
HAL Id: hal-00622037
https://hal-upec-upem.archives-ouvertes.fr/hal-00622037

Submitted on 11 Sep 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On watershed cuts and thinnings
Jean Cousty, Gilles Bertrand, Laurent Najman, Michel Couprie

To cite this version:
Jean Cousty, Gilles Bertrand, Laurent Najman, Michel Couprie. On watershed cuts and thinnings.
Coeurjolly et al. D. Discrete Geometry for Computer Imagery, 2008, France. Springer, 4992 (1),
pp.434-445, 2008, Lecture Notes in Computer Science. <hal-00622037>

https://hal-upec-upem.archives-ouvertes.fr/hal-00622037
https://hal.archives-ouvertes.fr


���������
	���
��	����������������������������� ��

!#"%$'&)(+*-,/.1032547698;:<:="%.�>+"@?10A?B$'&/CD4FE
$',G?H"@&-0JI9$LK1MN$'&D4F$'&FC�OP8<QBRG"%:
(+*-,GS/?A8;"

T+U-VXWLYBZ\[3VX]\^�_D`%Z\Va[cbed
[c]gfih7j+k�lnm+o5pqbrl3s�t�fuT+t�vxw�m�v+y�zL{@|L}#fij�~Ly�lebrd�y�lcd
d�fio-Z\`LU-�AY
�L�D�3�@���u���L�D�������-�@�L�L�#���'�D���D���-�L�g�i���������3�%���L�'�-�@�L�%���'�L�@�L�D�e�%� f

 �¡5¢A£�¤�¥u¦@£L§ lcUJ`�Z3Yg�AYgUL]7¨u`@¨GYBZBfB©�Y�V=U%]\Z3ª#«-¬-�AYg«]1®-Y�©¯`�]\YBZ\[3®#Y�«��B¬']1[Af�`qU-ª@]1VXªLU
ª%°/©¯`�]\YBZ\[3®-Yg«±VaU�Yg«-²%YAb³©�YgVX²L®L]\Yg«�²LZ\`@¨i®-[B´�lcU�]1®-Va[�¨i`@¨GYBZBfL©�Y�VaUL]\Z3ª#«-¬-�AY�`JU#YA©
]1®-V=U-U-V=U#²±¨i`@Z\`%«iVX²Lµ¶]\ª��AªLµ9¨i¬']\Y�]1®#Ygµ�´Gt�ªLZ3Y�¨iZ3Yg�AV=[nYg·X¸Lfi©�YJ¨-Z3ª%¨GªL[3YJ`±U#YA©
]\Z\`%U-[3°<ª%Z\µ�`�]1VXªLUFf7�B`%·a·aYg«�¹uªLZ\«#YBZ�]\®iVaU-UiVaU-²-fF]1®-`�]º·aªg©�YgZ\[]\®-Y�W%`%·a¬-Yg[�ª%°�Yg«#²LYg[
]1®-`�]�µ�`�]1�1®±`�[3V=µº¨u·XY�·Xª#�B`%·u�Hª�U#»-²L¬-Z\`�]1VXªLU�¬iU%]1V=·iV=«#Ygµ9¨Gª@]\YgU-�AY+`%U-«�¨iZ3ªgW�Y�]\®-Y
Yg¼'¬-VXW@`L·XYgUi�HY�¹GYA]e©�YBYgU�]\®-Y��A¬#]\[ºª%¹#]1`%V=U#Yg«½¹�¸ ]1®-V=[�]\Z\`%U-[n°<ªLZ\µ9`@]\VaªLU)`%Ui«�]\®-Y
©¯`�]\YBZ\[3®-Yg«º�B¬']1[5ªL°u`�µ�`@¨F´�¾�Y¯«-V=[3�B¬-[\[7]1®#Y�¨GªL[3[\VX¹uVa·=V ]e¸Jª%°u¨i`@Z\`%·=·XY�·'`%·a²%ª%Z\VX]\®iµ9[
¹i`L[nYg«�ª�U±]1®-Va[�]\Z\`%U-[3°<ª%Z\µ�`�]1VXªLU¿`%U-«�²�V WLY�`9[nYg¼'¬-YgU%]1V=`%·/V=µº¨u·XYgµ9YgUL]1`�]1VXªLU±]1®-`@]
Z\¬-Ui[�VaU¿·=VaU#Yg`%Z�]1Vaµ9Y©+®-`�]\YAWLYBZ¯]\®-YZ\`LU#²%Yª%°7]1®#Y�VaU-¨i¬']+µ9`%¨F´

ÀiÁqÂGÃGÄ�Å9ÆJÇÈÂFÉnÄ+Á

Ê�RG"�Ë�$%0A"�?B.HRG"@CÌ0A?B$'&/.HÍ�*'?BMÎ8<&#0A?H*GC/,/Q�"%CÌÏi2Ð>+"@,FQBRG"@?�$'&/CÑE
$'&#0B,GÒHK3*-,/:JÓ;Ô�Õ+ÍÖ*#?�8<MN$�×#"
.1"�×-M¿"%&#0g$L0B8=*-&N8<.+,/.1"%C�$'.+$±Í�,/&/CÈ$'M¿"@&-0B$':È.\0A"�S�8;&�M�$'&#2�S7*%Ë�"�?AÍ³,/:È.1"@×-M¿"@&-0B$L0B8;*#&NS/?H*'Ø
Q�"@C/,/?H"@.�ÙÚOÛ$'&#2Ì$LSFS/?H*i$'QBR/"@.�Ó Ü@Ý/Þ%Õ�RF$�ß-"¿Ï7"�"%&ÛS/?H*#S7*-.1"%C)0A*�C/"�àF&G"�$�&FCÈáL*#?�Q�*-M�SF,u0A"
0AR/"�Ë�$L0A"�?A.ARG"@CÌ*-Í$ ß-"�?10A"�âuØeË�"@8;×-R#0A"@CÐ×#?B$�SFRÐQ�*#?H?H"@.1S7*-&FC/8;&/×½0H*Û$�×#?B$�2G.AQ@$':="�8;M�$�×'"-Ù
Ê�RG"�CF8=×-8a0g$':
8;M�$L×#"�8<.º.1"�"@&P$'.9$�0A*#S7*#×#?B$�SFRF8;Q±.A,G?AÍ³$'Q�"-ã/0BRG"�×#?B$�2½:;"�ß#"%:�*-Í¯$�SF8aâG"@:�Ï7"�Ø
Q�*-M¿"@.q0BRG"º"@:="�ß'$L0B8;*#&�*-Í�$�S7*-8<&#0%4-0BR/"JÏ7$'.H8;&F.�$'&FC�ß#$':<:="�2/.+*-Í50BRG"J0A*#S7*#×#?B$�SFR/8<QJ.A,G?AÍr$�Q�"
Q�*#?H?H"@.HS7*-&/C½0H* CF$�?Hä)$�?H"%$'.@4FËJRG"�?H"%$'.�0BRG"�M�*#,F&#0g$'8;&F.º$'&/CPQ�?H"@.\0�:;8<&G"@.ºQ�*#?H?H"@.1S5*#&FC�0A*
:;8;×#R-0º$�?H"%$'.@Ù
å\&�$�?H"@Q�"@&#0�SÈ$�S7"@?ºÓ æLÕn4#Ë�"98;&-ß#"@.10B8=×i$L0A"�0BRG"�Ë�$L0A"�?B.HRG"@CF.+8;& $�CF8=ç7"�?A"@&#0ÍÖ?g$�M�"�Ë�*#?Hä5ã

Ë�"�Q�*-&/.H8<CG"�?�$�×#?B$�SFRèËJRG*-.1"N"@CG×#"@.�$L?A"¿Ë�"%8=×-R#0A"@CÐÏ-2Ñ$�Q�*-.\0�Í�,/&/Q�0B8=*-&êée.1"@"#4�ÍÖ*#?±"�âiØ
$�M�SF:;"#4
Ó ë%Õ�$'&/CÑÓ ìLÕrígÙFî¶Ë�$L0A"�?A.ARG"@C½*#Í¯$�0A*#S7*#×#?B$�SFR/8<Q�.H,/?AÍ³$'Q�"±M�$�2 Ï7"�0BRG*-,G×-R#0J*-Í¯$'.
$�.H"�SÈ$�?B$L0B8;&/× :;8<&G"�Ø3.1"�0�ÍÖ?A*#MïËJR/8<QBRÌ$�C/?H*#SÛ*#Í¯Ë�$L0H"@?9Q%$'&)ðF*%ËñCG*%ËJ&)0A*%Ë�$�?ACÛ.1"�ß#"�?B$':
M�8;&F8;M�$uÙDòF*-:;:;*%ËJ8;&/× 0ARF8;.�8<&#0B,/8=0B8aß-"�8<CG"%$G45Ë�"¿8<&#0A?H*GC/,FQ�"�0BRG"�CG"�àÈ&/8a0B8;*-&Û*-Í¯Ë�$L0A"�?A.HR/"@C
Q�,u0B.�8;&�"%CG×#"+Ë�"@8;×-R#0A"@C�×#?B$�SFRF.�ÙLå\& Ó æLÕn4%Ë�"+"%.\0g$�ÏF:<8;.HR�0AR/"�Q�*#&F.H8<.\0A"@&/Q�2�é³ËJ8a0BR�?H"@.HS7"@Qg0�0A*
QBRF$�?B$'Qg0A"�?B8=ó%$L0B8=*-&F.�*-ÍÚ0BRG"�Q@$L0BQBRFM¿"@&-0�ÏÈ$'.H8<&/.�$'&/C�C/8=ßG8<C/8;&/×N:;8<&G"@.gíq*-ÍÚË�$L0A"�?A.ARG"@C�Q�,u0B.�4
S/?H*%ß-"�0BRG"@8;?+*#SG0B8;M�$':;8=032)ée8;&�0A"@?AM�.q*#ÍÚM�8;&F8;M�,/Mô.1SÈ$'&F&/8;&/×�ÍÖ*#?H"@.10A.gí�$'&/C�8<&#0A?H*GC/,/Q�"9$'&
$�:;×#*#?A8a0BR/M�0A*�Q�*#M�SF,u0A"90BRG"%M�Ù
õ ,/?�MN$'8<&�Q�*-&-0H?B8=ÏF,G0A8;*-&�8<& 0ARF8;.�SÈ$�S7"�?�Q�*-&/.H8<.\0B.*-Í�$�&/"�Ëö0BR/8<&/&/8<&G×�S7$�?B$'C/8=×-M�0A*

Q�*-M¿SF,G0H"ºË�$%0A"@?A.HRG"%C�Q�,G0B.8<& :;8<&G"%$�?�0B8<M¿"#Ù/O)*#?H"9S/?H"%Q�8;.H"@:a2i4iË"9S/?H*#S7*-.H"�$�&G"�Ë÷0A?B$'&F.\Ø
ÍÖ*#?AMN$L0B8=*-&Ú47Q@$':;:;"@CPÏ7*#?ACG"�?J0BR/8<&/&/8<&G×F4È0BRF$L0�:=*%Ë�"@?A.�0BRG"±ß#$':<,G"@.º*-Í�"@CG×#"%.�ËJR/8;QgRPM�$L0AQgR
$�.H8<M¿SF:;"±:;*GQ@$':�Q�*-&Gà/×-,/?B$L0A8;*-&½,F&#0B8;:
8;C/"@M¿S7*'0A"@&/Q�"#ÙÈÊ�RG"�M�8<&/8;M�$¿*#Í
0BRG"�0A?B$'&/.AÍÖ*#?AM¿"@C
MN$�S�Q�*-&/.10B8a0B,u0A"J$ºMN8;&/8<M�,FM�.1S7$'&/&/8<&G×�ÍÖ*#?H"%.\0�?H"@:Ö$%0B8=ß#"0A*90BRG"�M�8;&F8;M�$J*-Í/0BR/"*#?A8;×#8<&F$':
*#&/"�$'&/CD4GRG"@&/Q�"#4u8<&/C/,FQ�"�$�Ë�$L0A"�?A.HR/"@C�Q�,u0%ÙuOP*#?H"�*%ß-"�?@4G$'&-2�.H,/QgR�M�8<&/8<M�,/M�.1S7$'&/&/8<&G×
ÍÖ*#?H"@.10�Q@$'&±Ï7"+*#ÏG0g$'8;&G"%C±Ï-2�0BR/8;.�0A?B$'&F.HÍÖ*#?AM�$%0B8;*-&DÙ�øÐ"�CF8;.HQ@,/.H.�0BR/"qS5*#.A.H8;ÏF8;:<8a032±*-ÍGSÈ$�?B$':=Ø
:="@:G$':;×#*'?B8a0BR/MN.
ÏÈ$'.1"@C�*-&�0BR/8;.
0A?B$'&/.HÍ�*#?AMN$L0B8=*-&�$'&/C±×-8=ß#"�$J.1"@ùu,G"@&-0B8<$':u8<M¿SF:;"@M¿"@&-0g$L0A8;*-&



ËJR/8;QgRN?A,/&/.q8<&N:<8;&/"%$�?�0B8;M�"#Ù'øÑ"�"@M�SFRF$'.H8;ó�"�0BRF$L0q0BR/8;.�$':=×#*#?A8=0BR/M�4-Q�*-&-0A?B$�?A8;:=2�0A*�MN$'&-2
Ë�$L0H"@?A.HRG"%CN$':;×#*#?A8a0BR/MN.�ée.1"�"#4-Í�*'?+8;&F.\0g$'&/Q�"-4ÈÓ Üu4eúLÕ³íg4-CG*u"@.�&/*'0q?H"@ùu,/8=?H"º$'&-2�.1*#?10B8;&/×±.\0A"�SÚ4
&G*#?+0BRG"�,/.1"9*-Í�$'&#2�RF8="�?B$�?AQgR/8<Q@$':5ùi,/"@,G"#Ù/Ê�RG"�?H"@Í�*#?H"#4G8a0?B,/&/.8;& :;8<&G"%$�?�0B8;M�"JËJRF$L0A"�ß-"�?
0AR/"�?B$'&G×#"�*-ÍÚ0BRG"±8;&GSÈ,u0JMN$�S�Ù
Ê�RG"�SF?H*u*#Í³.�*-ÍÈ0BRG"�S/?A*'S5"�?10B8="@.�SF?H"@.1"%&#0A"@CN8<&¿0BR/8<.�SÈ$�S7"�?�$�?H"�×-8=ß#"%&N8<&�$'&�"�âi0A"%&/CG"@C

ß#"�?B.H8=*-&ÐÓ ûLÕcÙ

ü ýÐþ¯ÿ É\ÇöÁ�Ä¯Â/ÉnÄ�Á ÿ�� ÄqÃ���Å��������
É	��
qÂ���Å�qÃ þ�� 
 ÿ
øÐ"�S/?H"%.1"@&-0J.1*-M¿"�Ï7$'.H8<Q�CG"�àÈ&/8a0B8;*-&/.0A*NRF$'&/C/:;"�"@CG×#"�ØeË"@8=×-R-0H"%C ×#?B$�SÈR/.�Ù
øÐ"ÌC/"�àF&G"Ñ$���������� $'.½$ÑS7$�8;?

