λ mod
r ,φr ) so that
mod
mod
mod
([Kred
] − λmod
=0 ,
r [Mred ])φr

(38)

mod
[Kred
] = [φnom ]T [K mod ][φnom ] .

(39)

mod
[Mred
] = [φnom ]T [M mod ][φnom ] .

(40)

where

Fig. 12.

Nominal plate (up) and geometrically modified blade

(down).

the stiffness matrix and the modes of finite element model
of the nominal plate. Let [M mod ], [K mod ] and [φmod ] be the

When we try to obtain the natural frequencies of the modified plate by using a reduced model obtained by projecting
the modified plate mass and stiffness matrices on the nominal plate modes, and when we compare them to the natural

frequencies directly computed, high error levels appear in
the estimation of the natural frequencies. Table 2 shows the
high error levels obtained for the 4 first modes by using a
basis containing the 50 first modes. In fact, for approximating the natural frequency of mode 2, the error level exceeds
35%. Even by proceeding to a convergence analysis of the

Direct solving

Reduced model

Frequency

frequency (Hz)

frequency (Hz)

error (%)

Mode 1

10,79

13,70

27,01

Mode 2

27,56

37,47

35,92

Mode 3

46,44

46,45

0,006

Mode 4

63,89

70,17

9,82

Table 2.

Natural frequencies and frequency error levels obtained

between the reduced model and the direct computation.

obtained frequencies, with respect to the modal projection
basis dimension, we see that the convergence speed is low.
So to get accurate results with this kind of domain incompatibilities, by only using modes of the nominal plate, one could
have a reduced-order model of great size.
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