X = (V (X), E(X))
ËJR/"�?H"

V (X)
8;.½$ àF&F8a0A"

.1"�0�$'&FC
E(X)

8<.±Q�*-M¿S7*-.1"%Cè*-Í�,/&G*#?ACG"@?H"@CÌSÈ$'8=?A.�*-Í
V (X)

4��������;4
E(X)

8<.±$½.H,GÏÈ.1"�0
*#Í {{x, y} ⊆ V (X) | x 6= y} Ù �q$'QgR½"%:="@M�"@&#0º*-Í V (X)

8;.ºQ@$':<:="@CÛ$"!��#�#$	�&%('��)�*�+'���,�$- '/.
X 0 4/$'&/C�"%$'QgR�"@:="%M¿"@&-0�*-Í E(X)

8<.�Q@$':<:="@C�$'&1�&2��3� - '/.
X 0 Ùuå\Í V (X) 6= ∅ 4iË�"9.A$�20ARÈ$L0

X
8;.4, '�,65��#7��8$�9�Ù

EÚ"�0
X
Ï7"J$9×'?g$LSÈRDÙ'å\Í

u = {x, y} 8<.q$�&¿"@C/×#"�*#Í X 4�Ë�"�.A$�2�0BRF$L0 x $�&FC y $�?H":�;2=<>�;?��#,�$- .@'��
X 0 Ù-EÚ"�0 π = 〈x0, . . . , xl〉

Ï7"º$�&�*#?ACG"@?H"@C�.H"@ùi,/"@&/Q�"�*-ÍÈß#"@?10B8;Q�"@.�*-Í
X
4
π
8;.A�B�+�C$��.D��'�7

x0
$E'
xl

��,
X

- '��:��,
V (X) 0 8;Í�Í�*'?�$'&#2 i ∈ [1, l]

4
xi
8<.9$'C�KH$'Q�"@&#090A*

xi−1
Ù7å\&

0ARF8;.ºQ%$�.H"#4FË�"�.A$�2�0BRÈ$%0
x0

��, 2
xl

���&�)FG��,+HC�&2A.@'��
X
Ù7å\Í

l = 0
4È0AR/"@&

π
�JI)�K$L����!����CF�+�C$��)��,

X
Ù'øÐ"�.A$�2�0BRF$L0

X
�MIA?&'�,�,8�&?@$N��28<Í5$'&#2�03Ë�*9ß-"�?10B8<Q�"@.¯*-Í

X
$�?H"�:;8<&Gä#"@CNÍÖ*#?

X
Ù

EÚ"�0
X
$'&/C

Y
Ï7"�03Ë�*)×#?B$�SFR/.@ÙDå\Í

V (Y ) ⊆ V (X)
$'&/C

E(Y ) ⊆ E(X)
4DË�"N.B$�2

0ARÈ$L0
Y

�JI:�OI�P6Q	���������R'/.
X
$'&FC Ë�"�Ë�?A8a0A"

Y ⊆ X
Ù/øÐ"±.B$�2�0BRF$L0

Y
8<.º$R?D'�,6,8�&?>$	�&2?&'�7A�+'�,8�#,�$S'/.

X
4'*#?q.H8<M¿SF:=2�$T?D'�7��+'�,8�#,�$S'/.

X
4#8<Í

Y
8<.q$�Q�*-&/&G"@Q�0H"%C�.H,/Ï/×#?B$�SFR¿*-Í

XËJR/8;QgR�8<.+MN$Lâ/8;M�$�:ÈÍ�*#?�0BRF8;.+S/?H*#S7"�?1032-4 �������<4iÍÖ*#?$'&#2NQ�*-&/&G"@Q�0H"%CN×#?B$�SFR
Z
4
Y ⊆ Z ⊆ X8;M¿SÈ:;8;"@.

Z = Y
ÙU@V�W�X Y>Z�[�\�ZRY^]�V1[6Y^_S`:a �3��'�PC�b��'�P+$c$��3�JIB�+���6�#�Dd

G
23�#, 'C$	��I)�e?&'�,�,8��?>$N��2O���������+�fD,g'���23�#�e$E'hI���7��8Fi� .�9j$��+�e, 'C$E�C$L��'�,+IDd:$��3�JIk���������ml��LFJFnQD�o23��,8'C$	�&2�Q#9

G = (V,E)�J,+I#$	�&�;2k'/.
G = (V (G), E(G))

�Apq�4l��LFJFr�;F I@'k�bIDI�Ps7O�*$����C$
E 6= ∅ �òF*#?�$�S/SF:<8;Q%$L0A8;*-&/.�0A*�8<MN$�×#"�.1"@×#M�"@&#0g$L0B8=*-&Ú4iË�"�MN$�2�$'.H.A,/M¿"º0BRF$L0

V
8;.�0BRG"�.H"�0�*#Í

SF8;Q�0A,/?H"�"%:="@M�"@&#0B.±érSF8aâG"@:<.Bí$'&/C
E
8<.�$'&-2 *#Í�0BRG"�,F.H,F$':�$'C�KH$'Q�"@&/Q�2�?A"@:<$L0B8;*#&F.�Ù

EÚ"�0
X ⊆ G

Ù7îº&)"@CG×#" {x, y} *-Í G 8<.)�;2=<@�;?��#,�$t$E' X 8;Í {x, y} ∩ V (X) 6= ∅ $'&/C8;Í {x, y} CG*u"@.q&G*'0qÏ7"%:=*-&G×�0A* E(X) u 8<&¿0ARF8;.qQ@$'.H"º$�&FCN8;Í y CG*u"@.q&/*'0qÏ7"@:;*#&/×�0A* V (X)
4

Ë�"J.B$�2¿0BRF$L0 {x, y} 8<.n'�P�$J�C'���,s��.���'�7 X
$'&/C�0BRF$L0

y
�MIn�;2=<>�;?��#,�$S$E'

X
Ù-å\Í

π
8;.�$�SÈ$L0BR

ÍÖ?H*-M
x
0A*
y
$'&FC

y
8;.J$�ß-"�?10A"�â *-Í

X
4u0BRG"%&

π
8;.J$:�+�C$��n.���'�7

x
$E'
X

- �J,
G 0 ÙEÚ"�0

S ⊆ E Ù%øÑ"CG"@&G*'0A"�Ïi2 S
$L�+�B?D'�7��8Fv�#7T�#,�$E����9nI>�@$r'/.

S
��,
E
4s�E�����;4

S = E\S Ùa �+�B�b�������O��, 2�P+?��&2TQ#9
S
8;.q0BRG"º×#?B$�SFR�ËJR/*-.1"J"@C/×#"º.H"�08;.

S
$'&FC�ËJRG*-.H"�ß-"�?10A"�â�.H"�08;.

MN$'CG"�*-ÍD$�:<:/S7*-8<&#0B.¯0BRF$L0qÏ7"%:=*-&G×�0A*�$'&�"@CG×#"J8<&
S
4��������<4

({x ∈ V | ∃u ∈ S, x ∈ u}, S)
Ù

å\&�0BRG"±ÍÖ*-:<:=*%ËJ8<&G×F4 0AR/"�×#?B$�SFR½8;&/CF,/Q�"@C�Ïi2
S
8;.J$':;.H*NCG"@&G*'0A"@C�Ïi2

S
Ù

øÐ"±CG"@&/*�0A"�Ï-2 F 0BR/"�.H"�0�*#Í�$':;:ÚM�$LSÈ.�ÍÖ?H*-M E
0A*
Z
Ù

EÚ"�0
F ∈ F Ùqå\Í u 8;. $'&x"%CG×#")*-Í G 4 F (u)

8<.�0BR/"w�CFx$L��$LP623��*#Í
u
Ù+EÚ"�0

X ⊆ G$�&FC
k ∈ Z Ù7î .A,GÏ/×#?B$�SFR X *-Í

G
8<.º$ - �&�	����'�, �CF 0 7y��,6�J7)Ps7z'/.

F
- �C$t�CFx$L��$�P+23�

k 0 8;Í3ã
i) X

8<.9Q�*-&/&G"@Q�0H"%C u ii) k 8<.J0BRG"�$�:=0B8a0B,/C/"�*-Íq$�&-2)"@C/×#"�*-Í X u $�&FC iii) 0BRG"�$�:=0B8a0B,/C/"*#Í�$'&#2 "@C/×#"±$'C�K1$'Q�"@&#0�0H*
X
8;.�.\0A?A8<Qg0B:a2 ×#?H"%$L0A"�?0BRF$'&

k
Ù

øÐ"�C/"@&G*'0A"±Ïi2
M(F )

0AR/"±×#?B$�SFR½ËJRG*-.1"±ß#"@?10A"�â).1"�0�$'&/C)"@CG×#"�.1"�0�$L?A"#4F?A"@.1S7"%Qg0B8aß-"@:a2i4
0AR/"�,/&F8=*-&�*-ÍÚ0BR/"9ß-"�?10A"�â�.1"�0B.J$�&FC "@C/×#"�.1"�0A.�*-Í�$':<:ÚM�8;&F8;M�$�*-Í

F
Ù



U@V�W�X Y>Z�[�\�ZkY^]sV�[+Y^_{`Aa �3��'�P;�b��'�P�$|$��3�JIt�+���6�#�Dd
F

23�#, 'C$	��I*��,��@F}�#7T�#,�$t'/. F ÙòF*#? $LSFSF:<8;Q@$L0B8=*-&F.N0H* 8<MN$�×#"P.1"�×-M¿"%&#0g$L0B8=*-&D4�Ë�"½ËJ8<:;:º$'.A.H,/M�"�0BRF$L0�0BRG"Û$':=0A8=0B,/CG"
*#Í
u
4/$'&N"%CG×#"ºÏ7"�03Ë�"�"%&N03Ë�*�SF8=âu"%:;.

x
$'&/C

y
4i?H"�SF?H"@.1"%&#0B.q0AR/"9C/8;.A.H8<M�8;:Ö$�?A8a032�Ï7"�03Ë�"@"@&

x$�&FC
y
éD���G�3�<4

F (u)
"@ùu,F$':<.º0BRG"N$�ÏF.H*#:<,u0A"�CF8=ç7"�?H"%&/Q�"¿*-Í+8;&-0H"%&/.H8=032PÏ5"�03Ë�"�"@&

x
$'&/C

y
ígÙ

Ê�Ri,/.@4�Ë�"�.H,GSFS7*-.1"�0BRF$L0¯0BR/"�.B$':;8;"@&#0+Q�*-&#0A*-,G?A.�Q�*#?H?H"@.HS7*-&/C�0H*90BR/"�R/8;×-RG"@.10�"@CG×#"%.�*-Í
G
Ù

~ � þ Â���Ã ÿ 
B��Å ÿ
Ê�RG"±8<&#0B,/8=0A8=ß-"±8<CG"%$�,F&/CG"�?A:=2G8<&G×N0AR/"±&G*'0B8=*-&�*-Í¯$�Ë�$L0A"�?A.ARG"@C½Q�*#M�"@.�ÍÖ?H*-M�0BRG"�à/"%:;C½*-Í
0H*#S7*#×#?B$�SFR-25ã'$ºCG?H*#S�*-ÍGË�$L0H"@?�Í³$':<:;8<&G×9*-&¿$�0A*#S7*#×#?B$�SFR/8<Q+.A,G?AÍ³$'Q�"ÍÖ*-:<:=*%ËJ.�$JCG"%.HQ�"@&FC/8;&/×
SÈ$L0BRÌ$�&FCP"�ß#"@&-0B,F$':;:=2Û?H"%$'QgRG"@.�$�MN8;&F8;M�,/M�ÙDÊ�RG"�Ë�$L0A"�?A.ARG"@CèMN$�2PÏ7"�0BRG*-,G×-R-0�*-Í+$'.
0AR/"�.H"�SÈ$�?B$L0B8;&/×Û:;8<&G"@.�*#Í�0BRG" CG*-M�$'8;&/.�*-Í�$L0H0A?B$'Qg0B8;*#&Ñ*-ÍC/?H*#SF.�*-Í+Ë�$%0A"�?%Ù�å\&÷Ó æLÕn4ÚË"
ÍÖ*-:;:;*%Ëö0BR/8<.�8<&#0B,F8a0B8aß-"±8<CG"%$�0H*NCG"@àF&G"�0BRG"�Ë�$L0A"�?A.HR/"@C/.�8<&)$�&�"@CG×#"�ØcË�"@8;×#R-0A"@C�×#?B$�SFRDÙ

�8��� ��� Z^]s\�����X \r�T[�\r��� Y^[+W{���3��Z^�
øÐ"�?H"@Q@$':<:70BRG"�&G*'0B8;*#&F.*-Í�"�âi0A"%&/.H8;*-&ÌÓXÞi4\æLÕ
$'&/C ×#?B$�SFR�Q�,u0�ËJR/8<QBR SÈ:<$�2½$'& 8<M¿S7*#?10g$'&-0
?H*-:="�Í�*#?�CG"�àÈ&/8<&G×�$�Ë�$L0A"�?A.ARG"@C½8;&)$'& "%CG×#"�ØeË�"@8;×-R#0A"@C�×#?B$�SFRÚÙ
å\&#0B,/8=0A8=ß-"@:a2i4D0BRG"�?H"�×-8;*#&F.�*-Í�$�Ë�$L0H"@?A.HRG"%C éc$':<.1*½Q%$':;:;"@CÌQ%$L0AQgR/M¿"%&#0�Ï7$'.H8<&/.Bí�$L?A"N$'.A.1*'Ø
Q�8<$L0A"@CÛËJ8=0BRÛ0BRG"�?H"�×-8;*-&F$':¯M�8<&/8<MN$�*-Í�0BRG"NMN$�S�Ù��q$'QgRÌQ@$L0BQBR/M�"@&#0±ÏÈ$'.H8<&ÌQ�*-&-0B$'8<&/.±$
,/&/8<ùi,G"º?H"@×#8;*-&F$':7M�8;&F8;M�,/M�4u$'&/C�Q�*-&#ß-"�?A.H"@:a2i4i"%$'QBRN?A"�×-8=*-&F$':7M�8<&/8;M�,/Mô8;.�8;&/Q@:;,/C/"@C�8;&
$¿,/&/8<ùi,G"±Q%$%0BQgR/M¿"%&#0�ÏÈ$'.H8<&DãG0BRG"�?A"�×-8=*-&/.�*-ÍÚ0BRG"�Ë�$L0A"�?A.HR/"@CT�\"�âi0A"@&FC3�90AR/"�MN8;&F8;MN$GÙ
�K]3�{\S�MZ^��X8\ ��� �@$

X
��,82

Y
QD�:$Ll|'O, '�,65���7A�8$L9)I�P�Q	�b�������;I*'/.

G
�p)�AI@��9)$����C$

Y
�JIn��,�"�âi0A"@&F.H8=*-&�*-Í

X
ée8;&

G
íA� .

X ⊆ Y ��, 2y� .n��,69q?D'�7��+'�,8�#,�$�'/.
Y?&'�, $E���J,+I:�&%;�;?>$�Fi9k'�,8�:?D'�7��+'�,8�#,�$�'/.

X
�� �@$

S ⊆ E �Apq��I@��9T$����C$
S
�JI*��ér×#?B$�SFRÈí+Q@,u0JÍÖ*#?

X
� .
S
�JI*��,1�&%C$	�#,+I���'�,�'/.

X
��,82� .

S
�JIB7)�J,��J7T�CF>.@'��A$��3�JI�� ��'��6�#�#$L9^d58rÙ "#Ù}dS� .

T ⊆ S ��, 2
T
�JIn��,e�&%C$	�#,+I���'�,"'/.

X
d{$��+�#,l�������!��

T = S
�

(a) (b) (c) (d)

���v� §^�u§ jö²LZ\`@¨i®
G
´��¯®-Y±[3YA]JªL°�WLYBZn]1Va�AYg[J`LU-«�Yg«#²%Y�[�Z3YB¨iZ3Yg[nYgUL]\Yg«�V=U�¹GªL·=«½Va[D�

(a)
f5`N[\¬#¹#b

²%Z\`@¨i®
X
ª%°
G � (b)

fÚ`%U)Y&�']3Y�U-[3VaªLU½ª%°
X � (c)

fÚ`LU½Y&�']\YgU-[3VaªLU
Y
ªL°
X
©q®iVa�1®PVa[9µ�`@�-V=µ�`%· �`%U-«

(d)
f-`9[n¨u`%U-UiVaU#²9°<ª%Z3Yg[c]�Z3Yg·a`@]\VXWLY�]3ª

X
´#lcU

(c)
f']1®#Y�[3YA]¯ª%°5«-`%[\®#Yg«�Yg«#²%Yg[¯Va[¯`9�B¬#]¯°<ª%Z

X
´

Ê�RG"9.H,GÏF×#?B$�SFR/.+8<&�ò�8;×FÙ7Ô�Ï�$'&/C�Q9$�?H"�03Ë�*�"�âu0H"%&/.H8;*-&/.q*-Í50BRG"J*-&/"º8;&�ò�8=×FÙ7Ô%$GÙiÊ�R/"
.1"�0

S
*-ÍDCF$'.HRG"%C�"@CG×#"@.+8;&�ò�8=×FÙÈÔ@Q�8;.�$�Q@,u0�ÍÖ*#?

X
éeò�8=×FÙÈÔ@$-ígÙ-ån0+Q@$'&�Ï5"�ß-"�?A8=àF"@C¿0BRF$L0

S



é³Ï5*#:<CÛ.H,GÏF×#?B$�SFRP8<&Ûò�8=×FÙ�Ô@Q%í�8<.�$'&)"�âi0A"@&/.A8=*-&P*-Í
X
$'&/C)0BRF$L0

S
8<.ºMN8;&F8;MN$':�ÍÖ*#?º0BR/8;.

S/?H*#S7"�?1032iÙ
Ê�RG"�&G*'0B8=*-&Ì*-Í�×'?g$LSÈRÐQ�,u0�RF$'.±Ï7"�"@&Ð.10B,/C/8;"@CÐÍ�*#?�MN$'&#2Û2-"%$�?A.�8;&Ð×#?B$�SFRè0BRG"�*#?12-Ù

ò/*#?�$�S/SF:<8;Q@$L0B8;*-&/.90A*)8;M�$L×#"N.1"@×-M¿"@&-0B$L0B8;*-&D4�$ Q�:Ö$'.H.A8;Q@$':¯S/?H*#ÏF:;"@MÎ8<.90A*�àF&FCÐ$ Q@,u0±*-Í
M�8;&F8;M�,/M Ë�"@8;×-R#0èée$ÌMN8;&uØ3Q�,u0�í¿ÍÖ*#?�$Ì.H"�0�*-Í�0A"�?AMN8;&È$�:�S7*-8<&#0B.�ÙqÊ�RG"P:;8<&GäG.NÏ7"�03Ë�"�"%&
0AR/"@.1"�$�S/S/?H*i$'QBR/"@.�$'&FC�0BRG"�*#&/"�CG"�ß#"@:;*#S7"@C½8<&�0BRF8;.�SÈ$�S7"�?J$�?H"±8;&-ß#"%.\0B8=×i$L0A"@C½8;&ÐÓ;Ô> �ÕcÙ
�8�J� ¡ [sZ^]3Y^����]3�S�
øÐ"Ì&G*%ËÎ?H"%Q@$':;:º0BRG"ÌCG"@àF&/8=0B8=*-& *-Í�$ÑË�$L0A"�?A.HR/"@C Q�,u0)8<&ö$'&÷"@C/×#"�ØeË�"@8;×-R#0A"@C ×#?B$�SFRDÙ
å\&#0B,/8=0A8=ß-"@:a2i4+0BRG"ÌQ@$L0BQBRFM¿"@&-0�ÏÈ$'.A8;&/.�Q�*-&/.10B8a0B,u0A"Ð$'& "�âi0A"@&/.A8=*-&÷*-Í�0AR/"èMN8;&/8<MN$ $'&FC
0AR/"�2�$�?H"9.1"�S7$�?B$L0H"%CNÏi2y�\:<8;&G"%.N�ºÍ�?H*-MñËJRF8;QgR $±CG?H*#S�*-Í5Ë�$L0A"�?Q@$'&�ð/*%Ë CG*LËJ&�0A*%Ë�$�?ACF.
C/8;.10B8;&/Q�0JM�8<&/8;M�$GÙ
EÚ"�0

π = 〈x0, . . . , xl〉
Ï7"�$�SÈ$L0BR 8<&

G
ÙFÊ�RG"9S7$L0AR

π
8<.*23�DI@?��#, 2���,s� - .#'��

F 0 8<Ín4FÍÖ*#?$�&-2
i ∈ [1, l − 1]

4
F ({xi−1, xi}) ≥ F ({xi, xi+1})

Ù

�K]3�{\S�MZ^��X8\ ��¢ ��Y^X�W�X £c¤:[�Z�]sYkW�Yb�L\��3��WS¥�]�¦{�(]s£ ��§ �L\©¨}ª+«N¬ � �@$
S ⊆ E

�ypq�TI#��9$����C$
S
8;.�$PË�$L0A"�?B.HRG"@CxQ�,G0Pér*#?�.H8<M¿SF:=2x$ÛË�$L0H"@?A.HRG"%CÈí�*-Í

F
� .
S

�JIR��,��&%C$	�#,+I��L'�,'/.
M(F )

��, 2y� .�.#'��n��,69
u = {x0, y0} ∈ S

d{$��+�#�&���&%��MI#$
π1 = 〈x0, . . . , xn〉

��, 2
π2 =

〈y0, . . . , ym〉
l{�3��?#�"���&�*$Ll|'K23��I@?��#, 2��J,��n�+�C$��;I���,

S
IDP6?#�($L���C$	5

xn
��, 2

ym
���&�*!b�#�#$��L?���I*'/.4$Ll|'K2��MI#$L��, ?>$�7y��,6��7q�k'/.

F ® ��, 25
F (u) ≥ F ({x0, x1})

- �&��I	���
F (u) ≥ F ({y0, y1}) 0 d|l{�+�#,8�#!��#� π1

- �&��I	���
π2 0 �MI4, 'C$$L���J!����CF}�

2 6 6

2 6 5

5 7 3

6 5 3

1

2

5

6

7

5

7

3

4

5

38

2 6 6

2 6 5

5 7 3

6 5 3

1

2

5

6

7

5

7

3

4

5

38

2 6 6

2 6 5

5 7 3

6 5 3

1

2

5

6

7

5

7

3

4

5

38

(a) (b) (c)

���v� §>¯/§ j÷²%Z\`@¨i®
G
`LU-«�`�µ�`@¨

F
´Fd
«#²%Yg[`%Ui«�WLYBZn]1V=�HY�[�V=U�¹uª�·a«�«#YB¨iV=�H]��

(a)
fG]1®#Y�µ�VaU-V=µ�`

ª%°
F � (b)

f-`%U�Y&�']\YgU-[3VaªLU�ª%°
M(F )

©q®iVa�H®±V=[
Yg¼'¬-`L·-]\ª
S � `%U-« (c)

f#`Jt y'o Z3Yg·=`�]1V WLY+]3ª
M(F )

´
lcU

(b)
`%U-«

(c)
f#]1®#Y�[nYB]�ª%°D«-`L[3®#Yg«�Yg«#²%Yg[�Va[q`J©¯`�]\YBZ\[\®#Yg«

S
ª%°
F
´

å\&N*#?AC/"�?q0A*�8<:;:<,/.\0A?B$L0A"J0AR/"JS/?H"�ß/8=*-,/.�CG"@àF&/8=0A8;*-&D4u8=0MN$�2�Ï7"9.1"�"@&N0BRF$L0q0BRG"º.H"�0
S
*#Í

CF$'.HRG"%C�"@CG×#"@.q8;&Nò�8;×FÙuÜLÏ�8;.+$ºË�$L0A"�?B.HRG"@C�*-ÍÈ0AR/"�Q�*'?A?H"@.1S7*-&FC/8;&/×±MN$�S
F
Ù-Ê�R/"�MN8;&/8<MN$

*#Í
F
$�?H"�C/"�SF8<Qg0A"@C½8;&�Ï7*-:;C½8<&�ò�8;×FÙ7Ü'$uÙ



EÚ"�0
S ⊆ E

Ù5øÐ"�?H"@M�$�?Hä�0BRF$L0�8<Í
S
8;.�$NË�$%0A"@?A.HRG"%CP*-Í

F
4È0BR/"@&

S
8;.�&G"%Q�"@.H.B$�?A8;:=2

$ Q@,u0�ÍÖ*#?
M(F )

ÙÚÊ�RG"�Q�*-&#ß-"�?A.H"N8;.±8;&Ì×#"@&G"�?g$':¯&G*'0�0H?B,G"N.H8<&/Q�"�$�Ë�$L0A"�?A.HR/"@Cè*-Í
F
8;.

CG"�àF&/"@Cè0BRF$'&/äu.�0A*PQ�*-&/CF8a0B8=*-&F.�0BRF$L0�C/"�S7"@&FCÌ*-Íq0BRG"�$':=0A8=0B,/CG"�*-Íq0BRG"N"@C/×'"%.�ËJRG"@?H"%$'.
0AR/"�CG"@àF&/8=0A8;*-&�*-Í�$¿Q@,u0J8;.�.1*-:;"@:a2�ÏÈ$'.1"@C�*-&�0BRG"±.\0A?A,/Qg0B,/?H"�*-ÍÚ0BRG"�×#?B$�SFRDÙ
îÎS7*#SF,F:<$�?½$':=0H"@?A&F$L0B8aß-"Û0A* 0AR/"èCG?H*#S *-Í9Ë�$L0H"@? S/?A8;&FQ�8=SÈ:="ÐCG"�àF&/"@.½$ÐË�$L0A"�?A.HR/"@C

"�âGQ�:<,/.A8aß-"@:a2 Ïi2 8=0B.¿Q%$%0BQgR/M¿"@&-0�ÏÈ$'.A8;&/.N$'&/C C/*i"%.¿&/*�0�8;&-ß#*-:=ß#"P$'&#2 S/?H*#S7"@?1032 *-Í�0AR/"
C/8aß/8;C/"#Ù
å\&)0BRG"¿Í�?B$'M¿"�Ë�*#?Hä½*-Í¯"@CG×#"�ØcË�"@8;×#R-0A"@CP×#?B$�SFRÚ4ÈË�"¿CG"@àF&G"�$o?D�C$E?#�37T�#,�$�Q&�bID��,�$'.�$

Q�*-M¿S7*-&G"%&#0�*-ÍÚ0BRG"±Q�*-M¿SF:;"@M¿"%&#0g$�?12�*-Í�$�Ë�$L0A"�?A.HR/"@CDÙ
Ê�RG" ÍÖ*-:;:;*%ËJ8;&/×)0BRG"@*'?A"@M érÊ�RÚÙ�ú-í�.HR/*%ËJ.�0BRF$L0¿$�Ë�$L0H"@?A.HRG"%CÑQ�,u0¿Q@$'&ÑÏ7"�CG"@àF&G"@C

"@ùi,F8aß#$':="@&-0B:a2)Ï-2)8=0B.JC/8=ßG8<CG"�:<8;&G"�*#?JÏi2½8=0B.JQ%$%0BQgR/M¿"@&-0ºÏÈ$'.H8<&/.�Ù7òF*#?�0BRF$L0ºSF,G?HS7*-.H"#4/Ë"
.\0g$�?10�ËJ8a0BR�.H*-M¿"�CG"�àÈ&/8a0B8;*-&/.�?H"@:Ö$L0A8=ß-"90A*¿0BRG"�&/*'0A8;*-& *-Í
SÈ$L0BR�ËJ8=0BR�.\0A"@"�S7"@.\0JCG"%.HQ�"%&#0%ÙU@V�W�X Y>Z�[�\�ZnY^]sV�[+Y^_{`+° ��'�7±, '�lh'�,+d8l��²l���F�F��CFGI@'423�#, 'C$	�BQ#9

F
$��+�t7q���A.��/'�7

V$E'
Z

I�P+?#�h$����C$S.@'��k��,�9
x ∈ V

d
F (x)

�MIk$��+�k7y��,6�J7T�CF��CFx$L��$�P+23�K'/.K��,��&2��3�Ol{�3��?#�?&'�, $E���J,+I
x
d�8eÙ "-Ùxd

F (x) = min{F (u) | u ∈ E, x ∈ u} ® F (x)
�JI4$��+�º$�:=0B8a0B,/C/"('/.

x
�

EÚ"�0
π = 〈x0, . . . , xl〉

Ï7"�$�SÈ$L0BR�8;&
G
Ù�Ê�R/"+SÈ$L0BR

π
8;.c�t�+�C$��:l��L$��*I#$	�D�N�6��I#$r23��I@?D�#,�$.#'��

F
8;Í34FÍÖ*#?J$'&-2

i ∈ [1, l]
4
F ({xi−1, xi}) = F (xi−1)

Ù
³ ��]3X�Y^]�V §�¢ �;X \������#Z^]s\r�C´6¦ ³ � �L� �L\©¨xª6«	¬ � �@$

S ⊆ E
Q&�K�o?@P�$�.@'��

M(F )
� a �+�I@�@$

S
�JIT�"l|�C$	�#�DID�+��2e'/.

F
� .T��, 2R'�, FG9(� .&d�.���'�7µ�&�;?#�T�+'���,�$�'/.

V
$E'
M(F )

dc$��+�#�&��&%��MI#$�I"�(�+�C$��w�J,¶$��+�O���������w��, 2�P+?��&2jQ#9
S

l{�3��?#�w�MIR�K�+�C$��wl���$L�hI#$	�D�N�6��I#$*23��I@?D�#,�$.#'��
F
�

Ê�RDÙ�úÛ"@.\0g$�ÏF:<8;.ARG"@.�0BRG"½Q�*-&/.A8;.10A"@&/Qg2 *-Í�Ë�$L0H"@?A.HRG"%C Q@,u0B.�ã�0BRG"�2 Q@$'& Ï7"�"@ùi,F8aß#$':="%&#0B:a2
CG"�àF&/"@C½Ïi2)$N.\0A"@"�S7"@.\09CG"@.AQ�"@&-0ºS/?H*#S7"�?1032½*-&�0BRG"�Q@$L0BQBRFM¿"@&-0JÏÈ$'.A8;&/.�é³?A"�×-8=*-&/.gí�*#?JÏ-2
0AR/"�CG?H*#S½*-ÍÚË�$L0A"�?�S/?A8;&FQ�8=SÈ:="�*-& 0AR/"�Q�,G0�é³Ï7*#?AC/"�?gíq0BRF$L0J.1"�SÈ$�?B$L0A"@.0AR/"@M�Ù

· ¸ É\ÁºÉ=¹ ÆA¹ ÿs�Jþ ÁJÁºÉ\ÁB� � ÄqÃ�� ÿ Â ÿ þ ÁJÅº� þ Âs�
Ã ÿ 
B��ÅïÄ � Â/É=¹ þ|» ÉcÂ�¼
å\&Ì0BR/8<.�.1"%Qg0B8=*-&D4�Ë�"�?H"@Q@$':;:�0BRG"�C/"�àF&F8a0B8=*-&Ñ*-Í�$)M�8<&/8<M�,/M .HSÈ$'&/&/8<&G×ÛÍÖ*#?H"%.\0�?H"@:Ö$%0B8=ß#"
0H*�$�.H,/Ï/×#?B$�SFR�*-Í

G
ÙGøÐ"�$':<.1*N?H"@Q%$':;:D0AR/"�"@ùu,/8aß#$':="%&/Q�"±Ï7"�03Ë�"�"@&�Ë�$L0A"�?A.HR/"@C½Q�,u0B.J$'&FC

Q�,u0B.�8<&/CF,/Q�"@C�Ïi2�M�8;&F8;M�,/M .1S7$�&F&/8<&G×NÍÖ*#?H"%.\0B.?H"%:<$L0B8aß-"�0H*¿0BRG"±M�8<&/8<MN$GÙ
EÚ"�0

X
$'&FC

Y
Ï7"�03Ë�*�&G*-&GØc"@M¿S/032P.H,/Ï/×#?B$�SFR/.º*-Í

G
ÙÈøÑ"¿.A$�2)0ARÈ$L0

Y
8<.�$:.#'��&��I#$���@F}�C$L��!��*$E'

X
8;Í3ã

8Öí
Y
8<.�$'&�"�âi0A"%&/.H8;*-& *-Í

X u $'&/C8;8�í�ÍÖ*#?J$'&-2 "�âi0A"@&F.H8=*-&
Z ⊆ Y *-Í X 4uË"�RF$�ß-" Z = Y

ËJRG"@&G"�ß#"�?
V (Z) = V (Y )

Ù
øÐ"�.A$�2�0BRF$L0

Y
8;.�$OIE�+��,6,��J,s�c.@'�����I#$����@F}�C$L��!��4$E'

X
- .#'��

G 0 8;Í Y 8<.�$�ÍÖ*#?H"@.10?A"@:<$L0B8=ß#"0H*
X
$'&/C

V (Y ) = V
Ù

òF*#?N"�âF$'M¿SF:;"#4¯0BRG").A,GÏ/×#?B$�SÈRx8;&êò�8=×FÙ�Ô@Cê8;.�$Ì.HSÈ$'&/&/8<&G×ÑÍ�*#?H"@.\0�?H"%:<$L0B8aß-"½0A*Ì0AR/"
.H,GÏF×'?g$LSÈR�8<&�ò�8;×FÙÚÔ%$uÙ
EÚ"�0

X ⊆ G 4r$��+�4l��#�v�b�s$�'/. X - .@'��
F 0 8;.0BRG"9ß#$':<,G" F (X) =

∑
u∈E(X) F (u)

Ù
�K]3�{\S�MZ^��X8\m½ � �@$

X
��, 2

Y
QD�B$Ll|'�I�P�Q	���/�����;IB'/.

G
��pq�²I@��94$L���C$

Y
8;.�$ºMN8;&F8;M�,/M

.1SÈ$'&/&F8;&G× Í�*#?H"@.\0ÛéeO1¾uò�í�?H"@:Ö$L0A8=ß-"½0A*
X
éeÍÖ*#?

F
4q8;&

G
í(� .

Y
�MIe��I	�+��,6,6��,s�T.#'��&��I#$���@F}�C$L��!��T$E'

X
�C, 2"� .T$��+�Tl��#�}�b�s$A'/.

Y
�MITF}��IDIT$�����,�'��k�&¿@P+�CF�$	'R$L�+�ql��#�v�b�s$A'/.T��,�9'C$��+�#�nI	�+��,6,6��,s�c.@'��&��I#$��&�@Fx�;$L�J!��*$E'

X
�



ò/*#?+8<&/.\0g$'&/Q�"#4#0BRG"�×#?B$�SFR
Y
érÏ7*-:;CN"@CG×#"@.�$'&/C¿ß-"�?10B8<Q�"@.gí¯8;&�ò�8=×-.@ÙuÜ�QJ8;.�$�Oo¾uòÌ?H"@:<$L0B8=ß#"

0H*
X
éeò�8=×FÙ7Ü'$-ígÙ

øÐ" &/*%Ë�RÈ$�ß#"�0AR/" MN$L0BRG"@M�$%0B8<Q@$':�0A*i*-:<.�0A*è.\0g$L0A"N0BR/"�*#SG0B8;M�$�:<8a032Ñ*#ÍË�$L0A"�?A.HR/"@C
Q�,u0B.�éeÊ�RÚÙÈÜ�8<&ÐÓ æLÕrígÙ
EÚ"�0

X
Ï7"�$º.A,GÏ/×#?B$�SFR�*-Í

G
$'&/C¿:="�0

Y
Ï7"�$º.1S7$'&/&/8<&G×�ÍÖ*#?H"%.\0¯?H"%:<$L0B8aß-"�0A*

X
Ù'Ê�RG"�?H"

"�âG8<.\0B.±$ ,F&/8;ùu,G"NQ@,u0
S
Í�*#?

Y
$'&/CÛ0BR/8;.�Q@,u0±8<.±$':;.1*P$ Q�,G0±ÍÖ*#?

X
Ù5øÐ"N.A$@2P0ARÈ$L0�0ARF8;.

,/&/8<ùi,G"�Q�,G0�8;.º0BRG""?@P+$²�J, 2�P6?��&2RQ#9
Y
ÙDòF,/?10BRG"�?AM¿*#?H"-458;Í

Y
8<.�$�Oo¾Gòê?H"@:Ö$%0B8=ß#"�0A*

X
4

Ë�"�.B$�2�0BRÈ$%0�0BRF$L0
S
8;.J$OÀRÁ ° ?@P+$6.@'��

X
Ù

³ ��]3X�Y^]�VÃÂ ¢ X�WrZ^�LV�[6¥L�MZ#´6¦ ³ � ��� �L\©¨}ª+«N¬ � �@$
S ⊆ E

� a �+�)I@�@$
S
�JIq�KÀRÁ ° ?@P+$.#'��

M(F )
� .*��, 2k'�,�Fi9T� .

S
�MI:�Tl|�C$N���DID�+�&2k?@P+$�'/.

F
�

Ê�RG"�M�8<&/8<M�,FM�.1S7$'&/&/8<&G×�0A?H"�"9S/?H*#ÏÈ:="@M�8<.�*-&G"9*-ÍD0BRG"�M¿*-.\0�032GSF8<Q@$':Ú$�&FC�Ë�"@:<:aØcäG&G*%ËJ&
S/?H*#ÏF:;"@M�.�*-Í7Q�*-M�ÏF8<&F$L0A*#?A8<$':/*'S/0B8;M�8;ó%$L0B8=*-&)ér.H"�"�Ó=Ô#Ô�ÕrígÙ'å\&)Ó æG4eûLÕ
ée.1"@"J$':;.H*�ÓXë@Õríg4'Ë�"�.ARG*%Ë
0ARÈ$L0�0BRG"ºM�8<&/8;M�,/M .HSÈ$'&/&/8<&G×�0A?H"�"�SF?H*#ÏF:;"@M 8<.�"@ùu,/8=ß'$':;"@&#0+0A*�0BRG"�S/?A*'ÏÈ:="@M *-Í7àF&FC/8;&/×
$�Oo¾uò ?H"@:Ö$L0A8=ß#"±0H* $�.H,GÏF×#?B$�SFR�*-Í

G
Ù7î C/8=?A"@Qg0ºQ�*-&/.1"@ùu,G"@&FQ�"�8;.�0BRF$L09$'&-2½M�8;&F8;M�,/M

.1SÈ$'&/&F8;&G×¿0A?H"�"�$':;×#*#?A8a0BR/M�Q%$�& Ï7"�,F.1"@C�0A*�Q�*-M¿SF,G0A"�$�?H"@:Ö$%0B8=ß#"�Oo¾Gò�Ù/OÛ$'&#2�"@ÄNQ@8="@&-0
$�:;×#*#?A8a0BR/MN.�ée.1"�"ÛÓ;Ô#Ô�Õ³í�"�âG8<.\0¿8<&Ì0BRG"�:<8a0A"�?B$L0B,G?H" ÍÖ*#?�.1*-:aß/8;&/×)0AR/"�M�8<&/8;M�,/M .1S7$'&/&/8<&G×
0H?A"�"�S/?A*'ÏÈ:="@M½Ù

Å Æw� Â/É=¹ þ|» Â6
JÉ1ÁJÁºÉ\ÁB� ÿ
îJ. .H"�"@& 8;& 0BRG"ÛS/?H"�ßG8;*#,F. .1"%Qg0B8=*-&D4�$ Oo¾uò ?H"@:Ö$L0B8aß-"Û0H*x$ .H,GÏF×'?g$�SFR *-Í

G
Q@$'& Ï5"

Q�*-M¿SF,G0H"%CÐÏ-2 $�&-2ÑM�8<&/8;M�,/M .HSÈ$'&/&/8<&G×)0A?H"@" $':=×#*#?A8=0BR/M�Ù�Ê�RG"�Ï7"@.\0¿Q�*#M�SF:;"�âG8=032ÑÍÖ*#?
.1*-:aß/8;&/×)0ARF8;.�S/?H*#ÏF:;"@M 8<.±?H"%$'QBR/"@CÐÏi2è0BRG" ùi,F$'.A8aØn:<8;&/"%$�?¿$':;×#*'?B8a0BR/M *-Í�(�RF$�ó�"%:;:;"ÛÓ;ÔLÜ%ÕnÙ
å\&½0BRF8;.9.1"%Qg0B8=*-&D4ÈË"�8<&#0A?H*GC/,FQ�"�$�&G"�Ë�SÈ$�?B$'C/8;×-M 0A*�Q�*-M¿SF,G0H"¿Oo¾uòÈ.º?H"@:Ö$L0A8=ß#"�0H*�0AR/"
M�8;&F8;M�$�*#Í+$�M�$LSÐ$'&/CP*#Ï/0B$'8<&Ì$�:;8<&G"%$�?90B8;M¿"N$':=×#*#?A8=0ARFM�ÙDÊ�*�0BRF8;.�$'8;M½4ÈË"¿C/"�àF&G"N$
&G"�Ë 0BR/8<&/&/8<&G×�0A?B$'&/.AÍÖ*#?AMN$L0B8;*-&N0BRF$L0�8=0A"�?B$L0B8aß-"@:=2�:;*%Ë�"�?A.�0BRG"ºß#$':;,G"@.*-ÍD0BRG"�"@CG×#"@.+0BRF$L0
.A$L0B8;.AÍ<2Û$�.H8;M�SF:;"�:=*GQ@$':
S/?H*#S7"@?1032-Ù7Ê�R/"�M�8<&/8<MN$N*-Í�0BRG"�0H?B$'&F.HÍÖ*#?AM�"@CPMN$�SÛQ�*-&/.10A8=0B,u0A"
S/?H"@Q�8<.1"%:a2¿$ºOo¾Gò)?H"@:<$L0B8=ß#"�0A*º0BRG"M�8<&/8<MN$J*-ÍG0BRG"�*#?A8;×-8;&È$�:u*-&/"#Ù'O)*#?H"�?H"@M�$L?Aä�$�ÏÈ:a2-4#$'&#2
Oo¾uò ?H"@:Ö$%0B8=ß#"�0A*�0BRG"�M�8<&/8<MN$�*-Í+$�MN$�SèQ@$'&ÛÏ7"¿*#ÏG0g$'8;&G"%CÛÏ-2)0BR/8<.º0H?g$�&F.HÍÖ*#?AM�$L0B8=*-&DÙ
øÐ" C/8<.HQ@,/.H.�0BRG"�S5*#.A.H8;ÏF8<:;8a032 *-ÍS7$�?B$':;:;"@:$':=×#*#?A8=0ARFM�.�ÏÈ$'.H"@CÑ*-&Ñ0BR/8;.�0A?B$'&/.AÍÖ*#?AMN$L0B8;*#&
$�&FC ×-8=ß#"�$¿.H"@ùi,/"@&#0B8Ö$�:Ú8<M¿SF:;"@M�"@&#0g$L0B8=*-&Ðérîº:;×#*FÙDÔLíqËJR/8<QBR�?A,/&/.�8;&½:<8;&G"L$L?�0B8;M�"#Ù

½ ��� Ç X�Y^�S]3YTZ^�S�L\�\S�L\r� �q[�\r��¤y[�Z�]sY^���r]s���
øÐ" 8;&-0A?H*uCF,/Q�"�$'&Ñ"@C/×#" Q�:<$'.A.H8=àÈQ@$L0B8=*-&ÑÏ7$�.H"@CÑ"�â/Q�:;,F.H8=ß#"@:=2Ñ*-& :;*uQ%$':qS/?H*#S7"�?10B8;"@.�4t�������<4
S/?H*#S7"�?10B8;"@.�0BRF$L0NCG"�S7"%&/C *-&/:=2 *-&Ñ0AR/"½$'C�K1$'Q�"%&#0�"@CG×#"%.�Ù¯Ê�R/8;.�Q�:Ö$�.A.H8;àFQ@$L0B8=*-& ËJ8;:<:�Ï7"
,/.1"@C)8;&�0AR/"±CG"�àÈ&/8a0B8;*-&�*-Í�$�:=*%Ë"�?A8;&/×NS/?H*GQ�"@.A.±éLÈº"%ÍnÙ5ë'í+ËJR/8<QBRP$':;:;*%ËJ.0A*�"�âu0A?B$'Qg0�0AR/"
Ë�$L0H"@?A.HRG"%C/.*-Í�$¿MN$�SÚÙÉ�"%M�8;&FC)0ARÈ$L0@458<Í

x
8<.�$�ß-"�?10A"�âP*#Í

G
4
F (x)

8<.J0BRG"¿M�8;&F8;M�$�:�$':=0B8a0B,/C/"�*-Íq$'&P"@CG×#"
0ARÈ$L0JQ�*-&#0g$'8;&F.

x
Ù

�K]3�{\S�MZ^��X8\�ª � �@$
u = {x, y} ∈ E �p)�4I@��9O$����C$

u
�MI�:=*GQ@$':<:a2�.1"@SÈ$�?B$L0B8;&G×)éeÍ�*#?

F
í4� .

F (u) > max(F (x), F (y))
�p)�wI#��9�$����C$

u
�MIPÏ5*'?BCG"�?êérÍ�*#?

F
íj� .

F (u) = max(F (x), F (y))
��, 2

F (u) >



min(F (x), F (y))
�p)�4I@��9O$����C$

u
�MI�8;&F&G"�?�érÍ�*#?

F
í�� .

F (x) = F (y) = F (u)
�

k

k’<k k’’<k

k

k’<k k

k

k k·aª#�A`L·a·X¸�[nYB¨u`@Z\`�]1VaU-² ¹Gª%Z\«#YBZ V=U-U#YBZ
���v� §@ÊF§ lc·=·a¬i[c]\Z\`�]1VXªLU¿ª%°È]1®#Y�«-ViËGYBZ3YgUL]q·Xª#�B`%·F�AªLU-»-²L¬#Z\`@]\VaªLU-[¯°<ª%Z�Yg«#²%Y�[A´

ò�8=×FÙ¯úP8;:<:;,F.\0A?B$L0A"@.±0BRG"½$LÏ5*%ß#" C/"�àF&/8=0B8=*-&/.@Ù�å\& ò�8=×FÙSÌi$G4 {j, n} 4 {a, e} $'&/C {b, c}$L?A"±"�âF$'M¿SF:;"@.J*-Í�Ï7*#?ACG"@?J"@C/×'"%. u {i,m} $'&/C {k, l} $�?H"�8;&F&G"�?º"@C/×'"%.º$'&FC)Ï7*'0AR {h, l}$�&FC {g, k} $�?H"�:;*GQ@$':;:=2iØn.H"�SÈ$�?B$L0B8;&/×Ì"@CG×#"@.@Ù¯IJ*�0A" 0ARÈ$L0�$'&#2 "@C/×#" *-Í G Q�*#?H?A"@.1S7*-&/CF."�â/$'Qg0B:=2�0H*�*-&/"�*-ÍÚ0BR/"9032uS7"%.�S/?H"@.H"@&#0A"@C½8;&"Èº"@ÍnÙ7æGÙ
EÚ"�0

u ∈ E ÙFÊ�RG"OFx'�l��#����,s�k'/. F �C$
u
8;.0BRG"�M�$�S

F ′
8<& F .H,FQBR 0BRF$L0%ãØ

F ′(u) = minx∈u{F (x)} u $'&/CØ
F ′(v) = F (v)

ÍÖ*#?J$'&-2 "@CG×#"
v ∈ E \ {u} Ù

�K]3�{\S�MZ^��X8\¶Í ¢/Î X�Y^�S]3Yk�3��Z�¬ � �@$
H ∈ F �:pq�qI@��9R$����C$

H
�JIO�NÏ7*#?ACG"�?�0BRF8;&/&F8;&G×

*#Í
F

� .>
i) H = F ® '��
ii)

$��+�#�&�:��%C�MI#$�I
I ∈ F �kQ&'���23�#��$��3��,6,6�J,��T'/.

F
I�P6?#�k$L���C$

H
�JI�$��+��F}'�l��#����,s�T'/.

I
�C$�KQ&'���23�#�:�&2��3��.@'��

I
�fJ.O$��+�#�&�k�MIO, '�Q�'���23�#�(�&2��;�A.#'��

H
d�l��OI@��9�$����C$

H
�JIk��Ï7*#?ACG"@?�ä'"�?B&G"@:N��fJ.

H
�MIK�Q�'���23�#�A$L�3�J,6,��J,s�q'/.

F
��, 2y� .���${�MIn�OQ&'���23���BHC�#��,8�@FGdS$L�+�#,

H
�JIn�ºÏ7*#?ACG"@?qä#"�?A&G"%:F*-Í

F
�fJ.

H
�MI:�KQ&'���23�#�nHC�#��,8�@Fr'/.

F
d���,69k?@P�$�.#'��

M(H)
�MI:?D�CFJFv�&2�$�Ï7*#?ACG"�?JQ�,u0JÍÖ*#?

F
�

Ê
*P8;:<:;,F.\0A?B$L0A"�0BR/"NS/?H"�ßG8;*-,/.�CG"�àF&F8a0B8;*#&Ú4ÚË"�$'.A.H,/M�"¿0BRÈ$%0
F
ér?H"@.1S�Ù

H
4
I
í�8;.�0BR/"

MN$�SÛ*-Íqò�8=×FÙ�Ìi$Ûér?H"@.1S�Ù5ÏÚ4 Q%ígÙDÊ�RG"�MN$�SF.
H
$'&/C

I
$�?H"�Ï5*'?BCG"�?90ARF8;&/&F8;&G×-.9*-Í

F
ÙDÊ�R/"

MN$�S
I
8;.9$�Ï7*#?ACG"�?Jä#"�?A&/"@:�*-Í�Ï7*'0BR

F
$'&/C

H
Ù7Ê�RG"�Í�,/&/Q�0A8;*-&PCG"�SF8<Qg0A"@CP8<&)ò�8;×FÙ�Ì#CP8;.

$�&/*'0AR/"�?±Ï7*#?AC/"�?�ä'"�?B&G"@:�*-Í
F
ËJR/8;QgRÑ8<.�&G*'0¿$�Ï7*#?AC/"�?�ä'"�?A&/"@:�*-Í

H
Ù�å\&Ñò�8=×FÙ�Ì-Q�$'&/C

CD4i0BRG"9Ï7*#?ACG"@?Q�,G0A.�$�?H"9?H"�S/?H"%.1"@&-0A"@C�Ï-2�CF$'.ARG"@C�"@C/×#"@.�Ù�É�"@MN$�?Hä�0BRF$L0�0BRG"�M�8;&F8;M�$±*-Í
0AR/"�03Ë*)Ï7*#?ACG"�?�ä'"@?A&G"@:<.�Q�*-&/.10B8a0B,u0A"�Í�*#?H"@.\0B.±?H"@:<$L0B8=ß#"N0A*

M(F )
4�$'&/CÌ0BRF$L0¿$':<:�"@CG×#"@.

ËJR/8;QgR½CG*N&G*'0�Ï7"@:;*-&G×¿0A*¿0BRG"�Ï5*#:<C�×#?B$�SFR/.�$�?H"±:=*GQ@$':<:a2�.1"@SÈ$�?B$L0B8;&G×FÙ
å\& 0BRG"½&G"�âu0N.H,/ÏF.1"%Qg0B8=*-&D4�Ë"½.HRG*%Ë 0AR/" "%ùi,/8=ß#$�:;"@&/Q�"�Ï7"�03Ë�"�"@& Ï7*#?AC/"�?�Q@,u0B.�$'&FC

Ë�$L0H"@?A.HRG"%C/.�ÙiÊ�Ru,/.�4#0BRG"JÏ7*#?ACG"@?�0ARF8;&F&/8;&/×#.�Q�*-&/.\0B8=0B,u0A"º$�&G"�Ë $�S/S/?H*i$'QgR¿0A*�Q�*-M¿SÈ,u0A"º$
Ë�$L0H"@?A.HRG"%CDÙÈÊ�RF8;.º$�S/SF?H*i$�QgR)8;.JSÈ$�?10B8;Q@,/:<$�?A:=2½8<&#0A"�?H"@.10B8;&G×�.A8;&/Q�"�8=0J?H"@:<8="@.J*-&/:=2�*-&):;*uQ@$':
Q�*-&/C/8=0B8=*-&/.+$'&/C�S/?H*GC/,FQ�"@.+$9?H"@.H,F:a0�0BRF$L0+8<.¯×-:;*#ÏÈ$':;:=2¿*#SG0B8<MN$':rÙ#ån0+M�$�2�Ï7"J&G*'0B8;Q�"%C�0BRF$L0
0AR/"J*#SG0B8;M�$':;8=032�*-Í50BRG"J?H"@.A,/:=0�C/*i"%.+&G*'0CG"�S5"@&/C�*-&�0BRG"J*#?AC/"�?+*#&NËJR/8<QBRN0BRG"�ß#$':;,/"@.+*-Í
0AR/"9"@CG×#"%.�$�?H"�:=*LË�"�?H"@CÚÙuå\& SÈ$�?10B8;Q�,F:<$�?@4/8<Í
$�.1"�0�*-Í
M�,u0B,F$':<:a2uØnC/8<.rK3*-8<&#0�Ï5*'?BCG"�?"@CG×#"%.8;.
:=*%Ë�"@?H"@CÛ8;&ÛSÈ$�?B$':<:="@:e4È0BR/"@&)0AR/"�?H"@.H,F:a0B8<&G×�MN$�SÛ8<.�$NÏ7*#?AC/"�?º0ARF8;&F&/8;&/×/Ù�(+*-&/.H"@ùi,/"@&#0B:=2-4
0ARF8;.º0A?B$'&/.AÍÖ*#?AMN$L0B8=*-&Û.H,/×'×#"%.\0B.9&G"�Ëñ.\0A?B$L0A"�×-8="%.J0A*%Ë�$�?ACP">ÄNQ�8="%&#0�SÈ$�?B$':<:="%:¯$':=×#*#?A8=0ARFM�.
0H*NQ�*-M¿SF,u0A"±$�Ë�$L0A"�?A.ARG"@CÚÙ



3

5

5 8 1

4 5 2

3 4 7 0

4

6

3

4

5

4

5

1

0

0

1

2

a b c d

e f g h

i j k l

m n o p

3

5 8 1

4 5 2

3 7 0

4

6

3

4

5

4

5

1

0

0

3

1 1

2

a b c d

e f g h

i j k l

m n o p

(a) (b)

5 8 1

5 2

7 0

4

6

4

5

4

1

0

0

1

1

1

1

1

1

511a b c d

e f g h

i j k l

m n o p

5

5 8 1

5 2

4 7 0

6

4

5

4

1

0

0

11

1

1

1

1

1

1

a b c d

e f g h

i j k l

m n o p

(c) (d)���v� §�Ï7§ j�²%Z\`@¨i®è`%U-«è[nªLµ9Y�`L[3[nª#�BVa`�]\Yg«Û°Ö¬-Ui�1]1VaªLU-[A´S�¯®#Y�¹GªL·a«Û²%Z\`@¨u®-[�[\¬#¨GYBZ\Vaµ9¨GªL[3Yg«Û`@Z3Y
]\®-Y�µ�VaU-V=µ�`ºª%°È]1®#Y��Aª%Z3Z3Yg[n¨GªLUi«-VaU-²º°�¬-U-�H]1VXªLUi[ � (b)

fi`º¹Gª%Z\«#YgZ�]1®-V=U-U-V=U#²9ª%°
(a) � (c)

�i`9¹uªLZ\«#YBZÐ YBZ\U#Yg·Dª%°�¹Gª@]1®
(a)
`%U-«

(b) � `LU-« (d)
fÈ`%U-ª@]\®-YBZ¹Gª%Z\«-YBZ Ð YBZ\U-Yg·Dª%°

(a)
´FlcU

(c)
`LU-«

(d)
f/]1®#Y

¹uªLZ\«#YBZ��B¬#]\[�`%Z3YZ3YB¨iZ3Yg[nYgUL]\Yg«�¹�¸�«-`L[3®#Yg«�Yg«#²%Yg[B´

½ �J� Ñ �L\r]s[+Y>Ò/Zb�LV1]e[6¥�� X�Yb�MZb��VÓ£	X�Y Î X�Y^�S]3Yk�3��Z
õ &�$�.1"@ùu,G"@&-0A8Ö$':DQ�*-M¿SF,G0A"�?@4/$�&È$'8aß-"�$':=×#*#?A8=0BR/Mô0H*¿*#ÏG0g$'8;&½$±Ï7*#?ACG"�?ä#"�?A&/"@:5Q�*#,F:;C Ï7"
0AR/"¿ÍÖ*-:<:=*%ËJ8<&G×Fã

i)
Í�*#?�$�:<:

u = {x, y} *#Í G 470g$�ä'"%&Û8;&Ì$'&è$�?HÏÈ8a0A?B$�?12)*#?AC/"�?@4DQBRG"%QAä½0BRG"ß'$':<,G"@.�*-Í
F (u)

4
F (x)

$'&/C
F (y)

$'&/CPËJR/"@&G"�ß-"�?
u
8;.�Ï7*#?ACG"�?@4D:;*%Ë�"�?90BR/"�ß#$':;,/"¿*-Í

uCG*%ËJ&�0H*�0BRG"�M�8;&F8;M�,/M�*-Í
F (x)

$'&/C
F (y) u ii) ?H"@S7"%$L0�.\0A"�S i) ,F&#0B8;:Ú&G*¿Ï7*#?ACG"�?�"@CG×#"?H"@MN$'8<&/.�Ùi(+*-&/.A8;CG"@?�0BRG"�×#?B$�SFR

G
ËJRG*-.1"ß-"�?10A"�â¿.1"�0q8;. {0, . . . , n} $'&/C�ËJRG*-.1"�"@CG×#"�.1"�08;.�M�$'CG"º*-Í�$':;:È0BRG"ºSÈ$'8;?A.

ui = {i, i+ 1} .H,FQBRN0BRF$L0 i ∈ [0, n− 1]
ÙuEÚ"�0

F (ui) = n− i 4ÍÖ*#?�$':;:
i ∈ [0, n − 1]

Ù õ &è0BR/8<.±×'?g$LSÈRD4�8<Í+0AR/"N"@C/×'"%.�$�?H"NSF?H*uQ�"@.H.H"@CÐ8<&è0BRG"N*#?AC/"�?±*-Í
0AR/"@8=?�8;&FC/8;Q�"%.�4u.\0A"�S

i)
ËJ8;:<:FÏ7"�?H"@S7"%$L0A"@C�"�â/$'Qg0B:a2 |E| 0B8;M�"@.�ÙiÊ�RG"JQ�*#.10�ÍÖ*#?+QgRG"@QAäG8;&/×�$':<:"@CG×#"@.�*-Í

G
8<.
O(|E|) Ù%Ê�Ri,F.�4�0BRG"�Ë�*#?A.\0�Q@$'.1"�0B8;M�"qQ�*-M¿SÈ:="�â/8a032�*-Íi0BR/8<.�&È$'8aß-"�$':=×#*#?A8a0BRFM8;.

O(|E|2)
Ù�å\&Ð*#?ACG"�?±0H*P?H"@C/,/Q�"N0BRG"�Q�*-M¿SF:;"�âG8=032-4ÚË"�8<&#0A?H*GC/,FQ�" $½.1"%Q�*-&/CÑ:=*%Ë�"@?A8;&/×

S/?H*GQ�"@.A.J8<&�ËJRF8;QBRÛ$'&-2½"@CG×#"�8;.º:;*%Ë�"�?H"@CÛ$L09M�*#.10J*-&/Q�"#Ù7Ê�R/8<.�SF?H*uQ�"@.H.º8;.9$�S7$L?H0A8<Q�,/:Ö$�?
Q@$'.1"�*-Í/Ï5*'?BCG"�?�0BR/8<&/&/8<&G×º0BRF$L0�$':<.1*9S/?A*uCF,/Q�"@.@4%ËJRG"%&�8a0A"�?g$%0A"@C¿,/&#0B8<:G.\0g$�ÏF8<:;8=032-4#$�Ï5*'?BCG"�?
ä'"�?B&G"@:5*-ÍD0BRG"9*#?A8;×-8;&F$':DMN$�SÚÙ/ÊRÈ$'&Gäu.�0H*�0BR/8<..1"@Q�*#&FC�0BR/8<&/&/8<&G×�.10H?g$%0A"@×�2i4iË�"�CG"�?B8aß-"�$
:;8<&G"%$�?1Øe0B8<M¿"�$�:;×#*#?A8a0BR/M�0A*NQ�*#M�SF,u0A"�Ï7*#?AC/"�?�ä'"@?A&G"@:<.J$'&/CD4G0BRi,F.�4GË�$L0A"�?A.ARG"@C/.@Ù



ån0�MN$�2±Ï7".1"�"%&±0BRF$L0�$'&�"@CG×#"+ËJR/8<QBR¿8;.�8<&¿$JMN8;&/8<M�,FM $L0�$J×-8=ß#"@&¿.\0A"�S�*-ÍÈ$�Ï5*'?BCG"�?
0ARF8;&/&F8;&/×P.H"@ùi,/"@&/Q�"�&/"�ß#"@?±Ï7"%Q�*-M¿"@.�$�Ï7*#?ACG"�?�"@CG×#"�:<$L0A"�?@Ù
Ê�Ru,/.�4
:;*%Ë�"�?A8<&G×Pà/?A.10±0AR/"
"@CG×#"@.J$'C�K1$'Q�"%&#0�0A*¿0BRG"�MN8;&F8;MN$¿.H"�"@M�.0H*�Ï7"�$�S/?H*-M�8<.H8<&G×N.\0A?B$L0A"�×'2-Ù
�K]3�{\S�MZ^��X8\�Ô ¢/Õ Ò Î X Y^��]sYO�3��Z�¬ p)�tI@��9�$����C$���,K�&2��3�

u
�J,
E
�MI�M�8;&F8;M�,/M�ØnÏ7*#?ACG"�?

érÍ�*#?
F
íg4iË�?A8=010A"@& O½ØnÏ7*#?ACG"�?@d�� .

u
�JI*Q&'���23�#�S.@'��

F
��, 2q� .*�&%;�;?>$�Fi9T'�,8�*'/.n$L�+�n!��#�#$L��?��DI�J,

u
�JI*�O!��#�#$	�&%k'/.

M(F )
�� �@$

H ∈ F �Apq��I@��9O$����C$ H 8;.J$'&�O½ØnÏ7*#?ACG"�?�0ARF8;&/&F8;&G×N*-Í
F

� .>
i) H = F ® '��
ii)

$��+�#�&�(�&%��JI#$�I
I ∈ F ��,hÀ�5/Q&'���23�#�O$��3��,6,6�J,���'/.

F
I�P+?#��$����C$

H
�JIO$��+�kFx'�l��#����,s�'/.

I
�C$t��,"Àe5�Q&'���23�#�:�&2��3��.@'��

I
�fJ.:$��+�#�&�*�JI*, 'TÀe5�Q�'���23�#�)�&2��3�|.@'��
H
d|l��:I#��9K$����C$

H
�MIy��,�O½ØcÏ5*'?BCG"�?Jä'"@?A&G"@:N�rfJ.

H�MI)��,�Àe5�Q�'���23�#�y$��3�J,�,6�J,s�('/.
F

��, 2K� .*�L$��JIy��,�Àe5�Q&'���23�#�4HC�#��,8�@F dtl��*I@��9K$����C$
H

�MI��,�O½ØnÏ7*#?ACG"�?�ä'"�?A&/"@:D*-Í
F
�fJ.

H
�JIq��,oÀ�5/Q&'���23�#�:HC�#��,8�@F{'/.

F
dB��,69"?@P+$�.@'��

M(H)
�JIq?D�CFJFv�&2N$�&èO½ØcÏ7*#?AC/"�?�Q�,G0

ÍÖ*#?
F
�

å\&�ò�8=×FÙ^Ìi$G4@0BRG"�"@CG×#" {c, d} 8;.�O½ØcÏ7*#?ACG"@?
ËJRG"�?H"L$�. {j, n} 8;.�Ï7*#?ACG"�?�ÏF,G0¯&G*'0�O)ØcÏ7*#?ACG"@?@Ùõ ÏÈ.1"�?1ß-"�ée8;&�ò�8;×/Ù^Ìi$�Ï¿ÍÖ*#?�8<&/.\0g$'&/Q�"LíD0BRF$L0�ËJR/"@&�$ºMN$�S�8<.�:;*%Ë�"�?H"%C¿$L0¯$'&�O½ØcÏ5*'?BCG"�?
"@CG×#"#4¯*-&/"�*-Íº8=0A.NMN8;&/8<MN$è8<.:�3×#?H*%ËJ8<&G×ÌÏi2 *-&G"½"@CG×#"��gÙ�Ê�RG"�Ë�"@:<:aØnäu&G*%ËJ& Ë�$L0A"�?A.HR/"@C
$�:;×#*#?A8a0BR/MN.�Ïi2�.A8;M�,/:<$L0B8;*#&�*-Í7$ºð/*u*uCF8;&G×NÓXÜu4rëi4nÔ%úLÕ�ér.H"�"�$':;.H*�Ó;Ô@Ì'Õrí�$�:<.1*9Ë�*#?Hä�$'.r�3?H"�×-8;*-&
×'?A*%ËJ8;&G×b� S/?H*GQ�"@.H.H"@.¿ÍÖ?H*-M 0AR/" MN8;&F8;MN$GÙ�å\&-0B,/8a0B8=ß#"%:a2-4¯Í�*#?�$)ß#"�?H0H"�âiØeË�"%8=×-R#0A"%C ×#?B$�SFRD4
0AR/"�2�Q@$'&�Ï7"ºC/"@.HQ�?A8=Ï7"%C $'.�ÍÖ*-:;:;*%ËJ.�ã

(i)
4uMN$�?Hä¿0BRG"9MN8;&/8<MN$�ËJ8=0BR�C/8<.\0B8;&FQg0�:<$�Ï7"@:<. u (ii)

4
MN$�?Hä�0AR/"º:=*%Ë�"%.\0+S7*-8<&#0�$'C�K1$'Q�"%&#0+0A*�$�.A8;&G×-:;"º:Ö$�Ï7"@:/ËJ8=0AR�0BRF8;.+:<$�Ï7"%: u $'&/C (iii)

4-?A"�S7"%$L0
.\0A"�S

(ii)
,/&#0B8<:50BRG"�?H"±8;.�&G*�S7*-8<&#0º$'C'K1$'Q�"@&-0�0A*�$¿.H8<&G×-:="±:<$�Ï7"%:rÙ/å\&½Í³$'Qg0%4G0BRG"±O½ØcÏ7*#?AC/"�?

0ARF8;&/&F8;&/×Ð0H?g$�&F.HÍÖ*#?AM�$L0B8=*-& é³ËJR/8<QBRê8<.�8=0B.1"@:<Í�$ÌSÈ$�?10B8;Q@,/:<$�?�Q@$'.H")*-ÍºÏ7*#?ACG"�?N0BR/8<&/&/8<&G×uí
×'"%&G"�?B$':<8=ó�"%.ºð/*u*GC/8;&/×�$':;×'*#?A8=0BR/M�.º*-&P"@CG×#"@.@Ù7å\&/CG"@"@CD4D8a0�8;.ºSF?H*%ß#"%C Ó û%Õ�0ARÈ$L0�$'&#2)"@C/×#"
*#Í
M�8<&/8;M�$':D$':a0B8a0B,/C/"�$'M�*#&/×�0BRG"9"@C/×'"%.�*-,u0A×#*-8;&G×�ÍÖ?H*-M

M(F )
8;.�$'& O)ØcÏ7*#?ACG"�?"@C/×#"#Ù

�K]3�{\S�MZ^��X8\�Ö ¢=× X�X��S�L\��h�3��ZC¬ fJ.
u
�JI)��,w�&2��3�)l���$��e7)�J,6��7q�CF��CFi$L�L$LP623�q��7q'�,s�R�CF�F$��+�y�&2��3��I*'�P�$J�C'���,s�B.��/'C7

M(F )
d|$��+�#,

u
�JI*�±ð/*u*GC/8;&/×�"@CG×#"�Í�*#?

F
�� �@$

H ∈ F �Tpq�kI@��9o$����C$
H

�JI(� ð/*u*GC/8;&/×Û*-Í
F

� .
H = F

'��K� .K$��+�#�&�R�&%��JI#$�I(�Ø '�'�2���,s�
I
'/.
F

I�P+?#�($����C$
H

�JI4$��+�*F}'�l��#����,s�k'/.
I
�C$t� Ø '�'�2���,s�K��2��3��.@'��

I
�fJ.*$��+�#�&�4�JI4, ' Ø '�'�2���,s�K�&2��3��.@'��

H
d�l��4I@��9O$����C$

H
�JI*�±ðF*i*GC/8<&G×Nä'"�?A&/"@:	�rfJ.

H
�JI:�Ø '�'�2���,s�e'/.

F
��, 2R� .)�L$B�MIO� Ø '�'�2���,s�(HC�#��,8�@F dcl��qI@��9R$��+�C$

H
�JIT�Nð/*u*GC/8<&G×½ä'"�?A&/"@:

*#Í
F
��f�,�$��3�JI*?D�bI>��d|�C,69O?@P+$6.@'��

M(H)
�MI*?D�CF�F}�&2k�±ð/*u*GC/8<&G×NQ�,u0ºÍÖ*#?

F
�

EÚ"�0
H ∈ F ÙuøÐ"�.B$�2�0BRF$L0 M(H)

8<.�0AR/")7)�J,65����������('/.
H
Ù/Ê�R/8<.&/*'0A8;*-&�ËJ8<:;:5Ï5"�,/.H"@C

8;& 0AR/"�ÍÖ*-:;:;*%ËJ8<&G×�S/?H*#S7"�?H032�ËJR/8<QBR�.10g$L0H"%.+0BRF$L0�0BRG"�M�8<&uØc×#?B$�SFRF.*-Í�Ï7*#?ACG"�?%4/O½ØcÏ5*'?BCG"�?
$�&FC ðF*i*GC/8<&G×Ìä'"@?A&G"@:<.�*-Í

F
$�?H"½Oo¾GòF.�?H"@:Ö$%0B8=ß#"�0A*

M(F )
Ù¯OP*#?H"�?H"@M�$L?Aä�$�ÏF:=2-4q$'&#2

Oo¾uòÌ?H"@:Ö$L0B8aß-"�0A*
M(F )

Q@$'&NÏ7"J*#ÏG0g$'8;&G"%C�$'.�0BRG"ºM�8<&uØc×#?B$�SFRN*-ÍÚ$'&�O½ØcÏ5*'?BCG"�?+ä'"�?B&G"@:e4
*#Í�$�ð/*u*GC/8<&G×�ä'"@?A&G"@:
$�&FC *-Í�$�Ï7*#?ACG"�?�ä#"�?A&G"%:D*-Í

F
Ù

Ñ ]�V�V�[ �sÙÚ� �@$
X ⊆ G � a �+��.@'�Ps��.#'CF�F}'�l��J,s�qI#$E�C$	�#7O�#,�$�I*�����)�&¿@Ps��!b�CF}�#,�$	

(i) X
�MI*$��+�47)�J,65����������"'/.*� Ø '�'�2���,s�qHC����,��#Fr'/.

F ®
(ii) X

�JI4$��+�*7y�J,�5L���������"'/.*��,RÀe5�Q&'��/23�#��HC�#��,8�@F�'/.
F ®

(iii) X
�JI4$��+�*7y��,65����/�����"'/.:�KQ&'���23�#�nHC�#��,8�@Fr'/.

F ® ��, 2
(iv) X

�MI:�)ÀRÁ ° �&�@Fx�C$L��!��*$E'
M(F )

�



¾u8;&FQ�"�$¿?H"@:Ö$%0B8=ß#"�Oo¾uò 8<&/C/,FQ�"@.º$¿,/&F8;ùu,G"�×#?B$�SÈR�Q@,u0%4FÍ�?H*-M�0BRG"�SF?H"�ßG8;*-,/.�:;"@M�M�$G4uË"
8;M�M�"@C/8Ö$L0H"%:a2PCG"%C/,/Q�"�0BRF$L0�$�ð/*u*GC/8;&/×�ä'"@?A&G"@:é³?A"@.1SÚÙD$'&ÛO½ØnÏ7*#?ACG"�?9ä'"�?B&G"@:e4D$NÏ5*'?BCG"�?
ä'"�?B&G"@:�í�*-Í
$�MN$�S�CG"�àÈ&G"@.�$�,F&/8;ùu,G"9ðF*i*GC/8<&G×¿Q@,u0�ér?H"@.HSÚÙGO½ØnÏ7*#?ACG"�?�Q�,u0%4uÏ7*#?AC/"�?Q�,G0�íBÙÛ�"%&/Q�"#4�0BRG"�Í�*-:;:;*%ËJ8;&G×P0BRG"�*#?H"@MÎËJR/8<QBR .\0g$L0A"@.�0BRG"�"@ùu,/8aß#$':;"@&/Q�"�Ï5"�03Ë�"�"@&ÐË�$L0A"�?A.HR/"@C
Q�,u0B.�4/Ï7*#?AC/"�?�Q�,u0B.@4/O)ØcÏ7*#?ACG"�?JQ�,u0B.J$�&FC ð/*u*GC/8<&G×NQ�,u0B.�Q@$'& Ï7"�"%$'.H8<:a2 SF?H*%ß#"%CDÙ

³ ��]3X�Y^]�V ���Ü� �@$
S ⊆ E � a �+�|.#'�P���.@'CF�Fx'�l���,s�qI#$E�C$	�#7T�#,�$LI4���&�)��¿@P���!^�CFv�#,�$	

(i) S
�JI*� Ø '�'�2���,s�k?@P�$�.#'��

F ®
(ii) S

�MI*�C,"Àe5�Q&'���23�#�*?@P�$�.@'��
F ®

(iii) S
�JI*�KQ&'���23�#�*?@P+$6.@'��

F ® ��,82
(iv) S

�JI*�Tl��C$	�#�DI&�+�&2k?@P+$�.#'��
F
�

Ýº.H8<&G× 0AR/"¿&/*�0B8;*-&/.�8;&-0A?H*uCF,/Q�"@Cè8<&P0BR/8<.�.1"@Qg0B8;*-&D47Ë"¿CG"@?A8aß-"�îº:=×#*FÙ�Ô#4Ú$'&Û"@ÄNQ@8="@&-0
$�:;×#*#?A8a0BR/M 0A*�Q�*-M�SF,u0A"�O½ØnÏ7*#?ACG"�?¯ä#"�?A&G"%:;.@4#RG"@&/Q�"�Ë�$L0A"�?A.ARG"@C�Q�,u0B.�Ù�øÐ"?H"%Q@$':;:u0BRF$L0+$'&
"@CG×#"

u
8;.+Ï7*#?ACG"@?�ÍÖ*#?

F
8<Í50BRG"�$�:=0B8a0B,/C/"J*-ÍD*-&G"J*-ÍÚ8a0B.+"�âi0A?H"%M�8a0B8;"@.q"%ùi,F$':<.q0BRG"9$':=0A8=0B,/CG"

*#Í
u
$'&/C 0BRG"±$':=0B8a0B,/C/"�*-Í�0AR/"�*'0BRG"�?J8;.�.\0A?A8;Q�0B:a2�:="%.H.0ARÈ$'&�0BRG"�$�:=0B8a0B,/C/"�*-Í

u
Ù

Þ ¥���X Yb�MZ^�SV � ãFO)Øn>+*#?AC/"�?ß ¥-£g¥ �
(V,E, F )

�u`%U�Yg«#²%YAb³©�YgVa²L®L]3Yg«�²LZ\`@¨i® �à4á ¢#â8ã=£ �
F
fu`%U�t�br¹uªLZ\«#YBZ Ð YBZ\U#Yg·/ª%°7]\®-Y�V=U#¨u¬']qµ�`@¨�`%U-«

M
V ]1[�µ�VaUiVaµ�`#´

L← ∅ �ä
w
ª�µº¨u¬']\Y

M(F ) = (VM , EM )
`%Ui«

F (x)
°<ªLZ¯Yg`L�1®

x ∈ V �å�æ�ç
¤ á ¥u¦>è

u ∈ E é>êCë}ìbé>ívî�ì|ï/ðNé>ñ (VM , EM ) ò
ç
L← L ∪ {u} �ó1ô è � ã á ëMõ;ö�ð/öAöN÷�í}ø�ëMø u ∈ L ò

çù
L← L \ {u} �ú � æ
u í}øAûNé>ðNübö�ðrïDé>ð F £@è á;ýþ
x← ]1®#YWLYBZn]\Y&��V=U u [\¬-�1®�]1®-`�] F (x) < F (u) �ÿ
y ← ]1®#YWLYBZn]\Y&��V=U u [3¬-�1®�]1®-`@] F (y) = F (u) ��
F (u)← F (x) � F (y)← F (u) ��
VM ← VM ∪ {y} � EM ← EM ∪ {u} �ä�� æLç
¤ á ¥u¦>è

v = {y′, y} ∈ E ø�ê���õyëJõ��>ë y′ /∈ VM ò
ç
L← L ∪ {v} �ä�ä

å\&�*#?ACG"�?�0A*�$'QBR/8;"�ß-"�$º:<8;&/"%$�?¯Q�*#M�SF:;"�âG8=032-4L0BR/"�×#?B$�SFR
G
Q@$'&�Ï7".10A*#?H"@C¿$'.�$'&¿$�?H?g$�2

*#Í/:<8;.10B.�ËJR/8<QBR�MN$�SÈ.Ú0A*º"%$'QBR±S7*-8;&-0�0BRG"�:;8<.\0�*#ÍF$':<:i8=0B.�$'C�K1$'Q�"@&-0
ß-"�?10B8<Q�"@.@ÙLîº&�$'C/C/8=0B8=*-&F$':
MN$�S/SF8<&G×¿Q@$'&�Ï7"9,/.H"@CN0A*¿$'Q�Q�"@.H.�8<&�Q�*-&F.\0g$'&#0+0B8<M¿"J0BRG"J03Ë�*�ß#"@?10A8<Q�"@.+ËJR/8<QBR�Q�*#M�S7*-.1"
$9×-8=ß#"%&�"%CG×#"#ÙiI�"�ß#"@?10AR/"@:="%.H.@4-Í�*#?�$�S/SF:<8;Q@$L0B8;*#&F.¯0A*�8<MN$�×#"�SF?H*GQ�"@.H.A8;&/×/4u$'&/C�ËJRG"@&�,/.H,F$':
$�C'K1$'Q�"@&FQg2 ?H"@:Ö$L0A8;*-&/.J$L?A"�,/.H"@CD4G0BRG"@.H"�.10H?B,/Qg0B,G?H"%.�CG*N&G*'0J&G"@"@C�0A*�Ï7"�"�âuSÈ:;8<Q�8a0%Ù
òF,/?10BRG"�?AM¿*#?H"-4D0H*Û$'QBRF8="�ß-"�$½:;8<&G"%$�?�Q�*-M¿SF:;"�â/8a032-4Ú0BRG"�M�8<&/8<MN$ *-Í

F
M�,/.\0±Ï5"Näu&/*%ËJ&

$%0�"%$'QgR÷8=0A"�?B$L0B8=*-&DÙÊ
*Ñ0BRF8;.�$'8<M�48;&ö$Ñà/?A.\0½.10H"@S�ée:;8<&G"ÑÜ'íg4+0AR/"èMN8;&/8<MN$Ñ*-Í
F
$�?H"

Q�*-M¿SF,G0H"%C�$�&FC�?H"@S/?H"@.H"@&#0A"@C�Ïi2¿03Ë�*±>�*u*#:;"%$'&�$�?H?B$�2/.
VM

$'&/C
EM
4'0BRG"J.A8=ó@"�*-ÍÈËJR/8<QBR

$L?A"�?H"@.1S5"@Qg0B8aß-"@:=2 |V | $'&FC |E| ÙDÊ�R/8;.�.\0A"�SèQ@$'&PÏ7"�S7"@?AÍÖ*#?AM�"@CÛ8;&Û:<8;&/"%$�?º0B8;M¿"�0BRF$'&/äu.0H*¿Q�:Ö$'.H.A8;Q@$':D$':=×#*#?A8=0BR/M�.@ÙuÊ�RG"@&D4G8<&N0BRG"�MN$'8;&�:;*u*#Sèée:;8<&G"nÌiíg4/$'Í<0A"�?�"%$'QBR :=*%Ë"�?A8;&/×�*-Í
Fér:<8;&/"�û-íg4

VM
$'&/C

EM
$�?H"9,GS5CÈ$L0H"%CÛér:<8;&/"�Ô> iígÙiå\&�*#?ACG"�?+0A*¿$'Q�Q�"@.A.�4G8;&�Q�*#&F.\0g$'&#0+0B8<M¿"#4

0AR/"º"%CG×#"@.+ËJR/8;QgR $�?H"�O½ØcÏ7*#?AC/"�?@4i0BRG"�ér&/*-&uØ3$':=?H"L$'Cu2�"�â/$'MN8;&G"%CÈí�"@CG×#"%.+*-,u0A×#*-8;&/×¿ÍÖ?H*-M



0AR/"�M�8<&/8<MN$�$�?H"�.10H*#?H"%C�8;&)$¿.1"�0
L
ée:<8;&G"%.Jú�$�&FCèÔ#ÔLígÙ/Ê�RF8;.�.1"�0JQ%$'& Ï7"#4FÍ�*'?�8<&/.10B$'&FQ�"#4

8;M¿SÈ:="@M�"@&#0A"@C)$'.�$¿ùu,G"@,G"-ÙFÊ�Ri,F.�4GË�"�*#Ï/0B$'8<& 0AR/"�ÍÖ*-:<:=*%ËJ8<&G×�SF?H*#S7"�?1032-Ù

�4Y^X�W�]3Y>Z#´ ���
	 $t$��+�)�#, 2('/. 	 F �;'�����$L�37��^d
F

�MIy��,RÀ�5/Q&'���23�#��HC�#��,8�@F�'/.*$��+�:��,�� P�$.DP�, ?>$L��'�,
F
� ° Ps�#$��+�#��7q'��&��d 	 F �;'����L$��37�w$	�#��7y��, �C$	��IR�J,gFi�J,�������$L�J7O�el��L$����&��I	�6��?>$$E' |E| �

øÐ"�"@M¿SFRÈ$'.H8=ó@"º0BRÈ$%0JîJ:;×#*FÙDÔ�CG*u"@.�&/*�0�?H"@ùi,F8=?H"±$'&-2 .1*#?10B8;&/×�.\0A"�S½&/*'?0BRG"�,/.1"�*-Í�$'&#2
R/8="@?B$�?AQBR/8<Q@$':�ùi,/"@,G"#ÙDÊ�Ri,F.�4ÈËJRF$L0A"�ß-"�?J0BRG"�?g$�&/×#"�*-Í�0BRG"¿Q�*-&/.A8;CG"�?A"@CPM�$�SÚ478=09?A,/&/.98;&
:;8<&G"%$�?�0A8<M¿"�ËJ8a0BR ?H"%.1S7"@Q�00A*¿0BRG"±.H8;ó�"�*#Í�0BRG"�8<&GSF,G0�×#?B$�SFRDÙ
ån0qMN$�2�Ï7"�$':<.1*�&G*'0B8<Q�"@C�0BRF$L0q8;&�îº:=×#*FÙGÔ#4#8;ÍF0BRG"�.H"�0

L
8;.�8;M�SF:="%M¿"@&-0H"%C�$'.�$9R/8="@?B$�?1Ø

QBR/8<Q@$':Úùi,G"@,/"NÓXÜ%Õc4u0BRG"%&�0AR/"�?H"@.H,F:a0B8;&/×�MN$�S½8;.�.10B8;:<:Ú$�Ï7*#?ACG"�?�ä'"�?B&G"@:eÙ/òÈ,G?10BRG"@?AM¿*#?H"#4/8;&
0ARF8;.+Q@$'.1"-4'0BRG"J8<&/CF,/Q�"@C�Q�,G0�8;.{�\Q�"@&-0H"@?H"@C3��éc$'Q�Q�*#?ACF8;&G×�0A*�0BRG"JCF8;.10B$'&FQ�"J8;&FC/,/Q�"%CNÏ-2

G
í

*#&�SF:Ö$L0A"%$',/.�Ù õ & 0BRG"�*'0BRG"�?JRF$'&/CD4/0ARF8;.ß-"�?A.H8;*-&�*-Í
îº:;×#*FÙÚÔ�?A,F&/.�8;&½:<8;&G"L$�?0B8<M¿"�*-&F:a2
8;Í�0BRG"�&u,/M�Ï7"�?�*-Í�C/8;.10B8;&/Q�0�ß#$':;,G"%.*-Í

F
8;.�.A,�ÄNQ�8;"@&#0B:=2�.HM�$�:<:rÙ

� Ä+ÁJÇ » Æ ÿ ÉnÄ+Á þ ÁJÅ � ��Ã ÿs� �
Ç7Â/É��|� ÿ

(a) (b) (c)

���v� §��/§ v�Yg[3¬i· ]1[���[3¬#¨GYBZ\V=µ9¨uª�[nYg«�V=U�¹i·=`%� Ð ]\ª9]1®#YªLZ\VX²LV=U-`%·ÈVaµ�`@²%Y��1f-ª%¹#]1`%V=U#Yg«�¹L¸¿`@¨-¨u· ¸-VaU-²�`
©¯`�]\YBZ\[3®#Yg« ªLU

(a)
`%U Yg«-²%YAb³©�YgVX²�®%]\Yg«�²%Z\`%¨i® `LU-«

(b, c)
`�WLYBZn]\Y&�'b³©�YgVX²L®L]\Yg«�²LZ\`@¨i®/´ÈlcU

(a)
f

`½»u· ]\YBZ3Yg«ÌWLYBZ\[3VaªLUÐª%°�]\®-Y�°Ö¬iU-�H]1VXªLUÑ«-YBZ\V W�Yg«Ì°<Z3ªLµ ]\®-Y�V=µ�`@²%Y�`L[�«#Yg[3�AZ\Va¹GYg«ÐV=U y�Yg�@´���V=[
�Hª�U-[3V=«#YBZ3Yg«F´�lnU

(b)
�ÖZ3Yg[3¨F´

(c)
��`P»i·X]3YBZ3Yg«ÐW�YBZ\[3VaªLUÐªL°�]1®#Y��+YBZ\V=�1®-Y�Yg«-²%Y «#YB]3Yg�H]\ª%Z��<Z3Y�[n¨F´

µºªLZ3¨i®#ªL·aª%²LV=�B`%·q²%Z\`%«iVXYgUL]���V=[��AªLUi[3Va«-YBZ3Yg«/´�lcUÌYg`%�H®Ð�B`%[nY%f¯`½»i·X]3YBZ\V=U#²P[n]3Yg¨Ff�¹i`%[nYg«Ìª�UÐ`@Z3Yg`
�A·aªL[3V=U#²����! #"³fiYgU-[\¬#Z3Yg[�]\®i`�]¯]1®#Y©¯`�]\YBZ\[3®-Yg«�«#YB»uU#Yg[¯Y&�-`%�H]\·X¸$�g~9�B`�]1�1®-µ9YgUL]�¹u`%[3V=U-[A´

å\&Ð0BR/8<.�SÈ$�S7"�?@4�Ë�" .10A,FCu2Ì0BRG"�Ë�$L0A"�?A.HR/"@C/.�8;&Ñ"%CG×#"�ØeË�"%8=×-R#0A"@C ×#?B$�SFR/.@Ù
ò�8;×FÙ¯Þ½8<:aØ
:;,/.10A?B$L0H"%.90ARÈ$L0@4ÚÍ�*#?±.1*-M¿"�8<MN$�×#"@.@450BRG"@.H"¿Ë�$L0H"@?A.HRG"%C/.�S/?H*GC/,/Q�"�$�Ï7"�010A"@?�CG"@:<8;&/"%$L0B8=*-&
ér.H"�"�0BRG"NMN$'&&% .�RG"@:<M¿"�0gí�0BRF$'&P0BR/"�Ë�$L0A"�?A.HR/"@C/.�8<&Pß-"�?10A"�âuØeË�"@8;×-R#0A"@Cè×#?B$�SFRF.�ÙDå\&P0BR/8;.
ÍÖ?B$'M¿"�Ë*#?Hä�*-ÍÚ"@C/×#"JË�"%8=×-R-0H"%C�×#?B$�SFR/.@4iË�"�8;&#0A?H*GC/,FQ�"�&G"�Ë 0BR/8<&/&/8<&G×�0A?B$'&/.AÍÖ*#?AMN$L0B8=*-&F.
$�&FCèS/?H*%ß-"¿0BRG"¿"%ùi,/8=ß'$':;"@&/Q�"�Ï7"�03Ë�"�"@&Û0BRG"�S/?A*uCF,/Q�"@CÌQ�,G0A.±$'&/CÛ0BRG"¿Ë�$L0A"�?A.ARG"@CÌQ�,u0B.�Ù
>$'.1"%Cè*#&Û0BRG"%.1"¿0A?B$'&/.HÍ�*'?BMN$L0B8=*-&/.@47Ë�"NC/"�?A8=ß#"�$�Ë�$L0A"�?A.HR/"@CÐ$�:;×#*#?A8a0BR/M 0BRF$L0�?A,F&/.�8;&
:;8<&G"%$�?�0B8<M¿"�ËJRÈ$L0H"�ß#"�?¿0BRG" ?B$'&G×#" *-Í�0BRG"�8<&GSF,G0NMN$�SÚÙ¯ò/*#?�M�*#?H"�CG"�0g$'8;:<.�*-& Ë�$L0A"�?1Ø
.HRG"@CèQ�,u0B.@4ÈË�"¿?H"@ÍÖ"@?º0A*èÓ ûLÕnÙ7å\&ÛSÈ$�?10B8;Q@,/:<$�?�8<& Ó ûLÕn4ÈË"¿.HR/*%Ë 0BRF$L0�$NË�$L0A"�?A.ARG"@CÛQ@,u0�8;.



$ .1"@SÈ$�?B$L0B8=*-&ÛËJR/8<QBRÌQ�*#?H?H"%.1S7*-&/CF.º0A*P$ .1"@SÈ$�?B$L0B8=*-&èS/?H*GC/,/Q�"%CèÏ-2Ð$�0A*#S7*-:=*#×-8;Q%$':�Ë�$LØ
0H"@?A.HRG"%CÐÓ ÌF41Þ%Õ�CG"�àF&/"@C�*-&�"%CG×#"�ØeË�"@8;×-R#0A"@C½×#?B$�SFR/.�ÙÈòF,/?10BRG"�?AM�*'?A"#4GË�"±.10A,FCu2�0BRG"±:<8;&/äu.
ËJ8a0BR½.HRG*#?10A"@.10HØcSÈ$L0BR�ÍÖ*#?H"@.10A.±Ó ì%ÕnÙ
òÈ,u0B,G?H"±Ë�*#?Hä ËJ8;:<:�Ï7"�ÍÖ*GQ�,F.1"@C)*-&PR/8="@?B$�?AQBR/8<Q@$':
.H"�×-M¿"@&-0g$%0B8;*-&).HQgRG"@M�"@.�ÏÈ$'.H"@C)*-&

Ë�$L0H"@?A.HRG"%CÐQ�,G0B.�ée8;&FQ�:;,FC/8;&/×1�;�&'�23��I���?TI@�CFG�E�#, ?@9�'/.ql|�C$N���DID�+�&2o?D'�,�$E'�P��&I�Ó=Ô%æLÕ$'&/C��J,65?@���#7O�#,�$E�CF�ÀeÁ ° I1íº$'.ºË�"@:<:¯$�.9*-&)Ë�$L0A"�?B.HRG"@Cè8;&PË�"@8;×-R#0A"@Cè.A8;M¿SÈ:;8<Q�8<$':�Q�*-M�SF:="�âu"@.@4Ú$'&
8;MN$�×#"�?H"�SF?H"@.1"%&#0g$L0B8=*-&Ð$'CF$�SG0A"@CÛ0A*�0AR/"N.\0B,/Cu2è*-Í�0A*#S7*-:=*#×-8;Q%$�:¯S/?H*#S7"�?10B8;"@.�Ù�>$'.H"@Cè*-&
Ï7*#?ACG"�?0BRF8;&/&F8;&G×-.@4GË�"�$':;.H*�"�âuS7"%Qg0�0A*�S/?H*#S7*-.H"�"@ÄNQ@8="@&-0�S7$L?g$�:<:="%:�$':=×#*#?A8a0BRFM�.�ÍÖ*#?�Ë�$LØ
0H"@?A.HRG"%C�Q�,G0A.@ÙGòF,G?H0AR/"�?AM¿*#?H"-4-Ë�"�8;&-0H"%&/C�0H*¿.ARG*%Ë÷0BRF$L0*-,G?+Ë�$L0A"�?A.ARG"@C�$':=×#*#?A8a0BRFMôQ%$'&
Ï7"�,/.H"@C 0A*¿">ÄNQ�8="%&#0B:a2�Q�*-M¿SF,u0A"�MN8;&F8;M�,/M .1S7$'&/&/8<&G×¿0A?H"�"@.@Ù
'�� � ��Ã���ÁJÇ � ÿ
�@´k�Yg¬i�1®#YBZBf�yu´=f5h7`%UL]1¬#^)(cªL¬i·ÖfÚw+´x�NT+[nY�ª%°�©¯`�]\YBZ\[3®#Y�«-[JVaU)�Hª�U%]\ªL¬-ZJ«-YA]3Y��1]1VaªLU/´NlcU+�D_ÚZ3ª#�B[A´
ª%°Ú]1®#YºlcUL]\YBZ\U-`@]\VaªLU-`%·È¾�ªLZ Ð [\®#ª%¨�ªLUNlcµ�`@²%Y9_ÚZ3ª#�AYg[3[\VaU-²�v�Yg`%· b���Vaµ9Yºd
«#²LYº`LU-«�t�ª@]1VaªLU
�+YB]3Yg�H]1VXª�U+*�d
[c]1Vaµ�`�]1VaªLU/´,�)�B}.-�}/�

~'´tNYA¸LYBZBf�o�´x�FT+U�`%·a²%ª%Z\VX]1®-µ9Y�ª%¨-]\V=µ�`%·i«#Y+·=VX²LU-Yq«-Yq¨i`@Zn]1`@²%Y+«#Yg[�Yg`%¬C�G´/lcU6��_�Z3ª'�B[B´Lª%°Fz�0gµ9Y
w�ªLU#²%Z10�[¯j+oDw�d��fih/¸�ªLU'b32Va·=·XY�¬#Z3¹i`%UiU#Y%f-oiZ\`%U-�AY4�)�B}%}��#��z%|.-�5'z6 %}

7 ´82V=U-�AYgUL]Bf/h�´afÈy�ª�Va·=·XY%f/_5´x�q¾½`�]3YgZ\[3®#Yg«i[+VaU�«-Va²LV ]1`%·5[n¨i`%�AYg[D�Gj+UNY�9��BVXYgUL]`%·a²%ª%Z\V ]1®iµ ¹u`%[nYg«
ªLU¿V=µ�µºYBZ\[\VXªLU¿[3V=µJ¬i·a`�]1VXª�U-[A´�lcd�d
d1�7Z\`%U-[A´i_/j�t�l �CÊ �;:/�<�)�B}L}��#�= @z 7 5� @}%z

|-´�w�ªL¬#¨iZ\VXY%fit�´=fik�YBZn]\Z\`%Ui«/fGsJ´x�r�7ª%¨GªL·XªL²LVa�B`%·/²%Z\`g¸#[\�B`%·XY�©�`�]3YgZ\[3®#Yg«�]3Z\`LU-[n°<ª%Z\µ�´ÚlcU6�i_ÚZ3ª#�B[A´
ª%°�y'_�lcd>2Va[\VXªLUNs�YBªLµ9YA]3Zn¸?2º´�2�ª�·a¬-µ9Y 7 ��:%z#´,�)�B}%}.-@�8� 7 :�5A�A|6:

 '´k�YBZn]\Z\`%Ui«/fGsJ´x��p�U�]\ª%¨GªL·XªL²LVa�B`%·G©¯`@]3YBZ\[\®#Yg«-[B´CB%t�lD2 ¯s¯ ��~�b 7 ���³~@{%{6 /��~��#-�5#~ 7 {
:#´�w�ªL¬-[n]e¸Lf.B#´=f�k�YgZn]3Z\`%Ui«/f#sJ´=f�m+`�(nµ�`%U/f�hÚ´=f#w�ªL¬-¨-Z\VXY%f�t½´i�G¾½`@]3YBZ\[\®#Yg«��B¬']1[A´/lcU6��_�Z3ª'�B[A´'z�]1®
lcUL]\YBZ\U-`�]1VaªLU-`%·7yL¸-µ9¨GªL[3V=¬-µ ªLU¿t�`�]1®#Ygµ�`�]1Va�B`%·FtNª%Z3¨i®#ª�·Xª%²%¸L´E�³~@{%{.-@��]3ª�`%¨-¨GYg`@Z

-�´tNYA¸LYBZBfuo�´x��tNV=U-V=µJ¬-µ [n¨u`%U-UiVaU#²�°<ª%Z3Yg[c]1[�°<ª%Z+µ9ª%Z3¨i®-ªL·Xª%²�Va�B`%·È[nYB²Lµ9YgUL]1`�]\VaªLUF´
lcU6�u_ÚZ3ª#�B[A´
ª%°
]1®#Y�[3Yg�Hª�U-« VaUL]\YBZ\U-`�]1VaªLU-`%·Ú�AªLU#°ÖYBZ3YgU-�AY9ª�U tN`�]1®#Ygµ�`�]1V=�B`%·Út�ªLZ3¨i®#ªL·aª%²@¸�`%Ui«�VX]\[�jq¨-b
¨i·=Va�B`�]1VaªLU-[�]\ª�lcµ�`@²%Y�_ÚZ3ª#�AYg[3[\VaU#²i´,�)�B}%}@|.�F-6-�5'z@|

z#´ou`%·a��G@ªif
j�´ Hº´af�yL]\ªL·a»FfIB-´af
«-Y�j+·aYgU-�B`@Z�hÈª@]1¬#°<ªif�v�´x���¯®-Y�V=µ9`%²%Y¿°<ª%Z3Yg[n]\V=U#² ]3Z\`LU-[n°<ªLZ\µ:�
]1®#YBª%Zn¸�f-`L·X²%ªLZ\V ]1®-µ¶`LU-«¿`@¨-¨i·=Va�B`�]1VaªLU-[B´Úlcd�d
d1�7Z\`%U-[B´-_/j�t�l ¯KJ ��~%{%{@|.�8�g}#5#~@}

}#´�w�ªL¬-[n]e¸Lf�B#´af�k�YBZn]\Z\`%Ui«/f@sJ´=f�m+`�(nµ�`%UFfgh�´af@w�ªL¬#¨iZ\VXY%fgt½´i�%¾½`�]\YBZ\[3®#Yg«i[Afgµ�V=U-V=µJ¬-µ [n¨u`%U-U-V=U#²
°<ª%Z3Yg[n]�`%U-«9]1®#Y�«#Z3ª%¨�ª%°/©¯`�]\YBZ
¨-Z\V=U-�BVX¨u·XY%´C��~%{%{/-@�
y'¬-¹iµ�V ]3]\Yg«/f�[3YBY+`%·=[nª��7Yg�H®-U-V=�B`%·-Z3YB¨Gª%Zn]
l3st¿bc~@{%{/-gbe{��@´

�B{#´j+·=·L0gU-Y%f@wq´=f�j�¬-«-Va¹uYgZn]Bf�B-´ Mº´=f%w
ªL¬-¨-Z\VXYLfgt½´af%w
ªL¬i[c]e¸Lf�B-´af�N�YBZ\VXWLYgUFf�v´x�#pq¨-]\V=µ�`%·L[n]3Z\¬i�1]1¬#Z3Y�[
V=U�²%Z\`%¨i®¿[nYB²�µºY�U%]1`�]1VXª�U/´
lcU+�u_�Z3ª'�B[A´uz@]\®¿lcUL]3YgZ\U-`�]1VXªLUi`%·7y�¸#µ9¨GªL[\Va¬-µ¶ªLU�tN`�]1®#Ygµ�`�]1V=�A`L·
tNª%Z3¨i®#ª�·Xª%²%¸L´E�³~@{%{.-@��]3ª�`%¨-¨GYg`@Z

�@�@´�w�ª%Z\µ9YgU/f#��´ O�´af�hFYgV=[nYBZ\[nª�U/f�w+´af�v�VXWLYg[c]gf�v�´i�%lnU%]\Z3ª#«-¬-�H]1VXª�U�]\ªq`L·X²%ªLZ\V ]1®-µ�[Af�[nYg�AªLUi«Yg«-VX]1VXªLUF´
tNlE� _�Z3Yg[3[��³~@{%{K�#�

�g~'´�w�®-`�PBYg·=·XY%f7k+´i��j µ�V=U-V=µJ¬-µ [3¨i`%UiU-VaU-²�]\Z3YBY�`%·X²Lª%Z\V ]1®-µñ©qVX]\® V=ULWLYBZ\[nYAbej+� Ð YBZ\µ�`%U-UN]e¸#¨GY
�AªLµ9¨i·aY&�-V ]e¸L´CB%ªL¬#Z\Ui`%·/ª%°7]1®#Y�j+w�t ÏRQ ��~@{L{%{/�8�B{�~@z#5A�B{%|.-

� 7 ´k�Yg¬i�1®#YBZBf¯yG´af�tNYA¸LYBZBf�o�´x�j��®#YNµ9ª%Z3¨u®#ªL·aª%²LV=�A`L·�`@¨i¨-Z3ªL`%�H®P]3ª)[nYg²Lµ9YgU%]1`�]1VaªLU+��]\®-Y¿©¯`@b
]\YBZ\[3®-Yg«�]\Z\`%U-[n°Öª%Z\µ�`�]\VaªLUF´¯d¯´A��ªL¬#²L®-YBZn]e¸���d�«F´ �1fGtN`�]1®-Ygµ9`@]\V=�B`%·ÈtNª%Z3¨i®-ªL·XªL²@¸¿VaU�lcµ�`@²%Y
_�Z3ª#�HYg[\[3V=U#²-fit�`@Z\�AYg·R�+Y�� Ð YBZ��)�B}L} 7 �
|L| 7 5�|LzK�

�A|-´�w�ªL¬-[n]e¸Lf�B#´af%w
ª�¬#¨-Z\VaY%f�t�´=f�m+`�(nµ�`%UFf�hÚ´=f�k�YBZn]\Z\`%U-«/f%sJ´i�#s+Z\`g¸-[3�B`%·XY�©¯`�]\YBZ\[3®#Y�«-[Fª�U¨GYBZ3°<Yg�H]
°Ö¬-[\VXªLU�²LZ\`@¨i®-[B´ÚlcU+�i_�Z3ª#�B[A´ilr¾Ñw
lnj�´�2�ª�·a¬-µ9Y�hÈmw�y±|L{@|L{#´,�³~@{%{6:/�I:%{#5K- 7

�! '´�y�YgZ3Z\`#f&B#´=fR2�VaU-�AYgUL]gf5hÚ´x��j+U ª�WLYBZnW-VXYA©öª%°�µºªLZ3¨i®#ªL·aª%²LV=�B`%·Ú»u· ]\YBZ\VaU-²-´Nw�VaZ\�A¬iV ]1[9yL¸-[c]\Ygµ�[
y'Va²LU-`L·/_�Z3ª#�AYg[3[ �s� �)�#���)�B}%}L~6�
|�z#5A�B{/-

��:#´m+`�(nµ9`LU/f%h�´af'y'�H®-µ�V ]3]gf%t½´i�/s+YBª#«#Y�[3Va�¯[3`L·aVaYgU-�H¸Jª%°i©�`�]3YgZ\[3®#Yg«9�AªLUL]3ª�¬#Z\[Ú`%U-«9®-VaYBZ\`@Z\�1®iVa�B`%·
[nYg²Lµ9YgU%]1`�]1VaªLU/´Úlcd
d
do�7Z\`%Ui[A´i_/j+t�l ��S �)�g~/�<�)�B}%}@:/�8�6��: 7 5A�6�#- 7


